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Abstract— A model-reduction method for linear, parameter-
varying (LPV) systems based on parameter-varying balanced
realizations is proposed. In general, this requires the solution
of a large set of linear matrix inequalities, leading to numerical
issues and high computational cost. It has been recognized
recently that semidefinite optimization problems (SDP) can be
cast into second order cone programs (SOCP) by replacing the
positive definiteness constraints with stronger, scaled diagonal
dominance conditions. Since the scalability of SOCP solvers is
much better than that of the SDPs, the new formulation allows
solving large scale model reduction problems more efficiently.
A numerical example is provided to demonstrate the efficiency
of the approach.

I. INTRODUCTION

This paper considers the model reduction of large scale
linear parameter-varying (LPV) systems. LPV systems are a
class of linear systems where the state matrices depend on
(measurable) time-varying parameters. By large scale, both
a high number of states and/or a high number scheduling
parameters is meant. Such large scale systems arise naturally
in many applications, for instance aeroelastic vehicles [1] or
wind turbines [2].

Several LPV model-reduction techniques have been in-
troduced based on solving semidefinite programs [3], [4],
[5], see Section III. They guarantee stability of the reduced
order model, as well as provide bounds for the approximation
error. The main limitation of these approaches is that they do
not scale well with the problem size. Recently, an approach
to approximate large scale SDPs by solving linear (LP) or
second order cone programs (SOCP) has been proposed
in [6], [7], [8]. The key idea behind the approximation is
that any semidefinite program (SDP) can be converted into
an LP (or SOCP) by replacing every positive definiteness
constraint by a more restrictive diagonally dominant (or
scaled diagonally dominant) condition. By converting the
problem into an LP or SOCP specialized solvers can be used
which scale much better with the problem dimension than
SDP solvers, see Section IV.

In addition to the scaled diagonally dominant (DD) relax-
ation, another relaxation scheme is proposed in Section V
based on exploiting the structure in the LMI conditions.
This approach uses the algorithm presented in [9], [10],
[11]. A chordal decomposition of the SDP is performed
which reduces the semidefinite constraints into an equivalent
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set of smaller semidefinite constraints. This approach can
drastically reduce the computational demand if the problem
structure is sparse. In [12], it was used to analyze the stability
of large scale LTI systems. In addition, in [12], it was shown
that the approach does not introduce conservatism if the
system has specific structure. In this paper, we extend the
ideas of [12] to solve for sparse Gramians.

In literature, various approaches have been proposed to
overcome the scalability issues of the method in [4]. Broadly
speaking two different approaches are taken. Heuristic pre-
processing can be used until the system is of low enough
order to apply the techniques proposed in [4], see e.g. [1].
Alternatively, the LPV system can be reduced “locally” on
a grid of frozen parameter values by using standard LTI
reduction methods. Afterwards an interpolation rule is sought
after that allows obtaining an LPV model based on the
reduced order LTI models. This approach is taken, e.g., in
[13], [14], [15]. All these approaches have in common that
they are based on heuristics. In contrast, the scaled DD based
relaxation proposed in this paper still retains the properties of
the original balancing technique, namely a stability guarantee
and error bound for the reduced order model.

II. NOTATION

The notations used in the paper are fairly standard. The
set of n×k dimensional real matrices is denoted by Rn×k. If
M ∈ Rn×k then we refer to its entries and sub-blocks by mij

and Mij , respectively. The notation M = [mij ] = [Mij ] is
used to emphasize that M is built up from entries mij and
sub-matrices Mij . The sets of symmetric positive definite
and semi-definite matrices are denoted by PD and PSD,
respectively. If the dimension is also important then it is
indicated in the top-right index, e.g. PDn.

III. MODEL REDUCTION FOR LPV SYSTEMS

Linear Parameter Varying (LPV) systems are a class of
linear systems whose state space matrices depend on a time-
varying parameter vector ρ : R → Rnρ . The parameter is
assumed to be a continuously differentiable function of time
and admissible trajectories are restricted, based on physical
considerations, to a known compact subset P ⊂ Rnρ .
The state-space matrices of an LPV system are continuous
functions of the parameter, e.g. A : P → Rnx×nx . Define
the LPV system Gρ with input u and outputs y as:

ẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t)

y(t) = C(ρ(t))x(t) +D(ρ(t))u(t)
(1)



The state matrices at time t depend on the parameter vector
at time t. Hence, LPV systems represent a special class
of time-varying systems. Throughout this paper the explicit
dependence on t is suppressed to shorten the notation.

A. Truncation and Residualization

For model reduction, the system Equation (1) is partitioned
as [

ẋ1
ẋ2

]
=

[
A11(ρ) A12(ρ)
A21(ρ) A22(ρ)

] [
x1
x2

]
+

[
B1(ρ)
B2(ρ)

]
u

y =
[
C1(ρ) C2(ρ)

] [x1
x2

]
+D(ρ)u,

(2)

where x1 is the vector of r states to preserve and x2
contains nx − r states to remove. Two different approaches
can be used to remove the states x2, namely truncation and
residualization. Truncation is simply the elimination of the
vector x2, i.e. the reduced order model Gr has the form

ẋ1 = A11(ρ)x1 +B1(ρ)u

y = C1(ρ)x1 +D(ρ)u ∀ρ ∈ P.
(3)

For a constant ρ, Gr is equal to G at infinite frequency.
Hence, the approach is preferred when accuracy at high
frequencies is required. Similarly the system can be resid-
ualized if accuracy at low frequencies is more important.
Residualization yields a reduced order model Gr of the
following form:

ẋ1 = (A11 −A12A
−1
22 A21)x1 + (B1 −A12A

−1
22 B2)u

y = (C1 − C2A
−1
22 A21)x1 + (D − C2A

−1
22 B2)u

(4)

B. Balanced Realization

Balanced model reduction is based on the measure of the
controllability and observability of the state space model.
These measures are given by the controllability and observ-
ability Gramians which are formally defined by the following
two theorems which are taken from [4].
Theorem 1. Let Gρ be an LPV system of the form Equa-
tion (1) with an initial state x(0) = x0. If there exists a
constant matrix P = PT > 0 such that ∀ρ ∈ P

A(ρ)P + PA(ρ)T +B(ρ)B(ρ)T < 0 (5)

• Gρ is quadratically stable;
• the input energy required to drive the system Gρ from
x(−∞) = 0 to x0 is bounded from below according to
‖u‖22 ≥ xT0 P−1x0.

Theorem 2. Let Gρ be an LPV system of the form Equa-
tion (1) with an initial state x(0) = x0. If there exists a
constant matrix Q = QT > 0 such that ∀ρ ∈ P

A(ρ)TQ+QA(ρ) + C(ρ)TC(ρ) < 0 (6)

• Gρ is quadratically stable;
• the output energy is bounded from above for u(t) =

0 ∀t ≥ 0 according to ‖y‖22 ≤ xT0Qx0.
In Theorem 1 and Theorem 2, P and Q are the con-

trollability and observability Gramian of Gρ respectively.
Note that the conditions Equation (5) and Equation (6) are

parameter-dependent LMIs that must be satisfied for all
possible ρ ∈ P . Thus Equation (5) and Equation (6) represent
an infinite collection of LMI constraints. A remedy to this
problem, which works in many practical examples, is to
approximate the set P by a finite set Pgrid ⊂ P . Specifically,
the finite set Pgrid := {ρ(k)}Nk=1 represents a grid of points
over the set P . The conditions Equation (5) and Equation (6)
are enforced only on these grid points leading to a finite
dimensional LMI. Note that the gridding approach is only an
approximation for the parameter-dependent LMI conditions
in Theorem 1 and Theorem 2.

In order to reduce the system, it is necessary to transform
it in a balanced realization. A balanced realization of system
Equation (1) is a realization where both Gramians are equal
and diagonal, i.e. P̂ = Q̂ = Σ. The balancing state trans-
formation T is constant and chosen such that P̂ = TPTT

and Q̂ = T−TQT−1. Note also that P̂ Q̂ = TPQT−1.
Therefore, the transformation T leads to an eigenvector de-
composition PQ = T−1ΛT . The realization obtained by the
transformation matrix T reflects the combined controllability
and observability of the individual states. Small singular
values of controllability and observability Gramians indicate
that a finite amount of energy in a given input does not
result in significant energy in the output; hence, those states
can be deleted while retaining the important input/output
characteristics of the system.

IV. BALANCED REDUCTION BASED ON SCALED
DIAGONALLY DOMINANCE

Applying Theorem 1 and Theorem 2 requires solving a
set of LMIs at N grid points. A significant problem with
this approach is the growth of the LMI problem with the
dynamic order and the number of scheduling parameters of
an LPV model. Hence, it is limited to either small systems or
requires a heuristic pre-processing, see [1]. Instead of using
a heuristic approach, a relaxation based scaled diagonally
dominant matrices is proposed.

First, formal definitions of diagonally dominant and scaled
diagonally dominant matrices are provided. In addition, an
approach to convert an SDP into an SOCP as proposed in
[6] is presented. The following definitions were taken from
[6] and [16]. The notion of diagonally dominance is defined
in the following way:

Definition 1. A matrix M ∈ Rn×n is called diagonally
dominant, denoted by M ∈ DD, if mii >

∑n
j,j 6=i |mij |

holds1 for all i = 1, . . . , n.

Based on the previous definition, scaled diagonally dom-
inance can be defined.

Definition 2. A matrix M is scaled diagonally dominant,
denoted by M ∈ SDD, if there exists a diagonal scaling
matrix S = diag(sii, . . . , snn), such that sii > 0, ∀i and
MS ∈ DD.

1In this paper we define the diagonal dominance by strict inequality, be-
cause we would like to exclude the semidefinite solutions in the forthcoming
problems.



It is clear from the definition that DDn ⊆ SDDn.
Specifically if a matrix M ∈ DDn, it is trivial to show that
M ∈ SDDn by setting S = I in Definition 2. By using the
theorems on eigenvalue localization and Gershgorin disks, it
can also be proved that SDDn ⊆ PDn, i.e. any scaled diag-
onal dominant matrix is also positive definite. To simplify the
derivations we introduce the following notation: for a matrix
M , the fact that −M ∈ Ω with Ω ∈ {DD,SDD,PD,PSD}
will be denoted by M ∈ −Ω.

Using the relations above, it was shown in Theorem 3.1
in [17] that by relaxing the positive definite constraints by
scaled DD constraints, an SDP can be cast into an SOCP.
A feasible solution of the SOCP will still be a feasible
solution of the original SDP. This follows from the following
Theorem that provides a definition for symmetric scaled DD
matrices.
Theorem 3 ([17]). Let M ∈ Rn×n be a symmetric matrix,
i.e. M = MT . M is scaled diagonally dominant if it can be
decomposed in the following way:

M =

i=n,j=n∑
i=1,j>i

M (ij),M
(ij)
2×2 :=

[
m

(ij)
ii m

(ij)
ij

m
(ij)
ji m

(ij)
jj

]
> 0 (7)

where for all (i, j), M (ij) ∈ Rn×n is a symmetric matrix
with all entries zero, except the elements m(ij)

ii , m(ij)
ij , m(ij)

ji ,
m

(ij)
jj and M (ij)

2×2 is a 2× 2 matrix that contains the nonzero
entries of M (ij).

The following example shall illustrate the decomposition.
Example 1. Let M ∈ R3×3 be a symmetric scaled DD
matrix, i.e. M = MT . Then the following decomposition
exists:

M =

[
m

(12)
11 m

(12)
12 0

m
(12)
21 m

(12)
22 0

0 0 0

]
︸ ︷︷ ︸

M(12)

+

[
m

(13)
11 0 m

(13)
13

0 0 0

m
(13)
31 0 m

(13)
33

]
︸ ︷︷ ︸

M(13)

+

[
0 0 0

0 m
(23)
22 m

(23)
23

0 m
(23)
32 m

(23)
33

]
︸ ︷︷ ︸

M(23)

(8)
For this decomposition the 2× 2 matrices have the form

M
(12)
2×2 =

[
m

(12)
11 m

(12)
12

m
(12)
21 m

(12)
22

]
M

(13)
2×2 =

[
m

(13)
11 m

(13)
13

m
(13)
31 m

(13)
33

]

M
(23)
2×2 =

[
m

(23)
22 m

(23)
23

m
(23)
32 m

(23)
33

]
.

(9)

Theorem 3 states that checking whether a symmetric
matrix is scaled DD amounts to checking whether a set of
2×2 matrices is positive definite. The positive definiteness of
a 2×2 symmetric matrix is equivalent to a rotated quadratic
cone constraint, e.g. in (7), M (ij)

2×2 > 0 is equivalent to
m

(ij)
ii > 0, m(ij)

jj > 0, m(ij)
ii m

(ij)
jj − (m

(ij)
ij )2 > 0. Thus the

condition M = MT ∈ SDDn can be checked by a second
order cone program (SOCP). If in any optimization problem,
every LMI constraint M ∈ PD is replaced by the stronger,
scaled diagonally dominance condition M ∈ SDD then the
problem can be solved more efficiently by a SOCP solver.
As this reformulation restricts the search space to a subset

of positive definite matrices, more conservative solutions can
be expected.

Using the fact that SDDn ⊆ PDn and Theorem 3,
the LMI conditions in Theorem 1 and Theorem 2 can be
replaced by scaled DD conditions, which gives the following
Corollaries. These allows solving for scaled DD Gramians as
a SOCP, which is computationally more efficient than solving
the SDPs in Theorem 1 and Theorem 2.
Corollary 1. Let Gρ be an LPV system of the form Equa-
tion (1) with an initial state x(0) = x0. If there exists a
constant matrix P = PT ∈ SDD such that ∀ρ ∈ P

A(ρ)P + PA(ρ)T +B(ρ)B(ρ)T ∈ −SDD (10)

• Gρ is quadratically stable;
• the input energy required to drive the system Gρ from
x(−∞) = 0 to x0 is bounded from below according to
‖u‖22 ≥ xT0 P−1x0.

Corollary 2. Let Gρ be an LPV system of the form Equa-
tion (1) with an initial state x(0) = x0. If there exists a
constant matrix Q = QT ∈ SDD such that ∀ρ ∈ P

A(ρ)TQ+QA(ρ) + C(ρ)TC(ρ) ∈ −SDD (11)

• Gρ is quadratically stable;
• the output energy is bounded from above for u(t) =

0 ∀t ≥ 0 according to ‖y‖22 ≤ xT0Qx0.
The SOCP is solved iteratively based on an approach pro-

posed in [3]. The iterative approach can be described in the
following way. Initialize the algorithm by setting Q(0) = I .
Then, iteratively solve minP (k) trace(P (k)Q(k−1)) such that
Equation (10) holds ∀ρ ∈ P and minQ(k) trace(P (k−1)Q(k))
such that Equation (11) holds ∀ρ ∈ P .

It shall be emphasized that the results of the scaled DD
approach are not invariant to state transformations. This
contrasts the LMI approach. Unfortunately, it is currently
not clear how an optimal state transformation can be chosen
to reduce the conservatism of the scaled DD approach.

V. ALTERNATIVE APPROACH BASED ON EXPLOITING
THE SPARSITY

In literature an alternative approach to tackle large scale
SDPs exists. It is based on exploiting the sparsity pattern of
the constraints. Specifically, in [12], a relaxation based on
chordal decomposition for solving Lyapunov type LMIs for
sparse A matrices is proposed. This idea can be extended
to relax the LMIs to compute LPV Gramians. Given sparse
matrices A, B and C that describe an LPV system (1), a
sparsity pattern for P and Q can be chosen. This implies a
sparsity pattern for the LMIs (5) and (6). The Matlab toolbox
SparseCoLO [10] can be used to detect chordal sparsity and
preprocess the LMIs accordingly. For details of the approach
the reader is referred to [9], [10], [11], [12].

A simple iterative algorithm can be used to search for
sparse Gramians. The algorithm is a simple extension of
the one proposed in [12]. Initialize the algorithm by setting
Q(0) = I and restricting P (1) to be diagonal. Then, solve
minP (1) trace(P (1)Q(0)) such that Equation (5) holds ∀ρ ∈



P . If the optimization does not find a feasible solution,
increase the bandwidth of P (1) by one until a feasible
solutions is found. If the algorithm terminates successfully,
proceed by restricting Q(1) to be diagonal and repeat the
procedure to find a feasible Q(1). The feasible solutions P (1)

and Q(1) determine the bandwidth of P and Q respectively.
Then follow the iterative procedure given in the previous
section to obtain a sequence of P and Q that minimize
trace(PQ).

VI. NUMERICAL EXAMPLE

A simple nonlinear mass-spring-damper taken from [18] is
used to illustrate the efficiency of the scaled DD relaxation.
The system is a series interconnection of M blocks with mass
m = 1, as depicted in Fig. 1. Each block is connected to the
neighboring blocks and the “ground” by linear dampers and
nonlinear springs. All damping coefficients are set to b = 1
and all springs have the stiffness k(q) = 0.5 + q2, where
q is the displacement. A disturbance force ρ and a input
force u are acting on the M th-block. Hence, the dynamics
of the mass-spring-damper are governed by the following
differential equations:

mq̈1 = −F1 − F1,2

mq̈i = −Fi − Fi,i−1 − Fi,i+1 i = 2, . . . ,M − 1

mq̈M = −FM − FM,M−1 + ρ+ u,

(12)

where the force Fi = bq̇i + k(qi)qi is due to the connection
of the ith block with the “ground” and the force Fi,j =
b
(
q̇i − q̇j

)
+ k(qi − qj)

(
qi − qj

)
is the force between the

ith and the jth block. Equation (12) can be written in state
space form as ż = f(z, u, ρ) and y = h(z, u, ρ).

m1 m2 mM ρ(t)

q1 q2 qM

Fig. 1. Mass-Spring-Damper System

The LPV model of the mass-spring-damper is obtained by
linearization of Equation (12) along an equilibrium trajectory
x̄(ρ) which satisfies f(x̄(ρ), 0, ρ) = 0. This yields the LPV
system

ẋ = A(ρ)x+B(ρ)u+
d

dt
x̄(ρ)

y = C(ρ)x,
(13)

where the term d
dt x̄(ρ) results from the time dependence

of the equilibrium condition, see [19] for details. For the
example fifty blocks are considered, i.e. M = 50 which
results in a 100 state LPV model. The disturbance ρ lies
within the interval [0, 2].

The SOCPs are solved using Mosek [20] and the SDPs
using LMILab [21]. The parameter-dependent Lyapunov
inequalities are evaluated on the grid ρ = {0, 1, 2}. In Tab. I,

the computational times of both algorithm are summarized.
Both approaches take three iterations to converge. The SOCP
is solved in about three minutes whereas the LMI takes
approximately 2.5 hours. The alternative approach based on
the sparsity of the problem is also applied to the problem.
The algorithm is initialized with diagonal Gramians and
then iteratively off-diagonals are added up to 20 or until
a feasible solution is found. The approach did not find
a feasible solution, even though the system has a highly
sparse structure. Specifically, the A matrix of the system only
contains 346 nonzero entries out of its 100000 entries.

TABLE I
COMPUTATIONAL TIME OF THE ORDER REDUCTION

Method Computational time [s] Speedup
LMI Gramians 9535
Scaled DD Gramians 189 98%

In both approaches, the LPV model is truncated to four
states. Fig. 2 shows the comparison of the frequency re-
sponses of the full order model and the two reduced order
ones at frozen parameter values. Both reduced order models
match the full order well at low frequencies. The scaled
DD based on Corollary 1 and Corollary 2 is, however, less
accurate at high frequencies. Note that the difference is at
such a high frequency that is well beyond the bandwidth of
the system. Hence, it only has minor impact on the quality
of the reduced order model.
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Fig. 2. Bode plots at ρ = {0, 1, 2} of the full order model ( ), and
reduced order models from balanced truncation based on the LMI ( )
and scaled DD solution ( ).

Finally, the two reduced order models are compared to the
original nonlinear model (12). Time histories are compared



using as control input a step response with u(t) = 0.5 and as
external disturbance the trajectory ρ(t) = 1 + cos(0.5t). The
results of the simulation are shown in Fig. 3. Both reduced
order models match the nonlinear model very well and there
is no noticeable difference in the time response between the
scaled DD and the LMI based models.
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Fig. 3. Output of the full order model ( ), and reduced order models
from balanced truncation based on the LMI ( ) and scaled DD solution
( ).

VII. CONCLUSION

This paper introduced a relaxation method for the model
reduction of large scale LPV systems based on scaled diago-
nally dominance. This significantly improves the scalability
of the semidefinite optimization problem involved in obtain
the Gramians of an LPV systems. An alternative approach to
this relaxation is given that is trying to exploit the sparsity
structure of the problem. The potential of the new approach
is demonstrated with a numerical examples. The proposed
scaled DD approach is considerably outperforming the LMI
approach. Even though the considered example is has a
high sparsity, the alternative relaxation yields no results.
Future work will explore potential state transformations
for LPV systems that can reduce the conservatism of the
results, as well as consider more realistic applications like
aeroservoelastic systems or wind turbines.
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