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An unsteady aerodynamics model of a flexible unmanned air vehicle is presented in
this paper. The unsteady aerodynamics results from structural vibrations of the flexible
airframe which affect the airflow around it. The doublet lattice method, which is a potential
flow based panel method, is used for obtaining the basic unsteady aerodynamics model.
It gives the pressure distribution on a lifting surface harmonically oscillating in steady
flow. The basic concepts, underlying assumptions and approximations of the method are
discussed. The extensive post processing which is done for the model obtained from the
doublet lattice method is also described. The aerodynamic model is first transformed into
suitable coordinates to account for structural vibrations effects. A rational function fitting
is then carried out to obtain the final model which is suitable for time domain analysis.
We use these methods to obtain an unsteady aerodynamics model of the Body Freedom
Flutter vehicle, a flexible test bed aircraft. The results of this application are discussed.
The final model is used for developing a nonlinear simulation for the flexible aircraft which
is capable of simulating phenomena such as flutter and is important for integrated control
law synthesis for the aircraft. The software for DLM as well as the post processing tools
are made available as an open source research tool for aeroelastic systems research.

Nomenclature

w̄ Component of flow velocity perpendicular to a surface, normalized by freestream airspeed
p̄ Lifting pressure vector normalized by freestream dynamic pressure
ω Oscillation frequency (rad/s)
k Reduced frequency
AIC Aerodynamics Influence Coefficients Matrix
V Free stream airspeed (m/s)
η Structural deflections in modal coordinates
Tas Transformation matrix for obtaining aerodynamics in modal coordinates
Φ Mode shapes
Q(k) Generalized aerodynamics matrix (GAM), function of reduced frequency

I. Introduction

As modern aircraft designers focus on increased aerodynamic efficiency and low structural weight, the
resulting designs often feature flexible airframes. That results in excitation of vibrational modes of the
aircraft due to aerodynamic loads. This interaction between aerodynamics, structural dynamics and rigid
body dynamics can cause structural fatigue and poor handling qualities of the aircraft. Also, in phenomena
like body freedom flutter, where the first wing bending mode interacts with the rigid short period mode in
an unstable manner, catastrophic failure and loss of aircraft can occur.1,2 Hence, it is vital to understand
and model the dynamics of flexible air vehicles for synthesizing controllers which are capable of both flight
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control as well as active flutter suppression in an integrated manner.

An important part of modeling the dynamics of a flexible aircraft is its unsteady aerodynamics. Unsteady
aerodynamics modeling, which involves computation of the forces exerted on a body in a time dependent air
flow, has been important for reliable flutter analysis. There are several methods available to study unsteady
aerodynamics, ranging from advanced, high fidelity computational fluid dynamics (CFD) solvers,3–5 to po-
tential flow based aerodynamic strip theory, which utilizes 2-D infinite wing assumptions.1,6 CFD methods
provide models with very high number of states which are very computationally expensive to simulate and
unsuitable for control design. On the other hand, strip theory based methods provide computationally in-
expensive models, but they lack the desired fidelity we may require for aeroelastic analysis. Fortunately,
potential flow based panel methods7–9 developed in the 1960s and 1970s have successfully fulfilled the require-
ment of modeling techniques which are computationally inexpensive while modeling the lifting characteristics
of finite wings with reasonable accuracy. For unsteady aerodynamics and flutter analysis, the most widely
used panel method is known as the doublet lattice method (DLM).10,11 The DLM provides low order models
for unsteady aerodynamics, which lead to aeroelastic models suitable for control design. This is an attractive
feature which is missing from the models obtained from CFD, which although rich in detail, have very large
number of states which ultimately make control design infeasible. The only significant disadvantage of the
DLM is its inability to model drag, since the method is based on potential flow theory.12,13 However, since
drag does not significantly affect flutter analysis, we choose DLM for modeling unsteady aerodynamics.

The unmanned aerial vehicle (UAV) research group at the University of Minnesota carries out extensive
research in the field of aeroservoelastic control. The main application for the research so far has been
the Body Freedom Flutter (BFF) aircraft constructed by the Air Force Research Laboratory (AFRL) and
Lockheed Martin (LM) for research on flutter suppression control2 (see section II). One of the ongoing
research projects in the group is to develop a nonlinear simulation for the BFF aircraft which captures its
aeroelastic behavior in the a frequency range of interest across its flight envelope.14 The simulation requires
an unsteady aerodynamic model which can be coupled with a structural dynamics model of the aircraft
and enable aeroelastic analysis in the time domain. This paper describes the methods used to obtain the
aerodynamic model for the BFF aircraft which is suitable for time domain analysis. The DLM is used to
obtain an aerodynamic model as a function of oscillating frequency (see section III). The model is then
made suitable for time domain analysis using Rogers approximation15 (see section IV). The software for
the method has been implemented in a modular manner, as described in section V. Finally, the resulting
aerodynamic model is discussed in section VI.

The entire project follows the same open source philosophy which has been the hallmark of all the
projects associated with the UAV group so far.16 All the data regarding the aerodynamic design of the
aircraft as well as the software for aerodynamic modeling can be downloaded from (http://www.aem.umn.
edu/~AeroServoElastic/). It is hoped that the BFF aircraft will become an important resource and a
benchmark for researchers in the fields of aeroelastic modeling and aeroservoelastic control.

II. Background: Body Freedom Flutter Aircraft

The BFF aircraft was jointly developed by the AFRL and LM to study the body freedom flutter, which
involves the coupling of the first wing bending mode with the rigid short period mode. It creates a dynamic
instability which if uncontrolled, leads to catastrophic failure and loss of aircraft. Multiple BFF aircraft were
built, most of which were flown to the edge of their envelope and destroyed in flight. One BFF aircraft was
donated to the UAV research group as mentioned, along with linear time invariant (LTI) models at airspeeds
from 40 to 90 KEAS. Fig. 1 shows a computer aided design (CAD) implementation of the outer mold line of
BFF aircraft, obtained via a laser scan conducted at the QC group, Minnesota.17 This CAD model provides
the geometry of the aircraft required for the aerodynamic grid. Fig. 1 shows the top view of the aircraft
with the basic dimensions and control surface allocations for longitudinal (elevators) and lateral (ailerons)
controls. The control surfaces dedicated to flutter suppression control are also indicated, which are used to
delay the onset of body freedom flutter by damping the first symmetric wing bending mode as well as the
rigid short period mode. The complete build details of the aircraft are accessible on the group website.18

A nonlinear model for the aircraft has been developed by following a subsystem based approach. Mod-
els for individual subsystems like aerodynamics, structural dynamics and rigid body dynamics have been
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Figure 1. Top view of the BFF aircraft

developed separately and then combined to form the overall aeroelastic model. Other subsystems such as
actuators and control laws can be easily added to get the overall aeroservoelastic model. Conceptually, the
interconnection between various subsystems can be viewed as shown in Fig. 2.
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Figure 2. Subsystem interconnection

Since we develop the aerodynamic model and the mechanics model (consisting of the structural and rigid
body models) separately using suitable modeling methodologies, this results in different choices of coordinates
for different subsystems. These differences are resolved using suitable coordinate transformations so that the
subsystems may be combined correctly to obtain the final aeroelastic model. We can see the motivation for
such transformations as follows.

Fig. 3 shows an aerodynamic grid developed for the BFF aircraft, which typically consists of more than
1000 panels. The number of panels is governed by the complexity of the aircraft geometry, as well as certain
requirements that need to be fulfilled for acceptable accuracy of the DLM, as discussed in section III. The
DLM assumes each panel to move individually, which results in 1000’s of degrees of freedom (DoF) in the
aerodynamic model.

On the other hand, the structural model is obtained from a Finite Element (FE) approach, consisting
of 14 nodes interconnected with linear beam elements19,20 (Fig. 4). The node locations are decided on the
basis of physical locations of components such as winglets, actuators, flight computer and other electronics.
Since we opt to represent the structural model using simple beams, the number of elements required is quite
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Figure 3. A CAD model of the BFF aircraft and the corresponding aerodynamic grid

small compared to the aerodynamic model. The center body of the aircraft is assumed rigid, which is why
the elements representing the center body (nodes 1-5 and 10) are assumed to have very high stiffness.

Figure 4. Finite element grid of the BFF aircraft

Due to the low number of nodes in the structural model, the DoF in the structural model is less than
that of the aerodynamic model by of orders of magnitude. Hence, coordinate transformations are essential
so that the effects of vibrations, expressed in the structural model coordinates, can be used as an input for
the aerodynamic model, as shown in Fig. 2. This is discussed in detail in section IV. Finally, it should be
mentioned that the UMN UAV group has built a rigid version of the BFF aircraft which is undergoing flight
tests. The group is also building a series of flexible aircraft based on the same aerodynamic design, all of
which will serve as open source test beds. Aeroelastic models for these aircraft will be also be available on
the group website for the benefit of the research community.

III. The Doublet Lattice Method

This section describes the DLM method in a conceptual manner and its application to flexible lifting
surfaces. The authors assume the reader to be familiar with potential flow theory and associated terminology,
which is available for study in any basic textbook of aerodynamics.12 Also, derivations and descriptions of
the governing equations for the DLM are available in literature10,21 and this paper will not discuss them.

The DLM is a potential flow based panel method developed in the 1960s by Albano & Rodden10 to solve
for unsteady aerodynamic flow across a lifting surface. It can also efficiently handle multiple surfaces and
their interfering effects on one another. The method assumes the flow across a fixed surface to undergo
harmonic oscillations. This is equivalent to the case where the surface undergoes harmonic oscillations in a
steady flow since the DLM does not differentiate between these two cases. Pressure distribution across the
surface is obtained as a solution for a given flow condition. Since the model obtained from DLM is linear, the
solution is also a harmonic function with the same frequency. In other words, the DLM gives us a frequency
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response for pressure distribution on an oscillating surface in steady flow, for a specific frequency.
The DLM is a panel method, which means that the surface is typically divided into small trapezoidal

panels for computational purposes with a constant pressure distribution assumed on each panel, as shown in
Fig. 5. The dashed lines represent a doublet line at the 1/4

th
chord location of each panel. The points located

at the 3/4
th

chord location of each panel is the normalwash calculation point or the collocation point.12,22

Normalwash is defined as flow normal to the surface at a given point, normalized by free stream flow speed
and is a function of how the surface moves with respect to the free stream.

Figure 5. A typical discretization of the lifting surface S

When the lifting surface undergoes harmonic oscillations in pitch or heave in steady flow, normalwash
is generated at each panel as a function of its location on the surface. For instance, if the surface shown
in Fig. 5 oscillates in pitch about the leading edge (Y axis) with a given frequency and small amplitude,
each panel experiences a normalwash proportional to the distance from Y axis. DLM uses this normalwash
distribution to calculate the pressure differences across these panels. The final output of the DLM is given
in Eq. 1 which relates the normalwash vector w̄ containing the normalwashes at collocation points of all the
panels, to the normalized pressure difference vector p̄ about the panels.

p̄ =
[
AIC(ω, V )

]
w̄ (1)

Here, AIC is the aerodynamics influence coefficients matrix which is complex valued. It should be noted that
both w̄ and p̄ are harmonic functions. The primary objective of the DLM is to compute the AIC matrix for
a given aerodynamic grid, oscillating frequency and speed of the flow. The nature of the governing equations
of the DLM allow us to combine the oscillating frequency (ω) and flow speed (V ) into a single dimensionless
parameter known as the reduced frequency k.

k =
ωc̄

2V
(2)

where c̄ is the reference chord length of the the aircraft under consideration. Thus, for a given panel grid,
the AIC matrix is only a function of the reduced frequency.

From Eq. 1 we can see that essentially the oscillatory normalwashes of individual panels are required for
calculating the pressure distribution. Therefore, although the method was developed assuming rigid motion
of the lifting surface, it is applicable even if there is no such constraint on the motion of the panels. In
other words, if an elastic deformation of the surface can be approximately discretized in terms of motion of
the panels, the corresponding normalwash vector can be computed and Eq. 1 can be readily used to obtain
the pressure distribution. This is the main philosophy behind using the DLM for aerodynamic modeling of
flexible aircraft. This is further discussed in the next section.

Since the AIC matrix is constant for a given reduced frequency but complex valued, the pressure dis-
tribution is a harmonic function with the same frequency as the normalwashes but with a phase difference
introduced by the AIC matrix. The resulting aerodynamic force distribution can be easily calculated as
shown in Eq. 3.
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Faero = q̄Sp[AIC(k)]w̄ (3)

where q̄ is the freestream dynamic pressure and Sp is the panel area matrix.
In order to get accurate models from the DLM, certain rules of thumb should be kept in mind, as listed

below.

1. The aspect ratios of individual panels must not be greater than 3.21,23

2. There is a lower limit on the number of panels in the chordwise direction governed by the highest
reduced frequency considered for analysis.23 The thumb rule for calculating the number of panels is 8
to 12 per wavelength of the flow. The wavelength λ can be calculated from reduced frequency k and
reference chord c̄ using Eq. 4

λ =
πc̄

k
(4)

Increasing the number of chordwise panels satisfies this thumb rule, but it also results in increase in
panel aspect ratio for a given strip width, thus going against the first rule. Hence, the panels must be
optimally constructed to satisfy these thumb rules while remaining as low in number as possible.

It should be emphasized that these are not hard constraints and should be considered as general rules of
thumb. Convergence studies (see section V) should be conducted on a case to case basis for obtaining mini-
mum number of panels required.

Finally, to ensure that the DLM converges to solutions obtained from a standard panel method like the
Vortex Lattice Method (VLM)12 for steady state, it is common practice to subtract out the steady part in the
governing equations of DLM and replacing it with solutions from the VLM.10,22 Hence, we have embedded
a VLM module into the DLM software to ensure higher accuracy in the steady state solution.

IV. Generalized Aerodynamic Model

The DLM method described in section III provides the aerodynamic force distribution for a given nor-
malwash distribution on the aerodynamic grid (Fig. 5) at a particular oscillating frequency. However, the
aerodynamic model should be able to effectively interact with the corresponding structural model built for
the design to produce coupled aeroelastic phenomena such as flutter. For that, there has to be a way to
generate normalwash distribution for a given elastic deformation which is provided by the structural grid.
Also, the effect of the aerodynamic forces computed in Eq. 3 on the structural model has to be computed.
Finally, we need a continuous frequency domain model to carry out aeroelastic analysis as desired. In this
section, we address these issues with the help of an example problem. Consider a surface with just four
panels, as shown in Fig. 6.

Figure 6. The 2 × 2 grid example in top view, with a superimposed finite element structural model. Also
shown are beam DoF
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Fig. 6 shows a finite element (FE) grid created for the lifting surface, superimposed on the aerodynamic
grid used in the unsteady aerodynamics model. The FE grid is similar to the one described for the BFF
aircraft in section II. As seen in the figure, beam elements interconnecting the three nodes are allowed to
bend about the x-axis, twist about the y-axis and heave in the direction of z-axis, giving a total of 3 DoF to
each of the nodes a, b and c. For the aerodynamic panels, 2 DoF each are considered which are pitch about
centerline parallel to Y axis and heaving motion, which result in change in the normalwash experienced by
them. We need a way to project the DoF of the structural grid on to the aerodynamic panels so that the
normalwash vector may be calculated for a given elastic deformation. This is done by computing suitable
coordinate transformation matrices, which is discussed ahead.

A. Generalized Aerodynamics Matrices

The first step is to express structural deformations obtained from structural models in terms of the aerody-
namic panels. The structural model can essentially be expressed in modal coordinates via modal decompo-
sition the FE model.24,25 The structural model can be written as

Mη̈ + Cη̇ +Kη = Fmodal (5)

where M,C and K are the modal mass, damping and stiffness matrices respectively, while Fmodal is the
external excitation in modal coordinates. Thus, an elastic deformation of the ith node in physical space
given by δi is expressed in terms of modal coordinates using the mode shapes Φ.

δi =

n∑
j

Φijηj (6)

Next, to project this set of nodal displacements on to the aerodynamic model, we construct a spline grid
based on the existing structural grid as shown in Fig. 7.

(a) Structural grid (b) Spline grid

Figure 7. Spline grid construction

Each of the red connections of the spline grid is assumed to be stiff. The purpose of the spline grid is
to transform all the DoF of a node on the structural grid into pure heaving motion of the spline grid nodes
attached to it. For example, a twisting motion of the beam element attached to node c can be represented
as asymmetric heaving motion of the spline nodes attached to node. Of course, this is only valid for small
deflections, but then so is the linear structural model. We assume this transformation to be represented by
the matrix Tspline.

The spline grid is assumed to be attached to an infinite plate and move in a rigid manner according
to the structural grid as described. Radial basis functions26,27 are then used to calculate displacements at
locations on the infinite plate which specify the aerodynamics panels, by interpolating between displacements
of the spline grid nodes. The motion of the aerodynamic panels is described in terms of their mid-points.
For example, the heave of a panel is calculated in terms of the heave of its mid point (i.e. mid point of
its center chord) while pitching of the panel is calculated as the rotation about its mid point. Thus, the
relative heaving of the spline nodes is interpolated to obtain pitch and heave of the aerodynamic panels.
This interpolation operation can be expressed in the form of a matrix Tinpterp. We can then evaluate Tas as
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Tas =
[
Tinterp

][
Tspline

]
(7)

Thus, we obtain Tas matrix which projects the structural grid deformation on to the aerodynamic panels
in form of their pitch and heave in a linear manner, which is valid for small deformations.

Next step is to calculate the normalwash on the panels due to a given pitch and heave motion. This is
done by constructing the so called differentiation matrices D1 and D2 as shown in [22]. For the example
above, let the degrees of freedom for panel 1 be expressed as

[
θ1
h1

]
, where θ1 and h1 are the pitch and heave

displacements respectively. It can be deduced that a heave displacement does not have any contribution
to normalwash at the panel collocation point where the normalwash has to be calculated, while a pitch
displacement results in an equal amount of normalwash for small angles. Similarly, both heave velocity (ḣ1)

and pitch rate (θ̇1) induce normalwash at the collocation point given by
(
− ḣ1

V

)
and

(
θ̇c1
4V

)
, respectively.

Here, c1 is the average chord of panel 1, which means that the moment arm between the mid-point and
collocation point is c1

4 . Thus, the D1 and D2 matrices and the total normalwash expression can be written
as

D1 = [1 0] (8a)

D2 =
2

c̄

[c1
4

− 1
]

(8b)

w̄1 = D1[θ1 h1]T +D2[θ̇1 ḣ1]T
c̄

2V
(8c)

In D2, we normalize the matrix with the reference chord c̄ which appears in the expression for reduced
frequency. This is done so that the factor c̄

2V can be isolated as seen in Eq. 8c. Since θ1 and h1 are harmonic

functions of frequency ω as seen in Eq. 9a,b we can rewrite θ̇1 and ḣ1 as shown.

θ1 = θ0e
iωt (9a)

h1 = h0e
iωt (9b)

θ̇1 = iωθ1 (9c)

ḣ1 = iωh1 (9d)

Equation 8c can now be rewritten in terms of these Fourier transforms as

w̄1 = (D1 + ikD2)[θ1 h1]T (10)

Here we have used Eq. 2 to express the normalwash of panel 1 as a function of reduced frequency k. We
can similarly compute D1 and D2 matrices for all the other panels and combine them in a block diagonal
manner to obtain the complete normalwash vector for all the panels. From here on, D1 and D2 matrices
would refer to the overall block diagonal matrices developed for all the panels. Finally, by combining Eqs.
10, 6 and transformation matrix Tas, we can write Eq. 11.

w̄ = (D1 + ikD2)TasΦη (11)

Thus, we have the equation for calculating the normalwash vector for DLM from the modal displacement
vector as required. The aerodynamic force distribution can now be written as shown in Eq. 12

Faero = q̄S
[
AIC(k)

]
(D1 + ikD2)TasΦη (12)

This force distribution acts as the external excitation for the structural model expressed in Eq. 5.
However, Faero obtained from Eq. 12 is on the aerodynamic panels. Therefore, the final step is to obtain
the force distribution in modal coordinates using the same transformation matrices Tas and Φ.

Fmodal = ΦTTTasFaero (13)
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Combining Eqs. 12 and 13 and leaving out the dynamic pressure term q̄ and the modal coordinate term
η, we obtain the equation for the so called generalized aerodynamics matrix (GAM).

Q(k) = ΦTTTasS[AIC(k)](D1 + ikD2)TasΦ (14)

which maps modal deformations to the aerodynamic force distribution which is also in modal coordinates as
shown in 15.

Fmodal = q̄
[
Q(k)

]
η (15)

In other words, the GAM is the unsteady aerodynamic model expressed in the structural modal coor-
dinates. It should be noted that although the structural grid, spline grid and the aerodynamic grid in the
example have a similar number of DoF, the method described in this section is applicable even when the
grids have DoF orders of magnitude apart as we know is the case with the BFF aircraft.

B. Rational Function Approximation

The GAM matrices are obtained for discrete reduced frequencies. However, a continuous model is required
for time domain aeroelastic simulations. Several methods have been developed to obtain such models15,28,29

from the frequency response data. Roger’s method15 is one of the most prevalent methods used for this
purpose which basically involves a function fitting for the GAM matrices at various reduced frequency.

Following Roger’s method, GAM matrices can computed for different reduced frequencies and then fitted
to a predefined rational function using a least squares technique. A rational function approximation (RFA)
is done for the GAM matrices so that the aerodynamic model is of the form

Q(k) = Q0 +Q1ik −Q2k
2 +

n∑
l=1

Ql+2
ik

ik + bl
(16)

Here, Q0, Q1 and Q2 represent the quasi-steady, velocity and acceleration terms of the aerodynamic model
respectively. The Ql+2 terms take into account the lag behavior of unsteady flow. In order to keep the fitting
linear so as to be able to use a least squares approach for RFA, the poles bl for the aerodynamic lag states
are to be chosen by the user iteratively until good fits are obtained. It can be seen that since k is a function
of airspeed, the aerodynamic model is actually linear parameter varying (LPV)30 with respect to velocity.
Although we could have chosen to carry out RFA of the AIC matrix itself and then carry out the coordinate
transformation later, it should be remembered that the AIC matrix is a square matrix of order equal to the
number of aerodynamic panels. It is much more convenient to do the RFA for the GAM matrices which
have the same low order as the structural model. At the end of the post processing described in this section,
we finally have an unsteady aerodynamic model suitable for coupling with the structural model and further
time domain analysis.

V. Open Source Software Tools

MATLAB based software tools have been developed to carry out the unsteady aerodynamics modeling
procedure discussed in the preceding sections. Although currently the main application is the BFF aircraft,
the tools have been developed keeping general applications in mind. All the functionalities are completely
modular, enabling their use individually or together as required. The important functionalities of the software
are

DLM code: Core implementation of the DLM method described in literature. It requires as inputs the
aerodynamic grid, reduced frequency and Mach number. It computes the AIC matrix as the output.

VLM code: Implementation of the VLM method. Although the function is used within the DLM code, it
is modular so that it can be used independently for steady aerodynamic modeling.

GAM generation: Contains the codes for constructing spline grid from a given structural grid, compute
the transformation matrix Tas and GAM. Also, contains a code for implementing a least squares based
RFA.
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BFF model example: Contains the setup file, griding functions for aerodynamic panel generation and
aircraft parameters for the BFF aircraft.

A basic validation of the software is presented here by comparing data generated for a test case to the
published data. A test case taken from a paper by William Rodden et al23 which considers the simple grid
layout of 5x5 panels shown in Fig. 5. The aspect ratio of each panel is 5 while the flow parameters Mach
number and reduced frequency are 0.8 and 2 respectively. The doublet strength distribution is computed
for the doublet line of the middle panel of the grid. The results from the paper23 are superimposed on the
results obtained from the software in Fig. 8, which verify the DLM implementation.

(a) real part (b) Imaginary part

Figure 8. Kernel function distribution on a panel of AR= 5 at k = 2 and Mach no. = 0.8

The VLM code used for steady solution of the aerodynamic model is also validated against an open
source, widely used VLM software called XFLR-531 via comparison of the conventional stability derivatives
obtained from both.

The software is fully documented and is available for free download at the group website http://www.

aem.umn.edu/~AeroServoElastic/. It is intended that the software tools developed by the group prove
useful as open source research tools for the research community.

VI. Results for BFF aircraft

A. Convergence Tests

Fig. 3 shows a typical aerodynamic grid generated by the software for the BFF aircraft. To find the
minimum number of panels for a reasonably accurate aerodynamic model, convergence tests were carried
out by increasing panel density and checking for convergence in the solutions. It has been recommended
that such tests should be carried out each time a new lifting surface is analyzed using the DLM.23 These
convergence tests provide a perspective on the rules of thumb mentioned in section III regarding panel aspect
ratios and chordwise number of panels.
The tests are carried out by first evaluating the GAM matrices for a fixed reduced frequency value k = 3,
keeping the chordwise divisions fixed and gradually increasing the spanwise divisions. This reduces the aspect
ratio of the individual panels, and the entries of the GAM matrix are expected to converge. The number of
chordwise panels is fixed to 12 panels per wavelength (Eq. 4). For k = 3, that corresponds to approximately
26 panels per strip for the BFF aircraft. Here, a strip is defined as the space between 2 spanwise division
lines. Therefore, N spanwise division lines (including outermost lines) would result in N − 1 strips on the
aircraft. The convergence of the real part of an element of the GAM matrix which represents lifting force
due to first symmetric bending mode is seen in Fig. 9

It can be seen that the element considered in Fig. 9 has a value of -6.36 for spanwise divisions as 75,
which has a convergence error of less than 1%. This trend is observed across all entries in the GAM matrix.
The next step is to find the minimum number of chordwise panels required keeping the number of spanwise
divisions constant at 75. The chordwise divisions are now gradually increased from 4 to 26. The results are
shown in Fig. 10 for the same element shown in Fig. 10.

From Fig. 10 it can be concluded that for chordwise divisions of over 12 panels, the error is around 5%
of the value -6.36 obtained from Fig. 9, which was achieved at 26 panels. In other words, we can get away
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Figure 9. Convergence of the GAM matrix for k = 3, variation in spanwise divisions

Figure 10. GAM matrix for k = 3, variation in chordwise divisions

with less than 6% error by reducing the number of chordwise panels from 26 to 12. For increased accuracy,
higher number of panels can always be chosen, which would in turn result in higher computational effort.
From this analysis for the BFF aircraft, the minimum number of spanwise is taken to be 75, which would
result in 74 strips on the wing. The number of chordwise panels per strip is fixed at 12. A similar analysis
for panels on winglets gives the number of panels per strip to be 10 and number of spanwise divisions to
be 15. The total number of panels on the entire aircraft works out to be 1168. The maximum aspect ratio
comes out to be 1.94, which is below the maximum threshold of 3 as discussed in section III.

B. Generalized Aerodynamic Model for the BFF aircraft

The final, transfer function based aerodynamic model is obtained by carrying out rational function fitting
of the GAM matrices for the BFF aircraft, following the procedure laid out in section IV. A spline grid is
constructed using the structural grid (Fig. 4) as the base, as seen in Fig. 11. This allows us to compute the
transformation matrix Tas.

Here, it should be noted that the structural grid has 14 nodes with 3 DoF each, similar to the nodes
in Fig. 6. This gives the total number of DoF for the structural grid to be 42. On the other hand, the
aerodynamic grid has 1168 panels and each of them have 2 DoF. Therefore, the transformation matrix Tas
interpolates between the 42 DoF of the structural grid and 2336 DoF of the aerodynamic panels. Also, it can
be seen that carrying out the RFA fitting for the GAM matrices is computationally less expensive compared
to doing it for the actual AIC matrices, since the GAM matrices are of the same order as the low order
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(a) Structural grid (b) Spline grid

Figure 11. Spline grid construction of the BFF aircraft

structural model. Once the Tas matrix is computed, the GAM matrices are computed using Eq. 14.
For carrying out the RFA, we calculate the AIC matrices at 8 different reduced frequencies ranging from

0 to 3. This range is chosen keeping in mind that according to Lockheed Martin flight test results,2 the
body freedom flutter occurs at a reduced frequency of about 0.23. The chosen range therefore ensures that
all the necessary dynamics are captured by the model. The GAM matrices are then calculated for these 8
frequencies and the RFA is carried out to give the final aerodynamics model in a MIMO transfer function
form as seen in Eq. 16. As mentioned earlier, the Roger’s method is used for the RFA, which requires the
poles for lag states to be specified apriori. A second order lag is chosen for the BFF aircraft and the poles
are fixed to 0.11 and 0.22. It should be noted that the fitting is done for the dimensionless reduced frequency
domain and the poles in actual frequency domain will vary with airspeed.

Fig. 12 shows the frequency responses of the aerodynamics transfer functions from the first symmetric
bending mode and from elevator to lift force at 25 m/s airspeed. They also show the raw GAM matrix data
from which these transfer functions have been fitted using the RFA function of the software.

(a) Elevator to Lift (b) First symmetric bending mode to lift

Figure 12. Unsteady aerodynamics transfer functions for the BFF aircraft

The plots in Fig. 12 show lag behavior starting from approximately 10 rad/s, which at higher frequencies
is dominated by the acceleration term in Eq. 16. This agrees with the fact that at the given velocity of 25
m/s, the poles of the second order lag are 13.5 and 27 rad/s. Fig. 13 shows the same transfer functions
across a range of velocities between 20 and 50 m/s.

It can be seen that the onset of unsteady effects is delayed with increase in velocity. That agrees with
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(a) Elevator to Lift (b) First symmetric bending mode to lift

Figure 13. Aerodynamics transfer functions for the BFF aircraft from 20 to 50 m/s

the fact that the aerodynamic lag poles in the actual frequency domain increase in magnitude with increase
in velocity. Also, the linear parameter varying nature of the aerodynamics becomes apparent beyond 10
rad/s, since the aerodynamics can be seen to visibly change with airspeed. This model therefore, is the first
step towards LPV analysis of aeroservoelastic systems for model reduction, control design and various other
applications.

Conclusion

A doublet lattice based unsteady aerodynamic model for the BFF aircraft has been developed which
can be easily coupled with the structural model of the aircraft to construct an aeroelastic simulation in
time domain. The software developed for the analysis is flexible for general applications that the group and
the research community in general may work with. The aerodynamic models obtained are LPV in nature,
with airspeed as the varying parameter. This will facilitate LPV model reduction and development of LPV
controllers for integrated flight control and flutter suppression, which are the future objectives of the group.
The aircraft has the potential of becoming a unique benchmark for unsteady aerodynamics modeling since
along with the final unsteady model and detailed description of the BFF aircraft design, the tools used for the
analysis have also been made available, so that the results obtained in this paper can be easily reproducible
by the readers. This gives an opportunity to the research community to compare their analysis techniques
against the DLM either by using the software for their research objective or by using their modeling technique
on the BFF aircraft and compare the results against the model provided.
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