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Abstract— The system identification of a light-weight, high-
aspect ratio wing is presented. Experimental data is obtained
from a ground vibration test. The input signals are sine sweep
wave forces and the outputs are the corresponding acceleration
responses of the aircraft. Subspace algorithms are used to
estimate a state-space model of the aircraft. Minimization of
the model prediction error is performed to fit the frequency
response data. As result, the estimated model identifies six
structural modes between 5 Hz and 30 Hz.

I. INTRODUCTION

Modern aircraft designers are adopting light-weight, high-
aspect ratio flexible wings to improve performance and re-
duce operation costs. However, the large deformation exhib-
ited by these aircraft increase the interaction of the rigid body
dynamics and structural vibration modes -usually the first
wing bending mode. This interaction, called body freedom
flutter, leads to poor handling qualities and may result in
dynamic instability. Hence, accurate models are required to
predict and control this dangerous phenomenon.

Flutter analysis of aircraft has been widely studied [1],
[2], [3], [4], and numerous researchers have addressed aeroe-
lastic modeling for highly flexible aircraft [5], [6], [7], [8].
Currently, modeling aeroelastic behavior of flexible aircraft
requires the development of a structural model coupled with
an aerodynamic model. The nonlinear aeroelastic models
are derived based on structural finite elements and lifting-
surface theory, both of which are available in general purpose
commercial code [9], [10], [11]. However, accurate flutter
prediction is highly dependent on the accuracy of these
aerodynamic and structural models.

It is standard practice to improve the accuracy of structural
models by updating the parameters in the finite element
model using experimental modal data. This paper presents
the system identification of a highly flexible unmanned air-
craft. Natural frequencies, damping factors and mode shapes
of the structure are identified for model updating purposes.

The paper is divided in six sections. Section II describes
the estimation methods for system identification of state-
space models. Section III presents the test vehicle and
experimental setup of the ground vibration test performed
to obtain structure modal information. Experimental results
and identification of modal parameters are presented in
Section IV. Finally, Section V shows the validation of the
estimated model, and conclusions are in Section VI.
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II. BACKGROUND

The system identification objective is to build mathemati-
cal models of dynamic systems based on data observations.
The construction of these models involves three entities: (i)
recorded experimental input-output data, (ii) selection of a
mathematical modeling framework, and (iii) choice of system
identification algorithms that will yield the best model fitting
the observed data [12].

State-space models are selected to describe the structural
dynamic system. These mathematical models can accurately
describe the linear dynamics and can provide physical insight
regarding the system. Because the measurement data is
usually sampled for computational applications, discrete time
state-space models are better suited for system identification
purposes. Moreover, state-space models form the basis for
many modern control design methods. Hence, the versatility
of state-space models is the reason to select them to describe
the structural dynamics of the aircraft.

Discrete time, state-space models for identification and
control are described by

x(k+1) = Âx(k)+ B̂u(k)+w(k), (1)
y(k) = Ĉx(k)+ D̂u(k)+v(k) (2)

where u(k) and y(k) are the input and output vector measure-
ments at time instant k, x(k) is the state vector and w(k), v(k)
unmeasurable signals representing the noise in the system.
Â is the dynamic system matrix, B̂ the input matrix, Ĉ the
output matrix and D̂ the direct feedthrough term.

Several methods have been proposed in the literature to re-
produce the measured data [12], [13]. Subspace identification
algorithms, based on system theory and linear algebra con-
cepts, are suitable for state-space model identification. These
algorithms use the system Hankel matrix of the system,
defined as the product of the observability and controllability
Gramians.

One algorithm developed for identification of lightly
damped systems is the eigensystem realization algorithm
(ERA) [13]. In the ERA, deterministic models (i.e. neglecting
noise) are used to compute the state-space model. The algo-
rithm exploits the relationship between the impulse response
of the structure and the system dynamics.

The impulse response of the discrete time, state-space
model described by (1) and (2) corresponds to

y(0) = D̂, (3)

y(k) = ĈÂk−1B̂ (4)

The Hankel matrix of the system is constructed using the



impulse response y(k):

H(k−1) =


y(k) y(k+1) · · · y(k+ p)

y(k+1)
. . .

...
...

. . .
...

y(k+ r) · · · · · · y(k+ p+ r)


(5)

where the parameters p and r correspond to the number of
columns and rows in the Hankel matrix. For good results,
p should be selected to be at least ten times the number of
modes to be identified, and r should be selected to be 3-5
times p [13], [14].

The Hankel matrix evaluated for H(0) has the form

H(0) =


Ĉ

ĈÂ
...

ĈÂk+r

[ B̂ ÂB̂ . . . Âk+pB̂
]

(6)

Performing a singular value decomposition of the Hankel
matrix, H(0) = UΣVT , where U and V are the left and
right singular vectors and Σ a diagonal matrix containing
the singular values, allows to find a state-space realization
of the system. Condensed matrices Σn, Un, Vn obtained by
elimination of relatively small singular values corresponding
to computational modes, are used to find the discrete time,
state-space matrices as

Â = Σ
−1/2
n UnH(1)VnΣ

−1/2
n (7)

B̂ = Σ
−1/2
n VT

n [I 0] (8)

Ĉ = [I 0]T UnΣ
−1/2
n (9)

D̂ = y(0) (10)

Natural frequencies and damping factors are obtained by
converting the eigenvalues of the discrete time state-space
model to its continuous time representation.

Because the realization of the system obtained using this
subspace approach is not unique and depends on the size of
H(0), the model identification can be refined by minimizing
the model prediction error.

Numerical optimization is used to minimize the norm of
the prediction error defined as

IN(G) =
N

∑
k=1

[y(k)−G(q)u(k)]2 (11)

where N is the number of samples and G(q) is the complex
frequency response of the discrete system

G(q) = Ĉ
(
qI− Â

)−1 B̂+ D̂ (12)

with q as the discrete Laplace variable.

III. EXPERIMENTAL METHOD

The Body Freedom Flutter (BFF) test vehicle has a high-
aspect-ratio flying wing planform with a rigid center body
(fuselage). The flexible wings are made of segmented foam
core (see Fig. 1). The vehicle was developed by the U.S. Air

Force Research Laboratory and Lockheed Martin Aeronau-
tics Company, and donated to the University of Minnesota
[15]. The objective is to identify the modal parameters of
the flexible structure using input-output data obtained from
a ground vibration test.

A. Boundary Conditions

The vibration test would ideally occur with the vehicle
freely suspended in space. In practice, however, a truly free
support is not feasible because the structure needs to be
held in some way. This condition can be approximated by
supporting the test structure on very flexible springs such
that the rigid body modes do not interfere with the flexible
modes [16]. The BFF free condition is reproduced using a
very flexible spring such that the highest rigid body mode
frequency is less than 20% of the fundamental frequency of
the aircraft.

Because the fundamental frequency of the structure fn
is approximately 5 Hz, the frequency of the mass-spring
system fr must not exceed 1 Hz. The mass of the aircraft is
m=5.44 kg. The maximum stiffness of the spring required to
achieve an almost free condition is k =m(2π fr)

2 = 215 N/m.
A stainless steel spring that can support a maximum load of
11.2 kg with a stiffness of 130 N/m is selected to suspend
the aircraft from a rigid frame (Fig. 1).

Fig. 1. Test setup: Suspended aircraft with vibration exciter shaker

B. Data Acquisition Equipment

All the equipment used for this experiment is available
at the Aeromechanics Laboratory at the University of Min-
nesota. An Unholtz-Dickie Model 20 electrodynamic shaker
is used to provide a known excitation to the structure. The
shaker can apply forces up to 1103 N at frequencies between
1-5000 Hz. The structure is connected to the shaker through
an excitation stinger. The stinger transmits the excitation
force axially and reduces lateral forces applied to the struc-
ture.

A PCB 208C01 force sensor is mounted between the
stinger and the structure to measure the excitation force. The



sensor can measure forces of ±44.5 N between a frequency
range of 0.01-36000 Hz with a sensitivity of 112.41 mV/N.
A PCB 353B16 miniature accelerometer is used to measure
the structural response at several locations along the aircraft.
The measurement range is ±500 g for frequencies from
1 to 10000 Hz. The sensitivity of the sensor is 10 mV/g.
In addition, signal conditioners PCB 480E09 are used to
amplify voltage gains of the sensors by factors of 1 and
10. Excitation signals and experimental transfer functions
between the force applied by the shaker and the acceleration
at the different points are calculated using a HP35670A
Dynamic Signal Analyzer with 400-data point frequency
resolution [17], [18].

C. Experimental Procedure

The aircraft is excited with a sine sweep wave from 3 to
35 Hz. A sampling rate of 70 Hz is chosen by the analyzer
to perform the test. This sampling rate allows to determine
the structure natural frequencies below 35 Hz. Acceleration
responses are measured at 34 points distributed along the
wing and center body of the vehicle (Fig. 2). Point 12
was selected as the excitation location. It is expected that
vibrations applied in this asymmetric point will excite the
symmetric modes and anti-symmetric modes of the structure.

Fig. 2. Input and output measurement locations [15]

Single input, single output (SISO) frequency responses
from applied force to acceleration response are obtained at
each location using the dynamic analyzer. The frequency
responses contain 400 data points and are computed in the
swept-sine analyzer mode. Force and acceleration signals are
measured at a constant frequency to calculate each point of
the frequency response.

An experimental frequency response obtained from the
anti-symmetric input to the acceleration response at the tip
of the wing is shown in Fig. 3. Peaks in the magnitude
response and 180 deg phase changes denote the identification
of several modes. In particular the structure has two closely
spaced modes between 17 and 20 Hz. These experimental
data are used to obtain the modal parameters of the aircraft
structure described in the following section.

IV. MODAL IDENTIFICATION

Natural frequencies of the vehicle are determined using
the eigensystem realization algorithm (ERA). The impulse
response functions required for ERA are computed as the
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Fig. 3. Experimental frequency response: From force [N] at point 12 to
acceleration [g] at point 18

inverse Fourier transform of each experimental frequency
response. The Hankel matrix is assembled using 601 samples
of the impulse response, corresponding to 500 rows and 100
columns of the matrix.

Individual SISO state-space models with 12 states are es-
timated for each sensor measurement, leading to 34 models.
The order of the systems is selected based on the number of
modes to identify. The natural frequencies are determined,
and are presented in a scatterplot Fig. 4. Six flexible modes,
visualized by the vertical patterns, are identified with these
set of measurements. Note that not all of the six modes
are identified in each SISO systems. These results probably
correspond to measurements located at or very close to the
nodes of some modes, where their contribution is very small
and as consequence, not seen in the response.
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Fig. 4. Identified natural frequencies using ERA

An initial estimate of the natural frequencies of the



structure is obtained by averaging the values corresponding
to each identified vertical pattern. The natural frequencies
obtained are 5.65, 8.38, 18.41, 19.79, 23.10 and 28.58 Hz
as depicted by the dashed line in Fig. 4. Having estimated
the modal frequencies, the next step is to find a structural
model that reproduces the dynamic behavior of the aircraft
at all 34 locations upon excitation at the location 12. This
model will be used for tuning and updating of finite element
models representing the aircraft structure.

A single input, multiple output structural model is esti-
mated using the MATLAB System Identification Toolbox
[19]. A non-iterative subspace approach, combined with
numerical optimization of the prediction error, is performed
to estimate the model. A state-space model with 20 states
was found suitable to capture the six flexible modes initially
estimated by ERA. The order of the multiple output model
is higher than the order required for the SISO state-space
models. This result shows that modeling of multiple output
systems is more challenging because input-output couplings
require additional parameters to obtain a good fit and involve
more complex models [20].

Fig. 5 and Fig. 6 compares the frequency response of the
measured experimental data and the estimated state-space
system from the force inputs to two acceleration outputs.
The estimated model successfully captures the major modal
contributions to the system response.
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Experimental data
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Fig. 5. Frequency response from force [N] at point 12 to acceleration
response [g] measured at point 16

Mode shapes of the structure are determined using the
quadrature picking technique [21], [22]. In lightly damped
structures, the response at a particular natural frequency
is completely dominated by the corresponding mode. This
implies that the response of the structure is governed by
its imaginary part. The relative modal displacement at each
point is obtained by evaluating the frequency response func-
tion at a particular natural frequency and examining the
magnitude and direction of its imaginary part.

Fig. 7 sketches the identified mode shapes and associated
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Experimental data
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Fig. 6. Frequency response from force [N] at point 12 to acceleration [g]
response measured at point 20

natural frequencies of the aircraft. Table I lists the frequency
values and damping factors corresponding to the each mode
shape identified by the estimated state-space model.

Fig. 7. Identified mode shapes

V. VALIDATION

Model validation is performed using two techniques, the
normalized root mean square error (NRMSE) and the ν-gap
metric. The evaluation criteria to determine if the estimated
model is a good representation of the real system is based
on comparing the frequency response predicted by the model
and the measured data.



TABLE I
NATURAL FREQUENCIES, DAMPING FACTORS AND MODAL SHAPES

Modal Shape Frequency [Hz] Damping [%]

Symmetric 1st Bending 5.67 1.55
Anti-symmetric 1st Bending 8.37 1.06
Symmetric 1st Torsion 18.34 2.06
Anti-symmetric 1st Torsion 19.82 2.33
Symmetric 2nd Bending 23.17 2.85
Anti-symmetric 2nd Bending 28.60 2.55

The accuracy of the estimated model using the NRMSE
is calculated as

%fit = 100
(

1− ‖y− ŷ‖2
‖y−mean(y)‖2

)
(13)

where y is the measured frequency response data and ŷ is
the predicted frequency response of the model. Here, a value
of 100% indicates a perfect fit [20].

Fig. 8 shows the percentage of the input-output frequency
response that the estimated model represents. Literature
reports five evaluation criteria to categorize the goodness of
an estimated model. Fit values > 70% are excellent models,
> 40% good models and > 20% poor models [23]. A 70% fit
value is chosen to accept the model as a good representation
of the aircraft structural dynamics.
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Threshold = 70%

Fig. 8. Percentage of the input-output frequency response represented by
the estimated model

It is observed that the estimated model has four input-
output frequency responses below the 70% threshold value.
This means that the dynamic behavior for those input-output
responses is hard to reproduce by the model. This situation
can be a consequence of input-output couplings and poor
measured data.

Because the model validation using NRMSE is based on
the accuracy of each input-output pair, i.e. SISO system, a
different metric that evaluates the accuracy of the estimated
model in a multiple input, multiple output (MIMO) frame-
work is proposed.

The ν-gap metric is proposed to validate the model in a
MIMO framework. This metric provides a measure of the
distance between two linear systems in a feedback context.
Two systems are considered to be close in the gap metric if,
given any stable input-output pair of the first system, there
is a corresponding stable input-output pair of the second
system that is close to it. The ν-gap metric between two
linear systems P1( jω), P2( jω) is calculated in the frequency
domain as

δ (P1,P2)( jω) = (1+P2P∗2 )
− 1

2 (P2−P1)(1+P1P∗1 )
− 1

2 (14)

where δ (P1,P2)( jω) lies within the interval [0, 1]. Values
close to zero indicate the two systems are identical and values
close to 1 that the systems are far apart [24].

Fig. 9 shows the distance between the estimated model and
the experimental data over the frequency range of interest,
i.e. 5-30 Hz. A ν-gap metric of 0.3 is selected as threshold
to determine the goodness of the estimated model. It is
observed that the ν-gap metric is below the 0.3 threshold
across the frequency range identified. This means that the
multiple output estimated model with 20 states is a good
representation of the aircraft structural dynamics in the
bandwidth of interest.
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Fig. 9. Distance between estimated model and experimental data across
frequency

VI. CONCLUSIONS
A ground vibration test was performed on a flexible

unmanned aircraft. Sine sweeps generated by a shaker were
used to excite the modal dynamics of the vehicle. The
acceleration response to this force excitation was measured
at different points along the aircraft. The first six structural
modes were successfully identified in the experiment.

Based on the experimental data, a linear model of the
structural dynamics that minimizes the prediction error was
identified. The model was validated using standard tech-
niques from system identification, namely the normalized
root mean square error, as well as techniques from robust



control, i.e. the ν-gap metric. Both validation methods show
that the identified model is a good fit of the experimental
data.

Future work will incorporate the identified structural
model into an overall model of the aircraft, including the
aerodynamics and the rigid body modes. The goal is to
obtain a high fidelity model of the flexible unmanned aircraft
which can be used to design flutter surpression and gust load
alleviation controllers.
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