Offprint from *“ Archive for Rational Mechanics and Analysis”,
Volume 49, Number 5, 1973, P. 321 — 380
© by Springer-Verlag 1973
Printed in Germany

The I'ree Surface on a Lignid
between Cylinders Rotating at Different Speeds
Part 1

Danier D. JosepH & RoGER L. Fospick

Contents*

1. Introduction. . . e e e e e e e e e e e e e e e e 321
2. Statement of the Prablem ........................... 325
Chapter I. A Domain PerturbationTheory . . . . . . . . . .. .. ... .. ... 330
3. Prescribed Dorhain Deformations: Generalization of Hadamard's Formula . . . . . 330

4. Free Surface Domain Deformations: The Shape of the Free Surface on a Newtonian
LiquidatLowestOrder . . . . . . . . . . . ¢ oo v v i i v v v e e ..0333
5. Generation of Secondary Motions . . . . . . . .. . .. L .o 0. 339
6. Secondary Motion When the GapIsSmall . . . . . . . . . ... ... .... 342
Chapter II. The Free Surface on a Simple Fluid . . . . . . . . . . ... ... .. 352
7. Characterization of the Problem for Non-Newtonian Fluids . . . . . . . . . . .. 352
8. First Order Solution . . . . . . . . . . . . . .. .. e 354
9. Second Order Solution: The Free Surface Shape at Lowest Significant Order. . . . . 357
10. Third Order Solution . . . . . . . . .« o . v v v e e e e e e e e e e 362
11. The Problem at FourthOrder . . . . . . . . . . . . .. e e e e e e e e e 364
Chapter I11. Surface Tension Effects . . . . . . . . .. ... e e e e e e ... 368
12. Effects of Surface Tension on the Shape of !he FreeSurface . . . . . ... ... . 368
13. Perturbation from the State of Rigid Rotation , . . . , . e e e e e e e 372
14. Surface Tension Boundary Layers . . . . . . . . . . . . . .. ... 376

1. Introduction

When a liquid in a vessel rotates as a rigid body, the free surface on top of the
liquid is shaped by the requirements of a balance of forces arising from centripetal
accelerations, gravity, and surface tension. In the absence of relative internal
motion, the configuration of such a surface is independent of the way in which
the fluid responds to stresses. For example, the free surface of a fluid without sur-
face tension has a paraboloidal shape.

* Part | of this paper gives the basic theory for the free surface problem in general terms.
In Part 11 we develop further those parts of the theory which express our most recent view of
the principal balance of forces which shape the free surface on a simple fluid. Our most recent
view evolves as a direct consequence of the experiments which we initiated in collaboration
with G.S. BEavers and which are reported in Part II. We are persuaded that our theory of
climbing, together with the experiments reparted in Part 1I, form the basis for a standard Jabora-
tory test to determine certain characterizing constants for non-Newtonian fluids. The consider-
able degree to which this belief can be supported by results already obtained is put into evidence
in Part I, Apart from this note, and a note at the end of Part I, we have not incorporated into
Part I what we learned from our experiments; this part stands as originally written.
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The situation is different when the liquid is in relative internal motion. In this
case there will exist a stress field which also affects the shape of the free surface.
Thus, the actual shape which a surface assumes in the presence of a relative internal
motion is sensitive to the manner in which different liquids respond.

One of the most simple situations of relative internal motion which also in-
volves a free surface is that of a liquid filling the semi-infinite space between two
concentric cylinders which rotate at different steady speeds. When the liquid is
non-Newtonian this situation is associated with the phenomenon of climbing; this
phenomenon is one striking manifestation of the normal stress effect. Here, the
shearing of the liquid induces stresses along and perpendicular to cylinder gener-
ators on planes which are perpendicular to the planes of primary shear. These
normal stresses are larger where the primary shear is greatest; because of the
presence of a free surface, in the regions of greatest shear the liquid is forced up
along the cylinder generators.

Two previous studies of the climbing problem merit mention, * SERRIN’S [13]
analysis of an incompressible Reiner-Rivlin fluid relies on some simplifying as-
sumptions; the velocity field is assumed to be independent of the coordinate
along the axis of the cylinder, non-equilibrated shear stresses at the free surface are
ignored, and the two material functions of the Reiner-Rivlin theory are replaced
by constants. However, SERRIN does achieve a definite conclusion which is con-
tained in our perturbation result at second order and which can be recovered when
our result is specialized to the case treated by him (see Section 9). A second more
general study, which apparently is due in principle to ERICKSEN (3], has been
given by COLEMAN, MARKOVITZ, & NoLr [1] and TRUESDELL & NotL [17] for a
general simple fluid; in these studies the value of the normal stress along the axis
is computed from the Couette flow field in an infinite cylinder, The direction of
climbing is determined in a qualitative sense by replacing the true pressure distri-
bution on a plane z=const. with a constant pressure as on a true free surface. The
overthrust of the normal stress on the fictitious plane of constant pressure is the
basis for the approximate computation of the direction of climbing. Of course,
since gravity and surface tension are not considered, a discussion of the mechanisms
which shape the free surface are outside of the scope of these qualitative studies.

In the present work, we develop a systematic construction in series for the shape
of the free surface above a simple fluid as well as for the induced secondary motion.

Our best results are obtained from the perturbation of a state of rest. Here the

perturbation parameter is essentially the prescribed angular velocity Q of one of
the cylinders. The perturbation analysis would be straightforward were it not for
the fact that the free surface, and thus the fluid domain, depend on Q.

Our analysis is based on the domain perturbation method [8] and the improved
method [9] of JosepH. The general procedure used in [8] involves solving a boun-
dary value problem in a given region of space by mapping it onto a standard region
of simple shape. The mapped problem is then expanded in a power series in the
parameter characterizing the domain deformation. The perturbation problems
which arise in the expansion are then solved successively in the standard region,
and the resulting series is mapped back into the original domain. The method of

* See our Note Added in Proof at the end, p. 380.
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[8] was based upon having an explicit representation of the domain mapping
(i.e., the deformation) for all boundary and interior points of the domain. The im-
proved method [9], which we further develop and apply in this paper, obviates
the need for a definite characterization of the domain mapping function at interior
points and makes essential use only of the deformation of points on the boundary.
When this new method is applied to problems where the domain deformation is
prescribed, as, for example, those treated in [8] and [10], it leads (as in [9] and here
in Section 3) to a considerable simplification and operational convenience. The
extension of the domain perturbation method to our problem, in which the shape
of the deformed domain is unknown, constitutes a principal mathematical contri-
bution of the present work.

The other contributions of the paper are most easily described in a preliminary
survey of its organization. The table of contents gives an overview of this organiza-
tion. In Section 2, we give a general formulation of our problem. In Sections 4
through 6, we shall develop the domain perturbation method and apply it to the
problem of the free surface on the top of a Newtonian liquid in the absence of
surface tension. We are not yet acclimated to the idea that this very classical
problem seems so far to have escaped analysis. On the chance that this is in fact
true and because the methods are more neatly exposed in this widely familiar
context than in the intriguing simple fluid problem, we have developed in Sections
4, 5, and 6 a full analysis of the classical problem. The analysis is terminated just
after the point where a secondary motion first appears.

The perturbation of the rest state is constructed as a series in powers of Q, and
there is a neat ordering of effects with each of the powers. At zero'® order there is
a flat surface with atmospheric pressure above and hydrostatic pressure below.
At order Q, an azimuthal field appears without change of pressure. There is no
deviation from a flat free surface at this order. At order Q2, there is no velocity
correction; but the first order azimuthal velocity field induces a pressure change
through central forces. This pressure change produces the first deviation of the
free surface from flatness. At order Q°, a new z-dependent azimuthal velocity
field is generated. This z-dependence is necessary to balance the unequilibrated
circumferential shear stress which appears at the free surface when this surface
deviates from flatness. The z-dependent azimuthal field appears at fourth order (2%)
as a non-conservative force which generates a general circulation as well as a further
alteration of the pressure and the shape of the free surface.

In the case of perturbations of a state of rigid rotation with a small differential
rotation (Section 13), all of the effects which were just mentioned pile up at first
order.

In the case of perturbations from a state of rest the ordering of effects into even
and odd powers of Q is a consequence of symmetry properties of the problem with
respect to a change in the sign of Q. In general the changes in the azimuthal velocity
component are associated with the odd powers of Q and the changes in the azi-
muthal vorticity field, pressure, and free surface height with even powers of Q.

The perturbation problems generated at the odd orders in  involve inverting
ordinary differential equations of Bessel’s type and the solutions can be given
explicitly as Fourier-Bessel series.

22°
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The perturbation problems generated at even orders in  involve inverting a
fourth order linear operator of the biharmonic type defined in the annulus.

The operators to be inverted at odd and even orders are those which appear
first at third and fourth order; the only difference is in the inhomogeneous terms
which are formed from the solutions of the problems at lower order. When the
solution of the even order problems is known, the inhomogeneous terms for the odd
order problems can be computed sequentially. The actual inversion of these odd
order problems is trivial. It follows that the inversion of the fourth order problem
is a key to the explicit solution of the perturbation problems at even orders and,
therefore, at all orders.

It is then of interest that our problem at fourth order is reduced under approxi-
mation for small gaps (Section 6) to a biharmonic boundary value problem on a
semi-infinite strip. This problem, which is essentially an edge problem in the theory
of plane elasticity, is solved by a series of Papkovich-Fadel functions. We know of
no case in elasticity theory where the convergence of these series is proved. For-
tunately, in Section 6 we are able to demonstrate convergence of the series for
our problem.

In the second chapter of the paper, we turn our attention to simple fluids. It
would be helpful if, by observing the way in which a simple fluid climbs in a Couette
viscometer, one could obtain information about the viscometric functions. This
possibility seems to have been largely discounted in the past; for example, COLEMAN,
MarkoviTz, & NOLL say (p. 48), “We do not expect any general qualitative rela-
tion between the viscometric functions and the magnitude of the climbing” and
further (p. 67), ... there is no quantitative theory for (climbing), and thus it
cannot be used in the evaluation of the viscometric functions,”

The perturbation construction which we carry outin Chapter Il does give a quan-
titative theory of climbing when the cylinder speeds are small. In fact, the coef-
ficients of our series, through the fourth order, depend on the constitutive equation
of the simple fluid only through constants that are properties of the three visco-
metric functions. It is not ruled out that this casting out of viscometric coefficients
is true at all orders.

Our equation (9.21), which gives the shape of the free surface at second order,
depends in a simple way on the second order viscometric coefficients and has a
certain potential as a guide for experiments.

The analysis of the simple fluid is carried out in Sections 7-11 through order
four; at order four, as in the Newtonian problem treated earlier, secondary motions
first appear. The neat ordering of physical effects of slow rotation as well as the
Sform of the operators which need to be inverted at each stage of the perturbation
are unaltered by the non-Newtonian effects.

The third chapter of the paper is mainly given over to an examination of the effects
of surface tension. In Section 12 it is shown how the perturbation analysis of the
preceding sections can be extended to problems involving surface tension when a
““neutral ” wetting angle is prescribed. In Section 13 we consider the effect of per-
turbing a state of rigid rotation with a small differential shear. Our results in
Section 13 are largely qualitative. The zero'® order problem here defines a base
state of rigid rotation; with the inclusion of surface tension, this problem calls for
solution of a non-linear second order ordinary differential equation for the free
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surface profile. This fixes the domain in which all subsequent perturbation problems
are to be solved. We derive the relevant first order problem and show that its
solution necessarily involves a general circulation. In Section 14 we return to the
zero'® order (i.e., state of rigid rotation) and solve the free surface problem for
small surface tension. The problem is of a singular perturbation type, and it leads
to a boundary layer (corner layer) which scales with the square root of the capillary
radius (this is proportional to the square root of the surface tension coefficient).
The boundary layer scaling is not altered in the higher order perturbation prob-
lems of Section 13, but the boundary layer problems generated in the scaling ap-
pear to be very difficult.

We have not yet given the proof of convergence of the perturbation series which
are used in the formal analysis in this paper.

2. Statement of the Problem

We shall consider the following problem: An incompressible fluid initially
occupies the space ¥, between two fixed concentric cylinders (e <r <b) and below
the free surface z=h,(r) where it is exposed to pressure p, of the atmosphere. The
inner and outer cylinders are then made to rotate about their common axis with
angular velocities 2 and 1Q. The free surface of the rotating fluid cannot retain
its static shape and its final steady shape z=/(r; Q) is determined by a complex
balance of central forces, normal stresses, surface tension, and gravity (see Fig. 1).
We seek a mathematical description of the shape of the free surface and of the fluid
mechanics which determine this shape.

The following notational conventions will be employed:

(r, 0, 2), (e,, €, ¢,) Polar cylindrical cpordinates, coordinate base
vectors.

T, Py s Pus 8= —€.8 Surface tension, density, viscosity, atmospheric
pressure, and gravity.

p(r,z;Q), ¥(r,z; Q) Pressure, reduced pressure (see below (2.1a)).

u(r, z; Q), (u, v, w) Velocity, physical components of velocity.

S(r,z,Q), T=—-pl+S Extra stress, Cauchy stress tensor.

h(r; Q) The equation of the free surface is z—h(r; Q)=0.
,J dh/dr, mean curvature (see (2.2)).
n,t Outward unit normal to free surface, tangent vector

in the intersection of the free surface and the plane
O=const. (see Fig. 1.)

Ya Fluid domain a<r<b, z<h(r; Q).

D=14(grad u+(grad u)™) Stretching tensor.

S I'™® order approximation to the fading memory re-
sponse functional (2.6).

Ar Rivlin-Ericksen tensors defined by (2.8).
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Fig. 1. The free surface between rotating cylinders

It will be assumed throughout that the problem is axisymmetric so that # and 4
are independent of 8. A picture of the physical configuration is sketched in Fig. 1.

The problem to be treated in this paper satisfies the following field equations:

p(gradu)u=—grad $+divS, divu=0 in ¥, (2.1a)
where

(graduw)u=(u-V)u,
and for convenience we define
&(r,z)=p(r,2)+pgz in Y,
In addition, the boundary conditions at the cylinder walls are given by

e,Qa at r=a,
u=

¢, Qb at r=b, (2.1b)

and on the free surface of the fluid domain the normal components of the velocity
as well as the shear traction vector is to vanish:

u-n=S5,=S,=0 at z=h(r;Q). (2.1¢c)

Moreover, far from the free surface we specify that the axial velocity field and the
shear traction field on right cross-sectional planes vanish:

u-e,S,,S.,»0 as z-—o0. (2.1d)

The problem so far given could be considered fully stated if the constitutive
relations of the fluid were given and if the free surface profile z=/(r; Q) were
known in advance. Actually the particular surface profile which develops is the
one which allows a balance between the normal component of the jump in stress
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across the free surface and the surface tension. Thus, at z=h(r; Q),
T
n.[4pI+S]-u=TJ=T(rh'/[/l+h'I)' (2.2a)

where J is the mean curvature written for surfaces of axial symmetry, and the
square bracket gives the jump in stress across the free surface:

n-[—pl+S8]-n=[-p+S,J=(—p+5,)—(—P.)

2.
=—®+p,+S,,tpgh(r; Q) at z=h(r; Q). (220)

The normal traction acting on the free surface from above has been taken as
atmospheric pressure. Equation (2.2a) is a second order inhomogeneous ordinary
non-linear differential equation; it is to be solved subject to prescribed conditions
for the slopes 4’ (a; Q) and K’ (b; 2) (i.e., the wetting angles are given). We observe
that the scalar quantity & is included in (2.2a), but from (2.1) it is determined only
up to an arbitrary additive constant. This constant, and the plane on which z=0,
is fixed by the condition that the total volume below the free surface is conserved:

b .
X frh(r; @dr=0. (2.1¢)

It will be convenient in the following to have expressions for the free surface
conditions in terms of components appropriate to cylindrical coordinates. To this

end, letadenote the angle between e, and n (-— .n_§ < Ji) sothatsina=#[)/1+Hk 2.
Then 2 2
u - n=(coso) w—(sine) u,
Spe=(cosa) S, ,—(sina) S, 4,
S,,=sinacosa(S,,~S,,)+{cos’a—sin’a) S, ,,
and
S,,=S,,cos’a+S,, sin’a—2sinacosa S,

Noting that S,,=0 on z=h(r; Q), we may eliminate S,, between the last two
equations to find that

San=S,.—S,, tana. (2.3)

In summary, the most general mathematical problem to be considered is as

follows:
p(gradu)u= —grad +divS, divu=0 in ¥, (2.4a,b)

{e,,Qa at r=a,
e, AQb at r=b, (24<)
wehu=S8.,a—0'S,q=h"(S,.—S,)+(1—=Hh?)S,.=0 at z=h(r;Q), (24d,¢e,1)

w=S,,=S,,=0 at z=-—c0, (24g)
and

p“—<b+5“—-h'S,,+pgh=—Z—(rh'/]/l+Ix’z)' at z=h(r;Q), (24h)
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where /' (a; Q) and /' (b; Q) are given, and @ is made definite by requiring the
condition of constant volume (2.1e). We are going to treat this problem both for
Newtonian liquids and for simple fluids with fading memory.

For an incompressible Newtonian fluid, the constitutive relation has the form
S=2uD, 2.5)

where u is the viscosity and D is the stretching tensor. A generalization which in-
cludes (2.5) is the concept of an incompressible simple fluid. TRUEsDELL & NoLL
[17] define this material through the constitutive assumption

§=4%[6()], G(=C(-9-1, (2.6a)

where the response functional ¢ satisfies the principle of frame indifference;

045[6(9]Q"=42,[QG(sQ"] (2.6b)

for all fixed orthogonal tensors Q. Here, the symmetric tensor C, is the relative
right Cauchy-Green strain tensor. It is calculated from the relative deformation
gradient tensor F, through C,=F]F,, where F,=grad g, and £=1,(x, ) denotes
the point occupied at time <1 by the particle which at time 7 is at the point x.
Since the motion of an incompressible fluid is isochoric, the determinant of F,
(and, hence, of C,) is constant and equal to one—its value at t=¢. Further, since
incompressibility requires the introduction of the scalar function p into the Cauchy
stress tensor, # cannot be uniquely defined for each incompressible fluid unless
uniqueness is forced by convention. The usual convention adopted here is that p
is the mean normal stress and, therefore, in addition to (2.6a) and (2.6b), we
require

tr £,2,[G(s)]=0. (2.6¢0)

The problem (2.4), even for a Newtonian fluid (2.5), is too difficult to treat
generally. However, it is possible to construct perturbation series solutions pivoted
about the rest state (2=0) or the state of rigid rotation (1=1). Both of these states
are, in fact, solutions of (2.4) for any given simple fluid. For either state, the
relative strain history C,(t)t <t is always equal to its present value of 1 in all past
configurations. Thus from (2.6) it follows that the extra stress S vanishes (see [1],
p- 20). In addition, since rigid body steady rotation possesses an acceleration
potential, in both cases @ is determinate, and it remains only to integrate the
reduced form of the surface tension equation (2.4 h).

In our analysis of simple fluids, we shall assume that the response functional #
is of the fading memory type. We note that since 2=0 is a rest state, the steady
velocity u(x; Q) and the relative history

G(s; Q)=C,(1—s; Q)1 (2.64d)
both vanish when Q=0. Then assuming that

u(x; Q=Qu(x; Q)
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where #(x, 0) is a bounded field (as is true when u is analytic), we note further
that the relative motion &=y, (x,  —s) satisfies an autonomous differential system

AU gifea—5); 9], E-9)-p=x.

The solution of this problem is in the form

E(t—s)=Y¥[x,1—-Qs; 2],
where
¥'[x,t—Qs; Q]=u[E(1—s); Q]

with the prime denoting differentiation with respect to the second place in ¥ and

¥Y(x,t; Q=x.
Hence
x(x,t—s; QD=¥(x,1—-Qs; Q),
and G has the structure
G(s; Qy=H(Qs; Q)=H,,

where H,, is the retardation (in the sense of COLEMAN & NoLL [2]) of H(s; Q);
H (s; Q) is defined through (2.6d), (2.6a) and the definition of C, (following (2.6 b)).
Under certain technical conditions {2}, which may be assumed here, a complete
n™ order approximation to the response functional of a general simple fluid with
fading memory is provided by the response function of a fluid of the differential
type of grade n. We shall need the approximations up to grade 4, which are listed
below:
S$=8,+S5,+S;+S,,
where
Sy=pAd,,
Sy=u, A;+a, 4,
Sy=PB1A;+B, (A3 A+ A4, 45)F B3(tr 4,) 4y, 2.7
Se=V1 As+7, (A3 A+ A A +7; A3 +7,(4, AT+ AT 4)
+ys(trA)) Ay +y6(tr A) AT +y7(tr As) Ay +75(tr A, 4,) Ay
Here, y, &, @3, By, B1s B3> V15 ---» Y5 are material constants; and Ap (I'=1, ..., 4)
represent the first four Rivlin-Ericksen tensors, which are defined in terms of the
relative strain C, by
dr
r
ds’

Ar=(-1) Ci(t=5)l,=0- (2.8)

We remark, in particular, that 4, =2D, as was recorded earlier. In general, it is
necessary to include a multiple of 1 added on the right of the first of equations
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(2.7) in order to satisfy (2.6c). However, this multiple may be absorbed into the
constitutively indeterminate pressure p of T.

Not all of the material constants appearing in (2.7) are properties of the three
viscometric functions which appear in studies on steady viscometric flows. Since
we shall find in Chapter I that the series solution up to the highest order constructed
(i.e., Q%) depends on the material only through those constants in (2.7) which are
characteristic of the viscometric functions, we feel a particular need to draw atten-
tion to the viscometric constants here.

In [17] it is shown that a complete kinematic characterization of the class of
viscometric flows with shear rate «x is that the only non-zero Rivlin-Ericksen ten-
sors are 4, and 4,; moreover, these are given by

A =x(N+NT), A,=2k®NTN. 2.9

N=b,®b, is defined relative to an orthonormal basis (b,, b,, b;) where b,
denotes the local direction of shear and b, denotes a unit normal to the local
shearing surface. In such flows the extra-stress for an incompressible simple fluid
reduces to the form

S=1(kK)(N+ N +0,(x) N"N+a,(c) NNT, (2.10)

where 7, o, and ¢, denote the shear and two normal stress visometric functions,
respectively. Thus, by substituting (2.9) into (2.7) and comparing with (2.10) it
follows that (see page 495 of [17])

t(k)=pr+2(B; + B3 k7 +0(x),
0 ()= (20, +0,) 1 +4(y; + 74+ 75 +3y6) K +0(ic*), (2.11)
0,(K)=0, K> +2y6 * + 0 (x*).
With these preliminaries aside, we are ready to consider the domain perturba-
tion theory. Though our main concern is with free surface problems in which the
fluid domain is sought as an unknown, it is instructive to give brief consideration

to problems in which the deformation of the domain is prescribed. These prescribed
domain deformation problems are considered next.

Chapter I. A Domain Perturbation Theory

3. Prescribed Domain Deformation; Generalization of Hadamard’s Formula

The following elementary eigenvalue problem arises in the theory of hydro-
dynamic stability [14] and in the theory of small vibrations of incompressible
elastic plates [11}:

Au+Au+gradp=0, divu=0 in ¥]
u=0 on 87 (3.1a,b,¢)
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Here, ¥~ denotes the bounded open three-dimensional configuration of the body
and & ¥ its boundary. One problem of interest to study in these theories is the
dependence of the eigenvalues and eigenfunctions on the domain. In the present
section, we shall briefly describe how this can be accomplished using a domain
perturbation method.

Suppose that the problem (3.1) is difficult to solve for in the domain ¥~ but
that the eigenvalues and eigenfunctions can be found in another domain ¥, of
simple shape. To study (3.1) in¥", we imbed ¥ in a one (r) parameter family of
domains #;. The problem (3.1) in ¥; is then mapped onto ¥; where it may be
studied using all the simplifying features which apply in ¥;. These simplifying
features are particularly nice when the problem is studied by perturbation theory.
Then it is possible to construct eigenvalues and eigenfunctions by developing the
mapped problem in ¥, into a Taylor series in 7. The advantage is that the coef-
ficients for the Taylor series are determined as solutions of linear boundary value
problems obtained by successively differentiating the mapped problem with respect
to T and evaluating the resulting equations at t=0, that is, in ;.

We want next to exhibit the formal procedure by which we simplify the cal-
culation of derivatives of eigenvalues and eigenfunctions with respect to t. Our
purpose in treating a prescribed domain deformation problem at this early stage
is to exhibit the basic ideas unencumbered by largely extraneous free surface
complications. It is perhaps appropriate to remark that prescribed domain defor-
mation problems are generic in mathematical science and of considerable indepen-
dent interest. The basic ideas which we need are found already in the procedure
which was first developed in [9] and which is used below to calculate dA/dx.

We first select an arbitrary admissible mapping of ¥5+9%,— ¥;+37%;:
x=x(xq,7) wWhere x,€¥%,+37%; and xe ¥+ 97, and introduce the associated
substantial derivative

da(-) _e()

=S [grad (1Y, (32)
where V,E% is the deformation rate of the mapping. The motivation for this
T
d

n
7 {(3.1)}=0, since (3.1) is an identity
T

in 7. Since the field equations of (3.1) are also identities in xe ¥, it follows that

aO" {(3.1a,b)} =0 in ¥,.
T

initial step lies in the observation that

Thus, for n=1, we have
Adu+Au,+ Au+gradp,=0, divu,=0 m ¥ (3.3a, b)

where we have used the notation u,E%‘- and A E%—. Since the full substantial
T T

derivative must be used on the boundary, (3.1¢) becomes

%=u,+(gradu)V,=0 on 37, (3.30)



332 D. D. JosepH & R. L. Fospick:

We shall now show that for any 1,

. ___,;‘Lan] -
A@r)=-12 jlul PR G4
Y e

where V, - n denotes the domain deformation rate in the outer normal direction
to the boundary d¥;. Before obtaining this result, however, it is convenient to
observe that (3.4) represents a generalization of the well known Hadamard (1908)
formula for elastic membranes. Our result implies that A(t) decreases as the domain
¥, is enlarged (i.e., V,>0). In fact, globally it shows that A(t,)<A(t,) whenever
¥, is entirely contained in ¥,,. The monotonicity of A with ¥” could be obtained
directly from the variational characterization of eigenvalues A as minimum pro-
blems, but, of course, (3.4) goes much further,

We now turn to the derivation of (3.4). It readily follows from (3.3a, b), (3.1),
and application of the divergence theorem that

0= j(Au,+/1u[+/iu+gradp,)-udu
7 35
=A [ |ul*dv— { u,-gradpdv—~ [ (gradu)n-u.da.
P 7. .

Substituting the boundary information (3.3¢) into the last integral in (3.5), we see
that the integrand is equivalently —(grad u)n - (grad #)V,. But on the boundary
Ju

(3.1c) shows that grad u—%n so that the integrand becomes — T V n.
Thus, to complete the proof of (3.4), we must show that in (3.5)
f u.-gradpdv=0.
¥x
To see this we start with the observation from (3.1b, c¢) and the divergence theorem

that
 u-gradpdv=0
7.

is an identity in t. Thus, by use of the properties of substantial differentiation,
d a
0=—— [ u-gradpdv= | ——(u-gradp)dv+ | (u-gradp)V,-nda.
dt/, ¥, 0t ¥

Since the latter integral is zero due to (3.1c), we reach

{ (u,-gradpdv=— { u-gradp,dv.
¥ 'z

Clearly the right-hand side above vanishes by application of the divergence theo-
rem and (3.1b, ¢). With this established, the result (3.4) follows.

We emphasize that the result (3.4) allows only the normal shift of a boundary
to affect an associated change in the eigenvalue. In attaining this result, our argu-
ment justifies and simplifies that used by HADAMARD for his simpler problem.
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We expect that HADAMARD's argument would also lead to (3.4), but it requires
a somewhat less direct and partly intuitive approach.* The major advantage of
the present method of derivation over that which could be constructed from the
ideas of [8] is that here we avoid having to extend the domain mapping of the
boundary specifically into the interior of ¥;; independence of the result on the
interior mapping function is unquestionably clear

In order actually to calculate A (7) using (3.4), we need the eigenvalue and asso-
ciated eigenfunctions of (3.1) in ¥;. Since these are more easily established in ¥;,
we are naturally motivated to construct the series

A(z):A(0)+ui(0)+i;—;i(0)+..., 3.6

where now A(0) is computable.

Calculation of d2A(z)/d<? is more complicated; in particular, this calculation
will require prior computation of the field &, which solves (3.3). When A is simple,
the unique solvability of (3.3) subject to an appropriate normalizing condition,
say .
{lu)Pdo=1,
¥ e

is guaranteed by (3 4) which is a form of the Fredholm alternative. Of course, if we

cannot solve (3.1) in ",V;, we could not hope to solve (3.3) there, In the domain “I"

of simple shape, it may be easier; this observation suggests that we construct the
series
du

VP +.... 3.7

=0

u=ul,_o+17

are determined in ¥,

Of course, since the Taylor coefficients u|,-o and _Z.;
t=0

they are naturally functions of x,. To obtain the solution in ¥;, we need first to

substitute the inverse functions x,=x,(x, ) in the functions on the right-hand

side of (3.7).

It serves no further purpose to continue the construction to higher orders in z.
The type of problem which is encountered at these higher orders is similar to that
already mentioned above.

We have intentionally deferred any specific discussion of the domain mapping
function to the following section where we develop the analogous domain pertur-
bation method for the free surface problem, which is the subject of this paper.

4. Free Surface Domain Deformations. The Shape of the Free Surface
on a Newtoniau Liquid at Lowest Order
The free surface problem for a Newtonian liquid is given by (2.4) and (2.5).
For the present we take T=0, fix 2 and consider small values of Q. Associated
with the value Q=0 is the reference fluid domain ¥, defined by the coordinates
(ro» 8o, Zo) With a<ro<h, 050,<2m, and —o0 <zoSh ) (rg). We shall see that

* GARABEDIAN [4] is a convenient reference.
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when T=0Q=0 then M°(ry)=0. Associated with the value Q is the domain ¥,
with coordinates (r, 6, z). As in the prescribed domain deformation problem con-
sidered in Section 3, we define a mapping

r=ro, 0=0, z=¢(re,z; Q) “.n
carrying ¥, into ¥,.* We assume that ¢ is invertible, even in Q**, and such that

¢ (ro, 205 0)=2,
and
¢(ro, 0; D =h(r; Q), 4.2)

where — o0 <@ (rg, 2o; Q) Zh(r; Q). Here, h(r; Q) denotes the height of the free
surface of ¥,

There is a formal similarity between (4.1) and (4.2) and material particle
mappings. This similarity is further accentuated by the definition of a domain de-
formation rate field,

d
Vo=V, 815% e, (4.3)
and a related substantial derivative
ai) _a() _90() a()
0 = on TleadOVe=—gm+ Vo5 “44)

The reader is enjoined not to confuse the mappings (4.1) and (4.2) and the as-
sociated formulas (4.3) and (4.4) with the analogous relations which hold relative
to material particle mappings associated with Eulerian and Lagrangian coordinates.
The deformation (4.1) is chosen ab initio, and any mapping satisfying the condi-
tions (4.2) will suffice. For example, we could take z=¢ (ro, 2o; Q)=zo+h(r; Q).
The deformation (4.1) is independent of the interior motion of material particles
and the velocity field # which is associated with the material mapping.

The substantial derivative (4.4) is a key operator in the algorithm for construct-
ing the perturbation series to follow; indeed,

[m)

oo |
op=y o, (4.5)
[ R N
where, for example,
d"u

u"(ro, zo)=

T oy (4.6)

Of course, we seek the solution in ¥5 rather than in ¥5, and in order to achieve
this goal, the independent variables (ry, zo) must be replaced by (r, z) via the in-
verse of the particular domain mapping ¥~ ¥, introduced in (4.1), (4.2). This
suggests that the domain mapping function ¢ may enter the solution in ¥j.

* Since the problems considered in the paper are axisymmetric, we shall drop all further
explicit mention of the aximuthal coordinate 8.

** Here it is natural to consider a domain mapping function that is an even function of 2
since the fluid domain is independent of the direction of rotation.
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However, this entry can only be superficial since we know that the solution in
7, is certainly independent of the domain mapping because there is no reference
to any such thing in the statement of the problem. The concept of domain mapping
is introduced only for convenience, and, therefore, it must follow that while the
particular mapping function no doubt enters at various orders in the infinite
perturbation series (4.5) when evaluated in ¥, it does so only to be nullified in
the full summation when its complete dependence through all orders is taken
into account.

The following observation is central to our procedure for forming the per-
turbation series (4.5) for the solution. Since each of the equations (2.4) and (2.5)
is an identity in Q, (2.4) and (2.5) may each be substantially differentiated any
number of times with respect to Q. For example, we may write

di)ﬂ(divu):O in ¥,
and
. %T(s:ﬂ—h's,,,ho at z=h(r; Q). C @

A major simplification is possible because equations (2.4a, b, c) are also identities
in z. From this fact it follows that

(2.4a,b, c)‘">s% (2.4a,b,c)=0. (4.8)

To prove this, consider for example (2.4b) and suppose that

n—1 n—1 .
<= divu=div ag"‘l" —diva® D=0 in % (4.9)

Then, with the aid of (4.4),

- . a .. _
«d——divu(" D=diva®™ + Vﬂ—a—dwu‘" B
z

aQ (4.10)

=diva™=0 in 7.

Thus, since (4.9) is true with n=1, we have by induction one of the results (4.8);
and the others follow similarly. It is perhaps useful to note that since equations
(2.44, e, f, g) are evaluated on the free surface z=h(r; 2), they are not identities
in z and, therefore, do not share the property (4.8); substantial derivatives are
required at the free boundary.

It will be convenient in the remainder of this paper to utilize the superscript
notation of (4.8) with the additional requirement that after differentiation the
result is evaluated at @=0. Thus, analogous to the notation established in (4.6),
we define

NOBRAC)
== (4.19)
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Also, instead of (rg, z,), it will be convenient to write (r, z) when it is clear from
the context that we mean points of 7;.

At zero'™ order, (2=0), the fluid body is in its basic state of rest. Thus, in the
absence of surface tension it follows from (2.4), (2.5), and in the notation estab-
lished above, that

W= p-g%—g,  @%=p (4.12)

This gives the leading term in the power series solution (4.5), and we now want
to establish the first order solution and show in particular that

K=o, (4.13)

At first order the following problem, which is obtained by differentiating (2.4)
with respect to Q, must be solved:

pl(gradu) )= — grad &+ p 4w =0, (4.142)
divuV=0 in ¥, (4.14b)
where
) {ega at r=a,
u =
elb at r=b (4.14¢,d)
and ‘
w=SH=S=0 at z=0, —oco (4.14¢,1,8)

This problem is a Stokes flow problem, and up to an indeterminate constant in
&) it has a unique single-valued solution in ¥;, given by

u“’:(Ar+£) e, D" =constant, 4.15)
r

where

_bz}.—a2 B_azbz(l—).)

A= pE—al’ pI_aZ -

It follows from (4.4) and (4.12) that

W=y and ¢M=g".
The value of A"} and the constant in ¢¢*’ can now be determined from the
restriction that develops by taking the first Q derivative of the condition of con-
stant volume (2.1¢) and the equation

~ @0+ S 5, )4 pgh = — oW1 S+ pght =0,

which arises as the first  derivative of (2.4h) when T=0. Since (4.15) implies
that S =0, we must have A''1=0, and the constant in ) is zero.

Since Al'1=0, we have, using (4.2), (4.3), (4.4), and the notation of (4.5) and
(4.11), that

_de)]  _o0) 3()

o M- M S
_30| (19
SO
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on the free surface where the substantial derivative is essential. This result yields
in the notation of (4.5) and (4.11) the following useful differentiation formulae
which are valid at the free surface:*

(-)‘”=<-)‘”+”[“{a"a(;)}m'
(')[31=(-)(3>+ht31{55(;) }(0)4—3;,(21{ aa(;) }(“,
- a) | FIORA
(.)[4]_(.)(4)+h[4]{ - } _,_4,,(31{ -

3()® FROY
+6h[2] {"5;—} + 3(’1[2])2 {W-‘ .

We now consider the boundary value problems that arise at higher orders,
the solutions of which determine the Taylor coefficients in the series representation
(4.5). At order n, the appropriate problem which is obtained by differentiating
(2.4) n times with respect to Q is summarized below: ’

4.17)

pl(gradu)u]® = —grad 8 +p4u™ in ¥;, (4.182a)

divu™=0 in ¥;, «™=0 (4.18b,c,d)

r=ar
r=b

and at z=0,
(w—u ]1')["]:(5:8 —h Sra)m

=(h'[S,,—S..]1-[1-(")?]S, )" =0. (4.18¢)

In addition, from (2.4g) we shall also require that w™, S¢, and S{? vanish as
z— —c0.

An important consequence of the fact that #® and A both vanish is that
problem (4.18) is an inhomogeneous Stokes flow problem at any order n. The
inhomogeneous terms are dependent only on the solutions at lower order than n.
Thus, if the solutions at all orders less than n are known, then any single valued
solution at order # is unique up to an additive constant in ®™. In order to deter-
mine this additive constant, it is necessary to apply the free surface condition (2.4h)
and the constant volume condition (2.1e), which at order n are, respectively,

(—®+S..,—I'S,,+pgh)=0 at z=0 (4.18)
and

b
fra®dr=0. (4.18g)

Thus, not only is the additive constant in ¢'™ determined, but also the free sur-
face correction coefficient A"} at the n™ order is obtained.

Finally, in order to obtain the n® order contribution to the series solution (4.5)
in 73 of any interior field quantity, we have still to calculate the substantial deriva-

* These formulae also apply to the interior of ¥ if, for example, the domain mapping
2= §(rg, 29, 2)=2¢+ h(ry; 2) is adopted.

23  Arch. Rational Mech. Anal., Vol. 49
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tives of the various fields at order n using (4.4), and then to transform the final
results from ¥, to ¥, via the domain mapping (4.1).*
At second order (n=2), we find that

pl(graduw) u]® = —2p('V)? ¢,/r= —grad $V+ p4u'?,
divu®=0 in ¥,
uP=0 at r=a and r=b. (4.192)

The free surface conditions (4.18¢, f) at order 2 can be written with the aid of the
results of the zero™ and first order solutions as

W =S=sH= — ¢!+ §14 pgh?)=0 at z=0,
and these, in turn, by using the first of (4.17) may be reduced to

w=§P=5D=0 at z=0 (4.19b)
and
0P +8+pgh?'=0 at z=0. (4.19¢)

We also note that w®, S, and S® are to vanish as z-» — 0. The solution of
(4.19a,b) is

2
#?P=0 and &P =p (AZ r’+4A4Blog %——%—) +C,, (4.20a,b)

where C, is a constant and, by use of (4.4), (4.12), and (4.15),

W=y, and #M=0?.

’

The second order correction coefficient A1) is found from (4.19¢) as

o1 g (4.20¢)
Pg

and the constant C, is fixed by the condition (4.18g):

Cy(b*—a?)

! [21 1
O=|rht*dr=—
,.5 rg { 2

b r BZ
+pfr (Az r2+4ABlog—b——7f)}dr.

This completes the solution at second order.

* Thus, the nt® order contribution to the infinite perturbation series solution (4.5) in ¥, of
any interior field quantity will, in general, depend on the particular domain mapping function ¢
which is chosen. However, since the full series obliviates this dependence, as remarked earlier,
it would appear that all quantities at each order n that involve this dependence may as well be
dropped from consideration, a priori. This suggests that for any interior field u, say, the right-hand

21
side of (4.5) may be replaced by the equivalent sum ZF 4MOn where u®™ is the solution of
0 .

(4.18) in ¥}, and where we simply replace the independent variables (ry, zg) of this solution
directly with (r, z), respectively. We shall investigate the correctness of this procedure in a later
paper, and in light of its nature of plausibility, defer its application.
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Before proceeding to the more involved perturbation problems at higher orders,
we shall summarize the results obtained so far:

u=0Q (Ar+$) e+ 0(2%),

(.., r B? 2
¢—pa+p—2—{A r +4ABlogrl—7;f;7——(—bija1j
b r BZ "
.j’r(Azr2+4ABlog7—Tf) dry+0(2%),

) Qo 5, r B 2
h(r,Q)——iE{A r +4ABI°gf—’;T_(—btgij

] r BZ
.jr (Az r? +4ABlog-b»~—r—2—) dr}+o(g4).

We remark that this solution reduces to that appropriate for the state of
rigid rotation when B=0 (i.e., A=1). Further, the symmetries of the perturbation
from rest are 'such that @ and # are necessarily even functions of Q.

5. Generation of Secondary Motions

We recall that the first order solution has associated with it a non-zero shear

stress component S¢§’ given by
aw™r) )
Sﬁ:z):l“‘_g_r =I“'F’T(B/’z)=—2#3/’z-

Although this stress does not act on surfaces z=constant, it does contribute to
the existence of non-equilibrated shear stress on the deformed free surface h(r; Q)
at order Q2, and this unequilibrated traction is corrected at third order by the
generation of a new circumferential velocity field which depends on z. The pres-
sure field and free surface shape are unaltered at third order.

At third order (n=3) the fundamental field equations are
pl(gradu)u]® =0= —grad 8@+ p4u®, diva®=0 in 7.

At the cylinder walls r=a and r=>b we must satisfy u®=0. Because of axial
symmetry, there is no circumferential pressure gradient, so that for single valued
&3 we have

Tl )t e

1 @ (r au‘”) v
ar

Using (4.18e, f, g) when n=3 and the second of equations (4.17), we find that

wH=8D=_g3_3)2sD_0 at z=0 (5.1)
and
W= =5 )pg.

23¢
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In addition, we may use (4.20b, c) to rewrite the last of (5.1) as

v 12B ( 3)2
+ =0.

— 2
3z —-g';g— Ar+ F (5.._)

Thus, the solution in ¥5 of the third order problem, which satisfies (4.18g) with
n=3 and which is such that w®, §¢3, and S{3 vanish as z— — oo, is given by

u‘”=w‘3’=¢‘3’=5§3,’=h[”=0,
v(r,2)=Y A,e"*€(,r), (5.3a)
n=1

where % (A,r) denotes the cylinder functions
€(4,n=J(2,0) Yi(4,)~J,(4,1) Y, (2,a), (5.3b)

A, are the positive roots of
#(1,b)=0, (5.3¢)

and the A, are Fourier-Bessel coefficients chosen so that (5.3) will satisfy (5.2).
We observe, using (4.4) and the lower order solutions (4.12), (4.15), and (4.20),

that in ¥

uPl=u® and @Pl=¢®),

The dependence of the circumferential velocity upon z at third order appears
at fourth order as a non-conservative body force which generates a general circula-
tion as well as a further alteration of the pressure and the shape of the free surface.

At fourth order (n=4), we have
pl(gradw)u]® = ~8p ' vP ¢ fr=—grad & + pdu®,
diva™®=0 in ¥, (5.4a,b)
and the boundary conditions ¥*)=0 at r=a and r=5. In addition, using (4.18¢)
for n=4 and the third of equations (4.17), we find that
wH=8W-8H-0 at z=0 (5.4c,d,e)
and
— WL SW L p 500 at z=0. (5.4f)
Although it is clear that the solution of the fourth order problem, which is
single valued and satisfies w® =S54 =S% =0 at z— ~ o0, has v =0 in 5, the
rest of the problem needs further explanation. Toward this end we note that since

v™® =0 in ¥, then
curlu™® ={ =¢,

and
curlcurl{ = —A4¢{= —i:? Z(rl), (5.5)
where we have defined
¥ @ 18
Salr AN =
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and
ou®  aw®

dz or ’

Now, by introducing the stream function ¥ (r, z) such that

we identically satisfy (5.4b) and further find that

1Y L@y 1oy 1
Sl = S = s P
and

curl curl= —ir" 22y, (5.6)

Thus, defining the scalar function y(r, z) through
y=—8pv ), (5.7)

and forming the curl of (5.4a), we find using (5.5) and (5.6) that
py=" in ¥, (5.82)
oz
When the boundary conditions are transformed to the function ¥, we find that at

the cylinder walls

=%‘f—=0 at r=a and r=b (5.8b,¢c)

and that the free surface conditions (5.4c, €) become

ay Py Yy

B P = e =0 at z=0. (5.8d,¢)
In addition, the surface height coefficient 4'*! is determined from (5.4f), which
may be written as

r 0rodz

2
o OV a0 at 2=, (5.86)

and the condition of constant volume (4.18g) with n=4. Finally, to complete
the characterization of the problem at fourth order, we add the conditions at
infinity,

oy 'y ity

I = el

Using (4.3) and the symmetry of the domain mapping function, we verify
that V=0 when Q=0; then from (4.4) we have

(IO=(. (59)
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The solution ¥ (r, z) to (5.8) gives rise to a cross flow in planes §=constant;
thus, at fourth order, the fluid begins to circulate up and down along the axial
direction and in and out along radial lines.

We close this section with a brief examination of the perturbation problems
at arbitrary order. We noted in the Introduction that symmetry of the problem
with respect to a change in the sign of Q requires that

U(2m)=p(2m+l)___h[2m+l]=u(2m+l)=w(2m+l):O.

To prove this, assume that it is true when m <n. Then (4.18) shows that this must
be true when m=n. Inspection of (4.18) also shows that the operators to be invert-
ed when n is odd are those which appear at third order, and when n is even the
operators which are to be inverted are just those which appear first at fourth
order. Of course the inhomogeneous terms change with index but the unique
invertibility of the operators for arbitrary inhomogenities is easy to establish. The
inversion in the odd order problem in Fourier-Bessel series hardly needs explana-
tion. It follows that the inverse operator defined at the fourth order is the key to
the explicit resolution of the problem at all orders. This fourth order problem is
most easily solved when the gap (b—a)/(b+a) is small, and we shall consider this
simpler problem in the next section.

6. Secondary Flow When the Gap Is Small
Let r=(a+b)/2 be the mean radius, and let 26=>5b—a be the gap. We shall
simplify the calculations by treating the problem when the gap size §/r is sufficiently
small*. Introducing the variable y, r=r+y where —8<y<4, when §/r -0 we
write

2 2
grad=e, e, 6az 4= aiz+§?, etc. (6.1a)
and
B
F+G,V=Ar+7, (6.1b)
where
F=art+ 2,
r
and
G=A-BJr%.

The solution at third order may be simplified. Replacing (5.2) and (5.3), we get

o 12B
Fra g_3 (F+Gy)? (6.2a)
and
V=Y A4,écosk,y+ ¥ B, sinj,y, (6.2b)
n=0 m=1

* In many other problems in which the narrow gap approximation is used the approximation
and the exact solution are often in reasonable agreement when 25/r <%.
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where for n=0, 1, ..., and m=1,2, ...,
k,=(2n+1)n/25, j,=mn/d,
—96B(—1)"8 | 2 . 2( 8 )}
A= 53 F+8° G || - —33) 1
" g?3(2n+l)znz{ Qn+1)*n*
and
48 B(— 1)"’52FG

grimn?

B

The approximation of (5.4a) for small gaps is
e, 72D o prad 6@ pdu®  in %, (6.3)
r
where grad and 4 are as in (6.12a), and

y=—8psV o= —8p(F+Gy){Y A,e*cosk,y+ Y B,e*sinj,y}.  (64)
n=0 m=1

To obtain u(® that satisfies (5.4b), we introduce the stream function §(y, )=
Y (r, z), where

Fuw Bl pye_ 0 ©.5)
dz dy
The following boundary value problem or | is obtained as in (5.8):

D —pa?y %y G- 7} “0-ss 0L (662,50

where 42(-)=44(-), and

_'/7_:_2@ __TaZ$ =0|
dy 0z dy z=0

Since dY/8y=0]|,- is an identity in y, we may replace these latter conditions
with the conditions (6.6d, €) below:
oy 3%y
Tﬁi a—d’; =0{,-0- (6.6d,e)

z
Given (3, z), we may determine ¢*) by integrating the z component of (6.3).
Thus defining I (y, z) through

5= " 6.7)
and using (6.5), we may write
¢“"+% 4 %=0. (6.8)

To determine the fourth order correction coefficient A*], we first note that in
the approximation for narrow gaps we must replace (5.8f) with

_eW_ 211 2’y ¥

{41 _
= Fidy S—=—+pgh™'=0[.0.
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This combines with (6.8) to give

p B &r  ar
pgr 9278y  3y*Jl:=0

The problem (6.6) is at the edge of tractability. It may, however, be solved
exactly by reducing it to a variant of an elasticity problem solved by SmitH [15]
To do this we shall first reduce (6.6) to the semi-infinite strip problem (6.11)
below. Setting

(6.9)

J=L(¥+0) in,

= |

where ¥ is a solution of (6.6a, b, c), but not necessarily of (6.6d, €), we see that

420=0 in ¥, @_ﬁg_m, s5  ©—>0l,._., (6.11a,b,c)

and

) FL
3y @+ V=520 +¥)=0l.-. (6.11d,¢)

The problem (6.11) has been studied by Smirn [15]. His results are expressed
in the variables
=7 =_Z
t= 5 and x= 3 (6.12)
and he gives an algorithm for calculating the ““Fourier” coefficients of the Pap-
kovich-Fadle series which formally solve the following biharmonic semi-infinite
strip problem in the domain —1<r<1, 0<x<oo:
*e e e @
-a—r+ W+TT 0, =77 =O0l-z1, @00,
and

2 2
%-?— f(1), %7,@—=g(t) at x=0. (6.13a,b,¢,d, e)

In his work, the given edge data g(¢) is required to satisfy the consistency condi-
tions

1 1
_j'lgdt=_fitgdt=0, (6.14)

with the side wall boundary data (6.13b). The consistency conditions hold for
our problem (6.11). SMITH also proves the convergence of his series under very
restrictive conditions on the data f(¢) and g(¢) which do not hold for (6.11d, e).
However, we shall find explicit representations for the coefficients (C;, in (6.22)
and (6.24)) in the series solution which allow us to prove the convergence of our
series.

To carry out the calculation of SmiTH’s solution of our problem, we must
first reduce the problem (6.6) to the problem (6.11). The required solution of
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(6.6a, b, c) may be composed as follows:
4 0
Y=Y 3 A0, 2, (6.15)
i=1t n=0

where for n=0, 1, 2, ..., and for B,=0,
A= —8FAk,  Yi=e"x, (),
A3, =—8GB,j,,  ¥2=" 12, (¥),
Ay =—8GA,k,, Pi,=e"" x5, (),

Asn=—8FB,jm W= 1en(),
Z ZA,..O,n(y,z) (6.16)
i=1 n=0

where @,,(y, z)and x;, (y) are to be determined. Infact, returning with J= LPw+ro)
to (6.6), we see that K

h JaiXin=9q1n Xin=X;n=0|,=ta, (6.17a,b)
e Ja=Jz= a* +2k} 5 & +k
nl = nS_‘W dy s
da* o d?
Ja=Ju= a5 +21.d—yz+.)..,
q1"=COSkny,
42, =ysinj,y,
g3, =ycosk,y,
d q4u=Sinjny9
an
@
A2@(,,=0, @in= a;n =0|y=i:61 @in——'olz*—ms
2o, &Y e, 89,
LI L = n =0. (6.18a,b,c,d,
352 372 and y? 7 at z=0. (6.18a,b,c,d,e)

The solution of (6.17a, b) is given by

1
X1n(Y, Kny )= —*S-kz(yz—éz)coskny,

-1 6
X2n (Vs jur 6)= %7 {y (y -8 —J") st,y+—(y —8%)cos j,y }

L3n(Vs Ky 6) = 211{)’ (yz—ﬁz—%) cosk,,erT—(y2 —52)sink,,y},

Aan (Vs jur 8) = —p(yz—rf”)sini..y.
i

X20=¥40=0. (6.17b)
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To complete the solution in the form

1=L3  Au¥i-6.) (6.19)
Hi= 1»0”I i ’

we must find the solution of (6.18). To use SMITH’S solution, we change variables
as in (6.12) and scale the wave numbers according to

ky=v.8,  Jja=1mld.

Then, in the new variables — 1 <f<1, 0 <x <0, we must solve

#6,=0, 6,=22%0|.,, 6,20l..., (62085,
with
5o, oo,
W_—',fl'm 57 "8 at x=0, (6.20d, ¢)
where
’%, ¥,

fin= Sl 8=z At x=0. (6.20f)

Here we use the notation

Y=e " T 0= x0at, v 1,
Vo= " Yo 23n=8" 12a(ts e 1),
“InXZ,

Taw  F30=08"13a(1, 7 1),
Ven=e " Tamw  Tan=8" Lan(t, s 1)

W, —e (6.21)

With these preliminaries aside we may now form SMITH'S solution of (6.20).
It is convenient to introduce superscripts ¢ and o which designate functions which
are even or odd in the variable 7. In the problem (6.20) the functions with i=1,2
are even in f and the ones with i=3, 4 are odd functions of . For even data f=/*
g=g*, SMITH’s solutions are in the form

@ C n e —Six
{ @n} Re‘z?{ CZ:} CHO (6.22)

where Re means real part, the S, are the first quadrant complex roots of the equa-
tion
2S,+sin2S,=0, (6.23a)
and
Of =S,sinS,cos St —S,tcosS;sin S;t. (6.23b)

The “Fourier” coefficients of the Papkovich-Fadle series (6.22) are given by
SMITH as

dyiy= —4c0s* S, Cpip=(~ 21O+ O (fi,+2g,)>  (i=1,2), (6.23¢)
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where
<~>57511(-)dt,
O:=07—2cosS,cos S, 1, (6.23d)
and .
4O _sten (6.23¢)

For the odd data we have

@Jn 1 CIS } ] —Px
=Re) — Ot =, 6.24
{@4,} :;1 Py {Cu,. ie 629

where the P, are the first quadrant complex roots of the equation

2P,—sin2P;=0, (6.252a)
and
@} =P,cos P;sin P;t— P;tsin P,cos P;t. "~ (6.25b)

Here, the “Fourier” coefficients are given by

dyjg=—4sin® PC =~ 2. 01+ O{(fi+2g:)]  (i=3,4), (6250

where _
@;=67+2sinPsin Py, (6.25d)
and
2 Ao
%-?’-: —p2o’ (6.25¢)

The calculation of the coefficients d;;, may bé simplified in the following
way. After (6.20 f), let g=32%/31% and f=082¥[dx*=y¥ at x=0, where we have
temporarily dropped the subscripts. Recalling that ¥ =d'¥/dt=0 at 1=+1 and
referring to (6.23¢), we find

a3y -, ay
du»"—'< Ti‘r(')l‘*'(')’ ‘I’+2—1-d )@>

2 ~e 2
< lp——r" 9i +y ‘I’@,+2ll’d 9‘>

dt Wi
Now, using (6.23¢, d, e) and (6.21) with x=0, we get
dyin=("—S7) Guin OF> — 457 088, (T COS 511D, (6.26)

where i=(1, 2), and where y2=y2 or u? depending on whether i=1 or 2. In the
same way we find

dyin=(* — P}) (31 O7) +4 P} sin P (Fy,sin Pi1), (6.27)

where i=(3,4), and where u*=y2 or pu? depending on whether i=3 or 4. The
functions ¥;, are defined by (6.21) and (6.17¢).

To shorten the writing we may suppress the subscripts / and n: d;;,=d,,
Zin=%: P}=P2, etc. Inserting (6.23b) into (6.26) and (6.25b) in (6.27), and using



348 D. D. Joseru & R. L. Fospick:

(6.23a) and (6.25a), we get

d,sinS . d
“1§'=Fx (3, S, sin’S) I+ Fy(y, S, s= —ﬁ,
d,sinS . d

2 S"*‘"=F1(ﬂx S,sin’S) I, + Fy (u, S)I,, 5= —-E(_);z:?r’

(6.28a, b, c, d)

dycosP d
=3 P =H1(}',P,COSZP)IJ"'Hz()"P)Ia,r:‘STIfF,
d,cosP d
'_5‘1,—=H1(I1, P,cos®P) I, +H,(y, P)IJ’P=?in‘—P’

where we have defined
ILi={FicosSt)y  (i=1,2),

L=ysinPty  (i=3,4),
I, ssg—’— etc. ©2)
' as
In these equations we have also used the following definitions:
(7> —5%)sin? S—4S cos Ssin S =(y2— $?)sin S+ 45
=F,(y, S,sin>S),
(y>—P?)cos* P+4Psin Pcos P=(y? — P*) cos? P+ 4P?
=H,(y, P, cos*P),
(y*—S*)cosSsinS=—S(y =SH)=F,(y, S),
—(*—P*cosPsinP= —P(y>—P*)=H,(y, P).

(6.30a,b,c,d)

Equations (6.30) show that
Fi(oy o )=H(,0) F(,)=Hy(-, ).
‘We may further simplify (6.28) by introducing the functions
J(a, S)={cosutcosSt)

T sinecosS — 28 inS,
—?——S}: mcosasm N

K(a, S)={(sinatsinSt) (6.312,b)

- sinacosS — 2o inS
—?_—sf mCOSdSln .

To complete the calculations of the d; given by (6.28) we must evaluate (6.29)
with ¥,=Y,, defined by (6.21) and (6.17¢). We find that

8y2
_;4_11=J.77+Jv

Free Surfaces of Rotating Fluids 349

244 6 3
53 I,= 'J,uuu_ (l+"'l1’) 'I-M+F(‘I.Iﬂl+‘])’

24y* 6 3
- 13=K'w,+(1+?) K= (K py+ K),
and
8;12
~a 1=K, +K, (6.32a,b,¢, d)

where a comma followed by a subscript denotes differentiation with respect to
the first argument in J and K. In addition, (6.32a, c) are evaluated at a=y=y,=
(2n+1)n(2, and (6.32b, d) are evaluated at a=pu=py,=nn. Thus, I; (i=1, 2, 3,4)
are determined by differentiation of (6.31) as prescribed by (6.32); the constants
d;=d,;, may be found from (6.28), and C,,, follow from the definitions (6.23¢)
and (6.25¢). A straightforward but tedious calculations yields the following:

(=1,Si 8¢
(72 —Si) cos*S,”
_ (—1)" S} p,8° 2_¢2 20 __4Q2
szu—m{(ﬂu S;)cos®5,—4S/}, (6.33b)
(=1)'P’y,6°
(ya—F)*sin* P,

Ciin=— (6.332)

Ciz= {2 —P’)sin® P—4P]}, (6.33¢)

and
(=1)"g, P &*

=P sin®P,” (6.33d)

Cran=—

With the expressions (6.33) we have completed the solutions of (6.19) in the form
of Papkovich-Fadle series (6.22) and (6.24). We next consider the convergence of
these series.

The values of S; (6.23a) and P, (6.252) have been given by ROBBINS & SMITH
[12] and HiLrmaN & SaALzer [6], respectively. Asymptotic values for large
I (=1,2...) are of the forms

25 =Q21-Yn+ilog4l-1)n
and (6.34)
2P =(2l-Yn+ilog(41-3)n.

These asymptotic formulas are already good approximations when /> 2 and good
to eight figures when /> 10. To leading order (0<t<1),

. , '
sinS,t=2i [@1=1)] e - U9%0 4 (I~ T),

L
2

i t
sinl’,t=%[(41_3)n] i3 (=T,
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! t
cosSt=3[(41—1)n] % ¢TI UNT L 017 T),
e (6.35)

! t
cosPt=4[(41-3) n)7e~i(1—3/4),,+0(1_-2—)‘

Hence, we find that for large /,
K,
|Ciial <—;I =

where the K;, are constants independent of /. To leading order it follows from
(6.23b) and (6.25b) that

oi(n=00", O;(=0(7)

at large /. Therefore the series (6.22) and (6.24) may be dominated term by term
by K|I° for some constant K. The series (6.22) and (6.24) are therefore absolutely
convergent, uniformly in ¢.

The situation in regard to convergence of the series for the free surface cor-
rection coefficient A1*1(y) appears less salubrious because of the three derivatives
required in (6.9). However, these differentiated series do converge. To show
convergence, we first define

1 Siz
<3109/(y/d)e ? (i=1,2),
]

FinzéRelZlC,;, . (6.36)
—};'5970'/5)6 * (i=3,4),

and

A,=—8FA,, A,,=—8GB,,
Asy,=~8GA,, A,,=—8FB,, (637

and observe, with the aid of (6.15), (6.22) and (6.24), that \J in (6.19) may be written
as
, (6.382)

where

P 4 «©
FE—H_Z E (Ain q’ln_Ainrln)' (638b)
Thus, I satisfies (6.7), and with (6.9) we have

w1 4 @ ( 3 2
h =_‘-“Z ZO {Aln (~¢3_zia—y— 3y ) ¥in
(6.39)

a! 63
e (53— 5)
3 »
Using (6.36), we now show that the formal series for (B_ZT_ZJ—I) I,
oy y

at z=0 is absolutely and uniformly convergent for —§<y<38. Toward this end,
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we observe, using (6.23b) and (6.25b), that

Siz

)
( > Pe _‘S'jel(}’/o)e ¢
ﬁﬁ;_ﬁj«}) 1
Oi(yld)e
B 1(y/8) o (6.40)

F]
P -S,sinS,sinS,%—-2cos$,sin$,%—$,%cosslcosS,%
b y

P,cosP,cosP,F——ZsinP,cosP, %+P,%sin1’,sinP, 24

s

Thus, for each fixed ye [—4, 8] it follows from (6.34) and (6.35) that the magni-
tude of the right-hand side of (6.40) is 0( ) for sufficiently large integer /.
Since we concluded earlier that | C,,,|=0(I"%), it follows that the magnitude of

3 3
the /'™ term in either of the series for (_a_';_a—-.bg—,)[},, at z=0 as formally
ztay y

° ly/s1=7 A X
calculated from (6.36) is O (1 ] ) Thus, these series may be dominated by terms
of the form KI™3, where K is independent of / and y. Whence the absolute and

3 3
uniform convergence of the formal series for (a“%’—; )F,,, at z=0 in
z°0y y

—8=Zy=<4 is established. We remark in passing that while the series is rapidly
convergent for any ye [—d, 4], we get faster convergence when y=|4§|. In this
case, (6.23a) and (6.25a) show that the right-hand side of (6.40) may be replaced

with
2 |+S, _ N
35{_1,’}7 y=434.

Thus, with (6.34), we see that at y=[&| the magnitude of the right-hand side of
(6.40) is O(D), and with the earlier result that |C,;,|=0("%) we conclude with

3 3
the aid of (6.36) that the formal series for (.5;%;—%3) TI,, at z=0, y=[4],
may be dominated by terms of the form K/~ *, where K is independent of /.

=
L n
from (6.15) and (6.2b), and that C, ™33 from (6.33), it readily follows that the

We now consider the convergence of (6.39). Due to the fact that 4,,~

series involving the coefficients A4, in (6.39) converges. Turning next to the series

with the coefficients 4, ,, we note from (6.37) and (6.2b) that Ai,,~£:’rp_—_ Using

8° a’

(6.15) and (6.17c), we show that (W 3y

(6.39) which involves the coefficients 4, , is conditionally convergent, and we have
shown the convergence of the series representation for At*J,

The convergence of our series solution in the interior is very rapid; it may, in

fact, be regarded as a solution of the ““Saint Venant” type. The four decay factors

) ¥ial:=0~n. Thus, the series in
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for the solution are of the form
ez, k,=(Q2n+1)n/28 (n=0,1,2..),
et ja=nufé (n=1,2,..),

S S, =2.106+i2.106, S,=5.356+i1.1552,
and
ef* % P =3749+i1.384, P,=6.950+i1.676.

As z is decreased the entire solution decays exponentially. The most persistent
part of the remaining solution is the part containing the smallest decay factor
€*? as a factor. It follows that the solution (6.19), or equivalently (6.38), decays
rapidly to

$=%Am%o

as z is decreased through a distance of order 4.

Chapter II. The Free Surface on a Simple Fluid
7. Characterization of the Problem for Non-Newtonian Fluids

The general problem to be studied in this chapter of the paper is characterized
as follows: given a simple fluid with fading memory whose constitutive assumption
for the extra stress S satisfies (2.6), find the fields A(-), u(-), p(-) and S(-) in ¥,
such that the field equations (2.4a, b), are satisfied subject to the condition of
constant volume (2.1¢) and the boundary conditions (2.4c, d, e, f, g). As in the
earlier work with Newtonian liquids (Sections 4-6), we shall develop the solution
in a perturbation series in powers of Q. In order to carry out this construction,
we shall draw upon the approximation theorem of CoLEMAN & NoLL for retarded
motions in materials with fading memory. A discussion of this theorem and its
relation to the present study has already been given in Section 2.

To simplify our calculations, it is useful to introduce a notation which takes
advantage of the axial symmetry of the problem. Thus, we define the “ plane*
gradient operator ¥ through

(9220 g1 20

®Re,, (7.1a)
where ® denotes the dyadic product, and let V- denote the “plane™ divergence
operator based on this definition. The full gradient then has the form

grad(-)=V(- )+17&®e, (7.1b)

It is also useful to decompose the velocity u(-) with physical components (v, v, w)
as follows:

u=v(r,z)e,+q (7.2)
and

q=u(r,z)e,+w(r, 2)e,. (7.3)
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Moreover, equation (2.4b) shows that ¢ may be found from a stream function
Y (r,2):

g=eyX% % V. (7.4)
By use of the polar symmetry of u(-) and the constitutive assumption (2.6a, b),

it follows that the physical components of the extra stress S are also independent
of 8. It is convenient to decompose S:

S=Se,®ep+t@ep+e, @1+ (7.5)

Here, t denotes a vector in a plane perpendicular to e,, and z denotes a symmetric
tensor in this plane; the physical components of ¢(s,, t,) and =(x,,, n,,=n_,, 7,,)
as well as the scalar .S are all independent of 6.

Now, using the identity
div(r@ w)=(grad p) w+odivw
and the notafion established in (7.1) gives

divS= ——-i—Sz,+(l7-t+~f—t,) ey+divr, (7.6)

where div = is a vector perpendicular to e,. In a similar manner it is straightforward
to show that the acceleration vector (grad u)u may be written as

1
(gradwyu=——v'e,+ (Vu : q+$) e t+(Ve)q. a7

Substituting the results of (7.6) and (7.7) into the 8 component of the dynamic
equation (2.4a) and employing the definition,

d=p+pgz in ¥, (7.8)
given earlier we find that
1 é¢ 2 uy
= L= g4 — in v5.
" 80+V t+ t, (Vv q+ r) in ¥,

Thus, since @ is to be single-valued in ¥, we see that =@ (r, z), independent
of 6, and that the dynamic equation (2.4a) may be replaced by the equivalent set
of equations:

2 uv
V"'{"r“t’.fp (Vvq+7),
{ | (7.9)
—V¢——r—Se,+div1z==p (—Tvze,+(l7q)q) in ¥g.

We take these equations as the fundamental field equations of our problem; ¢, S,
and = are defined in terms of the extra stress S through (7.5) and q is related to the
stream function ¥ through (7.4).

24 Arch. Rational Mech. Anal., Vol. 49
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The boundary condition of the present problem are the same as those recorded
n (2.4). In terms of the variables introduced above, we may write these in the ab-

sence of surface tension as follows:

Qa at r=a, _ oy _ _
v_{,iﬂb at r=b, |//7—T;0 at r=a,b, (7.10a,b,c,d)

R & a4 A 1Y | B (O SN

=p,~®+mn,,—h'n,+pgh=0 at z=h,
aw =1 =T

or z zr

=0 at z=-—o0, (7.101)

and

Finally, we note that the constitutive assumption for the extra stress S from
which S, t and z are to be calculated is given by the complete fourth order approxi-
mation formula of CoLEMAN & NoLL which is recorded in Section 2;

4
S=Y S, (7.11)
r=1

where S are defined in terms of the Rivlin-Ericksen tensors 4 through equations
(2.7). For later reference we shall need the recursion formula for the Rivlin-
Ericksen tensors for steady motion:

Ap,=(grad A u+ A, gradu+(A, gradu)’, I'20

Ag=1. (7.12)

8. First Order Solution

It will turn out, not unexpectedly, that the first order solution for simple
fluids is exactly the same as that given earlier in Section 4 for the Newtonian
fluid at first order. However, since with the present scheme of analysis the mechanics
of developing a solution as well as certain formulae that are derivable at the first
order recur at all higher orders, economy is achieved by developing the first order
problem in detail.

Using the notation established in Section 4 and recalling that the rest state
solution (4.12) also applies for simple fluids, we have again

0 0 0
0= 401 51010,

o=, ®.1)

According to the general scheme outlined in Section 4, here the first order
problem is derived by evaluating the first Q derivatives of (7.9) and (7.10) at 2=0.
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Using the zero' order solution (8.1), we obtain

1)
v. 1“)4» (D=p (Vw g+ l\ =0,
r \ r /
. . (8.2a,b)
—ro— . —§We +diva* p(—ve +(Vq) ) =0 in 7,
— (1)
s} @ at r=a L Vo o roah, (82c,de)

Tlib at r=b,
alp(l)
= iV=aV= —al) 400 —pghtI=0 at 2=0, (82gh,ij)

a.l,( ) —1(” =0

- at z=-—oo, (8.2k)

b
fratt dr=o0. 820

In these equations, ¥, S™ and =" are related to the extra stress derivative S
through (7.5),
SN=85We, @ e+ @ eg+e, @1V +2", (8.3)

and 8™ is related to the motion through the constitutive assumption (7.11),
SM=85" 4+ 8+ 8"+ 8N, (8.4)

where S, is defined in (2.7). With the view toward calculating S*), we first observe
from (7.12) and (8.1) that

Af) =0 (I'z0), 4f),=0 (rz1) (8.52,b)
and that
AV =gradu'” + (gradu')’. (8.6)

These results in combination with (8.4) and (2.7) show that

s(l) S(l) S§|)=0
and that
SW=8"=pA". 8.7

Now, by use of the notation established in (7.1) it readily follows that since
V=D, + gD, g =M 4 wVe  then

) u(l)
e, ®e+Vq+

graduV=¢, @ Vo'’ - e, ey, (8.8)

and with (8.6), (8.7) and (8.3) we find
W=y (Vv“’——”m e)
;)

D =pu[vgP+rgM7]. (8.9a,b,¢)

24
S“)=[1

24°
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In addition, (7.4) yields
1
g M= xTV""”. (8.10)
Returning now with (8.9) to (8.2a), we obtain the field equation for the determina-
tion of v,
v. Vu“’+7—-——~——,—=0 in 75; (8.11)

the boundary conditions,

(1)
) a at r=a (ay_ . 0v
= =Y = t z=0;
v {ib at r=b = “F75; 0 at z=0;

and the condition that #{’ -0 as z— —c0.
It follows that

”=Ar+i:- in %, (8.12a,b, ¢)
where
b*i-a? a’b*(1-1
A= b -a®’ B= b’—(~a2 )'

1t is clear from the field equation that a solution for &(") will not exist unless

V-{e,x (divu“’—%s‘”e,)}ﬂ in ¥;. (8.13)

We now transform (8.13) into a differential equation for the determination of the
stream function (1. As a first step toward this end, we observe that with the aid
of (7.1a) we may write

Pg=e,@Vu+e,@Vwh. (8.14)

Thus, using the notation of (7.1b), we calculate

1) (1)
div(Pq O +7g V) =e, (V. Vum+i ";‘r +_"_1_)

p
o (8.15)
(V pu 4 L 2 )
ar
Further, with the aid of (8.9a, c) it follows that
1 1 ou® o
PN ¢ S A t)) _
dive rS e,= { (V Vu +r P "‘;r)
) (8.16)
(V pw g L ¥ )}
r adr

and this result in combination with (8.10) and (8.13) after some elementary cal-
culation yields

V.{e,x(divn‘ Lo, )} ~Egywoo v @)
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Here we have made use of the definition given earlier in Section 5 for the opera-
tor ¥

F

2(y=(rr—1 o) ()= AL R TR (8.18)
( ) ( oz* r or

The boundary conditions which !’ is subject to are contained in (8.2¢, f, g, i, k),
and with the aid of (8.9) and (8.10) these reduce to

g

y = —r——O at r=a,b,
Y P i s O
Thus, the solution of (8.17) and (8.19) for ‘" is
y=0 in ¥, (8.20)
and from (8.2b) we see that &) is constant:
- dMV=C, in ¥, 8.21)

To complete the solution we must determine the constant C, and the height
ent Al'). According to (8.2) we may set #{))=0 in (8.2j) and find

correction coeff

pght'l=C, at z=0.
Moreover, application of (8.2]) now shows that

=c,=0. - (8.22)

9. Second Order Solution: The Free Surface Shape at Lowest Significant Order

Proceeding in 2 manner established in Chapter I and continued in the preceding
section, we may obtain the problem at second order by twice differentiating the
general problem (7.9) and (7.10) with respect to Q (using the substantial derivative
on the free surface conditions), and evaluating all resulting equations at Q=0.
Thus, using the zero™ order solution (8.1), and taking account of the first order
solution (8.12), (8.20), (8.21), (8.22), we obtain the following second order problem:

@
V~t‘”+%tiz’=p(70'q+u70) =0, (9.1a,b)
—pe® L s, 4 diva®= v +(Fq) O
- A =p|\—&t(VQe) =-2p——¢ inY
2)
dmy P = aw —+t_ =0 at r=a,b, 9.1c,d,e)

WP _ o o (2) 4 g5(2) (21 i
T=” =nl=—nD+0P—pght?l=0 at z=0, (9.1f, g h,i)
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(2)

a.l/ =D _0 3t z=_—0 Q1N
ar M n,, =v at zI=—0, \7.1j)

2
Jrhf?dr=0. 9.1k)

From (7.11),

S®=8§P + 5P +8P +52, ©2)

where the derivatives S (I'=1, 2, 3, 4) are to be calculated using (7.12) and the
definitions given in (2.7). In addition, the quantities 1, S and n‘® occurring
in (9.1) are related to $'® through (7.5):

SH=5 e, @e,+1 ' Qey+e, @1+, 9.3)
We now wish to calc_-l ate $? and to identify S@, ¢ and =®, Toward this
end, using (7.12), (8.1) and (8.5), we observe that
AR, =0 (I'z2) -4
and that
AP =gradu® + (grad u®)” (9.5)
and

N-d

+A(1 +(A(l graauw ) ;. (
1

Now, from the first order solution, u‘"’ =" (r)e,, it follows by use of (8.6) and

(8.8) that
v‘“ (1)

gradu'V = e,,®e,—v—e,®eg,
" do' (9.7a,b)
Ay =(7"‘_""‘ )(l ®e,,+e,®e,)~——zB(e Rey+e,®e,),
and these results in combination with (9.6) give
dv® 0 16
(
A22’=4( TR ) €,®¢r=732¢r®er~ (9.8)

Thus, from (2.7) and (9.4)(9.8) we see that

SP=85P =0

and that
S 52,

where 9.9)
SP=pd?,

8
SP =o, AP + 20, A\ = =z B [(2a,+ay)e,®e,+0, 6, €).

Following along the path laid out in deriving (8.8), (8.9) and (8.10), we note
that since #®=vP g, +¢%, ¢ =P e, +w'Pe, where

1
qP=egx— VY, (9.10)
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then
el EY
graduP=¢,® Vu“’—-—»;—e,@e,-i— Ve + e, ® e, 9.11)

and using (9.3), (9.5) and (9.9), we obtain

so_, 2”8

2 A 7%l

, o2
=y (Vv‘z’——r—e,), (9.12a,b,¢)

and

B 74D+ PO+ Qo) 5 B, @

The boundary value problem which characterizes v'® is now readily extracted
from (9.12b) and (9.1). We obtain

- @ @
p. va+—i- 36L___ ’ in %,
@ ©.13)

=0 at z=0, —c0,

<:n *4
It
(=]

=0 at r=a,b, =y

and therefore conclude that
v?=0 in ¥ (9.14)

The problem that ultimately characterizes & and g'® is initiated with the
observation from (9.1b) that #® will not exist unless

v- {e,x (divnm——:_—sm 2 e,)}=0 in . 9.15)

Since v depends only on r, it easily follows from (9.12a, ¢) and in a manner
equivalent to (8.14)-(8.17) that (9.15) reduces to

friyz ¥®=0 in ¥, (9.16)

where the operator . is defined in (8.18). The boundary conditions for the func-
tion ® are contained in (9.1d, e, f, h, j) and with the aid of (9.10) and (9.12)
they become

@)
Y= ﬂ———0 at r=a,b,
or
(2) 2 1(2) 2.1(2) 9.17)
oy =8n]/ _6 2 =0 at z=0, —oo.
ar ar? az?
Thus, we find that ® must identically vanish,
vP=0 in 7, ©9.18)
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and this along with (9.1b), (9.10) and (9.12) shows that &'® must satisfy

2
v(l)

V¢‘2’+1632(3a,+2a2)~;15e,=2p e in Y%,

r

where v is given by (8.12). Thus,
1
oP=p (,«12r2+4/1)5zlogr—72 Bl) +4B*(34, +2a2)71;+C2 9.19)

in %, and the constant C, is fixed by the condition

b
JréePdr=0, (9.20)

which arises from (9.114, k).
It is now possible to give a formula for the second order surface height coef-
ficient;
e Lo 1] e [,.2 _ﬂ]
J:X4 g 2

1 b’logh—a*loga o[ 1 2logbla

4 1 1
+;E B>(3a, +2a,) [7—??].
Collecting all the results achieved so far, we have

u=0Qv"e+0(Q%),

®=p,+1Q° ¢+ 0(Q%), (9.22a,b, ¢)
and
h=1Q* A1+ 0(Q*).

Here, in the order terms, we have used the symmetry properties which are implied
by sign reversal of Q. In Section 8 we showed that v{')=p, and a short calculation
starting from (4.4) shows that ¢{21=¢?,

We have shown that the shape of the free surface at lowest significant order
depends on the material only through the viscometric constants o, and «, which
are characteristic of the normal stress viscometric functions o, and o, of (2.11).
Since these constants can be obtained from viscometric experiments, it follows
that the “climbing effect” may be predicted quantitatively when Q is small and
o, and a, are given by viscometry.

Definite conclusions can be drawn at second order with respect to climbing
of simple fluids. In stating these conclusions we shall compare Newtonian fluids,
for which o, =0, =0, to simple fluids with fading memory. Let

Sh=hy—hg (9.23)

be the discrepancy in the height of the free surface on a Newtonian liquid (hy)
and a simple fluid (hg). From (9.21) and (9.22¢) we see that the height discrepancy
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is given by
she—22 B34, 424 )[1 ) ]+0(Q“) (9.24)
T pg ! YA @ ’

and thus changes sign once as r varies from a to b. If 3a,+2a,>0, the height
discrepancy is negative at the inner cylinder and positive at the outer cylinder. Thus,
the tendency for a simple fluid to climb the inner cylinder is established when
3o, +20t,>0.*

Some of the conclusions which one can draw from (9.21)** are more conven-
iently obtained from the slope formula ***

dh B*Q* 2 A L\
ar " per {pr (1+——B;r) —8ay +2ay)y, (9.25)
where
A_ bi-d* B_azbz(l—i)
B baP(1-2) T br-a?

This remarkable formula has a most interesting consequence when the inner
cylinder radius a is small. In the limit as a— 0, the slope of the free surface has a
singularity af the inner radius; in fact, (9.25) has the representation

dn| __8'u-u’

v oga (Bay+20,) at a—0. (9.26)

Thus, for sufficiently small a, and for 3a, +2a,>0, the fluid surface will slope
sharply up the inner cylinder. The height to which the fluid will rise at r=a in the
limit as @ —» 0 can be computed with the aid of (9.21). We obtain

21202 201 _1\2
Jim h(a: @)= — A2 20*(1-X)
a=0 4g rg

The first term represents the standard paraboloidal depression at the center of the
fluid surface due to rigid body rotation of the fluid domain r <5 of angular velo-
city 1Q. The second term is purely a non-Newtonian effect, and with 3o, +20,>0
it represents a rise or climb of the free surface at the small inner cylinder. If the
outer cylinder is held fixed, then 2=0 and (9.27) is totally of a non-Newtonian
origin. It would be of interest to observe the climbing phenomenon for various
cylinders of small radii in a large stationary vat of non-Newtonian fluid.

(Ba, +2a,). (9.27)

* This inequality is in good accord with the experiments of MARKOVITZ & BROWN (1963)
on polyisobutylene-cetane solutions. This inequality is also substantiated by the experiments of
TANNER [16] for polyisobutylene-cetane and polyethylene-oxide-water solutions. Several other
experimental investigations by various authors are summarized in Table I of TANNER'S paper.
These results are also in agreement with this inequality.

** See our Note Added in Proof at the end, page 380.

*** SpRRIN {13], in a paper which appears to have been largely overlooked in the literature,
calculates the slope formula for a Reiner-Rivlin fluid by a procedure which relies on several ap-
proximations (cf. Section 1 of this paper) which, in retrospect, now appear valid. His slope
formula is the same as our (9.25) if we set «; =0, as would be required for a Reiner-Rivlin fluid.
There are two criteria which may be used to discuss the tendency to climb. The first criterion
is associated with the sign of the height discrepancy, as in (9.24). A second criterion, used by
SERRIN, is to interpret a negative slope at r=a as a tendency to climb and a negative slope at
r=b>a as a tendency to fall. These two criteria need not be the same.



362 D. D. JoserH & R. L. Fospick:

10. Third Order Solution

At third order there is a correction of the azimuthal component of velocity
without further alteration of the free surface. The correction in the azimuthal com-
ponent of velocity depends exclusively on the constants g, 3a, +2a,, f,+ S5 which
are properties of the three viscometric functions given in (2.11). The results just
summarized are derived below.

Differentiating the general problem (7.9) and (7.10) three times with respect
to Q and evaluating all resulting equations at Q=0 (using the substantial derivative
on the free surface), we obtain the following problem at third order:

(3)
V-l(3)+%t£3)=p(Vu.q+_url) 0,
@ _1 ) > &) ) (10.1a, b)
-V _TS e,+diva'=p “-’:—t,+(l7q)q -0 in 1/(;,
o)
v(3)=w(3i=ﬁ?r =0 at r=a,b, (10.1¢,d, ¢)

(3)
*—agr =N 3O =D = 7D+ P —pghtT=0  at z=0, (10.1{,g b, i)
(3)
-q—g—;—=t§3)=n£3,)=0 at z=—o00, (10.1j)

b
fra®dr=0. (10.1k)

From (7.11) we have
SO =8P+ 8P +5P+5, (10.2)

where the derivatives S{’ (I'=1, 2, 3, 4) are obtained from (7.12) and the defini-
tions (2.7). Also, the quantities #®, S and =® in (10.1) are related to S® through
(7.5) according to

S(3)=S(3)€0®eo+t(3)®eg+eo®‘(”+ﬂ(3)- (10'3)

It is now necessary to relate the above three quantities to the fluid motion, and we
do so by calculating S and identifying the members of the decomposition (10.3).
First, it follows from (7.12), (8.1), (8.5) and (9.4) that

AP =0 (rz3), (10.4)
and that
AP =grad u® +(grad u®)7, (10.5)

and using, in addition, the result u®=0and (9.5), (9.7a) and (9.8), we also obtain
AP =49 =0. (10.6a, b)

Now, from (2.7) and the previously observed zero tensors in (8.5), (9.4) and (10.4),
we see that
SP=0
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and conclude, using u* =0, (10.6), $5=0, (9.7b) and (9.8), that

SO =g s
where
SV =p A,
SO'=3[B, (4 AL + ALV AP+ B (tr AP) A

96
=5 BB+ B:) (e, Berter®e,).

(10.7)

Finally, since #®=0v¥e,+4?, ¢ =u®e,+wPe,, we may write, analogous
t0 (9.10) and (9.11),

e

o™ o) (10.82a,b)
gradu® =¢,® Vu‘”——r— 6, Qe+VqP+ — e ® e,
and with (10.3), (10.5) and (10.7) conclude that
3) 3
sO=p 2, 0= (7T} -2 B B Ben
(10.9a, b,c)

A=y (g +7g®T).
The boundary value problem which characterizes v® is now easily extractedfrom
(10.9b), (10.1a, c, g, j) and (9.22¢), (9.23) and (8.9b), (8.12a). We obtain
@) 3
1 av v 384 B (ﬂz‘;ﬁ:) in %,

g u® i =
V-vv +r "

r r
v®=0 atr=a,b, (10.10a, b, c,d)
; a®  128° A L\ 8(3ay +24a,)
(3)_ 027 (1) _ A 2\ 2 t 2 _
=30 ;4{ Fp +———7—gr [(1+Br) r -————-p ] 0
at z=0,

(3)
pel av
2

=H—77 =0 at z=-—o0.

The solution to problem (10.10) may be written as

D(s)=v;3>+,);,3) in 7. (10.11a)
Here

r— ], (10.11b)

o 16B°(B,+83) [ L, b*+a*  a*+b*+a’b’
d u Tt a*b*r

and vy’ satisfies the homogeneous field equation (10.10a) and the boundary con-
ditions (10.10b, ¢, d). We find that

vP’=Y B, € (4,r), (10.t1¢c)

n=1
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where % (1,r) are the cylinder functions defined in (5.3b), 1, are the positive roots
of (5.3¢), and B, are Fourier-Bessel coefficients chosen so that (10.11) will satisfy
(10.10¢). We note, using (4.4), that o131 = in 7.

The boundary value problem that characterizes ® and ¢® is observed from
(10.9a, ¢) and (10.1) to be exactly the same as that problem encountered in Sec-
tion 8 for &V and ¢, Moreover, the final problem of calculating A®! is also
precisely the same as that treated in Section 8 for 4*1. Thus, by analogy the resuits
(8.20), (8.21) and (8.22) yield

Yy =0P=p=0. (10.12)

We close this section with an examination of the differences between the third
order solution for Newtonian fluids given in Section 5 and the results just ob-
tained. The non-Newtonian effects enter the third order solution at two points.
The constant 3o, +2a, appears in the solution through the Fourier-Bessel coef-
ficients B, which are chosen so that (10.11) will satisfy (10.10¢). When 3a, +2a, =0,
the function o$}* is exactly the third order correction of the azimuthal velocity
component of a Newtonian fluid which was given in Section §.

The constant §,+ B enters the solution at third order through vf¥(r). This
function depends on r alone and does not arise as an effect of the free surface. In-
deed, this same correction v§* would appear as a third order correction in a power
series solution of the problem of Couette flow of a simple fluid filling the whole
annular space (— o0 <z<o0) between rotating cylinders.

We have found that the material constants y, 3a, +2a,, and f,+ f, enter the
solution at third order; these constants belong to the set of constants (2.11) which
characterize the three fundamental viscometric functions.

11. The Problem at Fourth Order

At fourth order the fluid motion departs from that of Couette type and, in
addition to circulating around the axis of rotation, begins to move in the axial
and radial directions as well. Thus, a cross flow in the planes 6 =constant will be
discernible. Moreover, the free surface profile will again be altered. The new
circulation and consequent correction of the height of the free surfaces depends
exclusively on characterizing constants of the viscometric functions; in addition
to the viscometric constants y, «,, o,, and f,+f; already present in the first,
second and third order solutions, we now also find dependence on the two addi-
tional viscometric constants y and y;+7s+75s+376 (¢f. (2.11)). The results just
summarized are derived below.

In order to obtain the problem at fourth order, we differentiate the general
problem (7.9), (7.10) four times with respect to £ (using the substantial derivative
on the free surface) and evaluate all resulting equations at 2=0. By use of the
results at previous orders, this procedure yields

o) 4)
I7~t(“)+—;—t£‘)=p (Vv-q-f——ur—v-) =0,
(11.12,b)

(1) (3)
g .
e, in ¥,

2 4)
—VQ“’——:TS(“e,+div1:“’=p(—ir»e,+(Vq)q) =-8p—
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PN 1/ .
W=y P=—5—=0 atr=ab, (ii.ic,d,e)
r

WM e & oy
—_— =% = 6hY (¥ gDy = _ (4:, YO (41_
or T AT m T peh 0(11.1f,g,h,i)

at 7=0,

)
W =n=0 at 2=, (1L1j)

b
{ra*dr=o0. (11.1k)

As in the earlier order problems, we have from (7.11) that
SO =SP4 8O+ +549, a1
where the derivatives S{* (I'=1, 2, 3, 4) are obtained from (7.12) and (2.7), and
we utilize the decomposition (7.5) to reach
SH_SP o @ ey + 1D R ey + o@D+, (11.3)

In order to obtain formulae for S, #*) and 2® in terms of the motion, we need
to calculate various Rivlin-Ericksen tensor derivatives 4, use (2.7) to calculate
S, and identify the terms occuring in (11.3). Following this procedure, we
observe directly from (7.12) that

AP =grad u™® 4 (grad u®)”, (11.4)

and by a lengthy but straightforward calculation based upon (7.12) and the results
at lower order, we find
B o
AP =—16 7 (e,® P47 e, —2

e,@e,). (11.5)

r

Further use of (7.12) together with the results (8.1), (8.5), u®=0, and (10.62)
readily shows that
AP =0, (11.6)

while (7.12) with the results (8.1), (8.5b), (9.4) and (10.6b) yields
AP =o0. (11.7)

Now, using (2.7) and the previously established results of (8.5), u*'=0, (10.6a)
and (11.6), we find that
sV =0,

and with the additional aid of (9.4), (10.6b) and (11.7), we find

S@=8H 4 8M L SP, (11.8a)
where

SV =y A, (11.8b)
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S5 =, A + 40, (410 AP+ APV 4D, (11.8¢)
S =67, 457"+ 129, (AT A+ A" AP
+675(tr AP AP + 1295 (tr AP A’ (11.8d)
+1275(tr AP A 4.

With the aid of (9.7b), (10.5), (10.8b) and (11.5) we reduce the right-hand side
of (11.8¢) and obtain

S = —-—?, BQ2ay +a,) (e,@ Vo4 VoP Qe ~2 > e,®e,)
16 F P R (11.9)
~r B (_ar‘ ; ) “®e.
Also, using (9.7b) and (9.8), we reduce S in (11.8d) to
1536

768
$= —B (3 +ys+ys5+3v6)e, ®e, +TB Y6 € ® €. (11.10)

Finally, since #®=0v®e,+¢®, ¢ =1u¥e, + w¥e,, we may write, analogous to
(10.8), that

O x LTy,
" (11.11)
Qe

(4) (
gradu®=¢,@ Vv — _u;__ e, ®eg+Vqg'+ ad

and thus conclude by reference to (11.3), (11.4), (11.8)—(11.11) that

209 16 v o 768
SH=y % (T"T) — B'vs,
(4)
D=y (Vv(“—v—r—er)’ (11.12a,b,¢)

(3)

“‘>=u(Vq“’+Vq“‘”>-78z B(2a, +u,) (e,® P47 @ e, — 22 e,®er)

1536
+'“§—B (13 +7:s+y5+1v6)e, ®e,.

The boundary value problem which determines v* is readily seen from
(11.12b) and (11.1a,c, g, j) to be exactly the same as that given in (9.13) for the
determination of v‘». Thus,

d9=0 in ¥ (11.13)

As in all earlier cases, to obtain the problem which characterizes $*) and ¢,
we observe from (11.1b) that in order for * to exist, the following integrability
condition must be satisfied:

1 (l) (3)
V. { (dlvn s“’e +8p e,)}:O in ¥,. (11.14)
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The terms involving ¢'® in this equation lead to the operator %2 just as in the
calculation leading to (8.17). Thus, using (11.12a, c), we simplify (11.14) to the
following equivalent form:

. 3 FYRCINNES
H-?"l//m=—3‘5;{ B, +az)( F P )+pu“)v‘”} in ¥, (11.15)

where ¢! is given in (8.12) and v is given in (10.11). The boundary conditions
which restrict * are contained in (11.1d, ¢, f, h, j). Using (10.10c) and (9.12¢)
with u® =0, we may considerably simplify these boundary conditions so that
with (11.12¢) we obtain

Y= WD o atr=ab 11.16a,b,c,d
="%r - at r=a, 0, (11.16a,b,¢,d)
a‘p(‘i) alw(“) alw(‘%)

B T 1o S ) ot =0 at z=0, —o0.

Aside from the presence of the first term on the right-hand side of (11.15), the
above boundary value problem for ¢ is the same as that encountered at fourth
order for the Newtonian fluid (see (5.8)). All of the work of Section 6 directed to-
ward the solution for a “narrow” gap also applies to the present situation; we
need only take for the function y appearing in Section 6 the form

av("’) (3)
-,=_s{ B(a,+az)( —_— )+pu“>u<3’} (11.17)

rather than that given earlier in (5.7). An explicit solution of the narrow gap approx-
imation to the fourth order problem can now be set down merely by changing the
definition of appropriate constants. It is easy to establish, as remarked at the end
of Section 5, that in ¥,

gd™=¢® and @1=0®),

It remains for us to verify our claim that the solution at fourth order depends
solely on characterizing constants of the three viscometric functions. To see this,
note that the solution Y™ of (11.15), (11.16) depends on the material through
constants already appearing in v® and in addition upon «, +a,. Since * is the
stream function for the circulatory motion ¢, the whole motion at fourth order
thus depends only on characteristic viscometric constants.

To show that A'*) also depends solely on constants which are related to the
three viscometric functions, we observe from (11.1i), (11.12¢) and (11.11) that At
is determined from

2# a W(“)

ST TS 4+ P~ pgh1=0 at z=0 (11.18)

once ¥ is known and & is obtained from integration of (11.1b). The arbitrary
additive constant in $® is fixed by (11.1k). Upon integrating (11.18), using
(11.16a), we find

b
fre® dr=0. (11.19)

=0
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It is clear from (11.18) that A'*1 depends only on those material constants that are
present in 1 and ¢*), the former of which has already been discussed. With
regard to &, it follows from (11.1b) and the structure of ™ and =¥ in (11.12)
that the dependent material constants in addition to those on which y*’ depends
are o, g, and y;+y,+ys+47. That these constants are preperties only of the
viscometric functions can be seen by reference to the formulae (2.11).

We close our analysis of Chapter II with a summary of the perturbation series
through order four. We have found that

o(r,z; Q)=u- e,=Qv(“+éQ:’ 1@+ 0(0%,
q(r, z; Q):u-—e,v:z‘zg“ 4 +0(9Q°,

O(r,z; Q)=p,+12* ¢V +40* 6+ 0(Q°), (11.20)
and

h(r; Q=4 Q2 W+ 1 Q% A1 0(25),

where the fields vV (ro), v (ro, Zo), ¥ (ro) and A2} (ry) are known exactly and
explicitly. The fields ¢ (ro, o) and 9 (rq, z,) are known explicitly and approxi-
mately when the gap between the cylinders (1 —a/b) is sufficiently small. We note
that the left side of (11.20) is defined in ¥5 and the right in ¥5. To evaluate the
right side of (11.20), we must invert the transformation ¥ — 5 (¢f. the discussion
following (4.4)).

Chapter III. Surface Tension
12. The Effects of Surface Tension on the Free Surface

In the remainder of this paper we shall extend our work to include a variety
of effects due to surface tension. The present section is mainly devoted to the special
case of “neutral wetting”, and the effect of including surface tension in the previ-
ous perturbation analysis of the free surface profile. The governing equation
which is used to determine the shape of the free surface was derived in (2.2) by
balancing the normal component of the jump in stress across the free surface with
the surface tension 7T in the surface film. For the present purposes it is most
convenient to work with this fundamental balance law in the form (2.4h);

-f-(rh'/l/l+h")'~pgh—p,,+¢—s,,+h's,,=o at z=h.  (12.1)

In this second order differential equation the quantities &, S,. and S,, are sup-
posed to be determined as part of the solution to the complete boundary value
problem (2.4) for either a Newtonian fluid (2.5) or for some other simple fluid
within the framework of (2.6).

Given the fields S, ,, S,, and ¢ and provided that suitable boundary conditions
for h are prescribed, equation (12.1) determines the shape of the free surface.*

* The solution of (12.1) is clearly coupled to the fluid motion; the fields S and ¢ cannot,
in general, be given separately, and (12.1) and the fluid motion problem must be solved simul-
taneously.
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Boundary conditions are usually prescribed in the form of contact angles (these are
called wetting angles) at the junctions of the free surface and the container walls.*
For the present case of rotational symmetry, in order to define the wetting angle ¢
at a point of contact between the fluid surface film and the wall, consider a tan-
gent vector and a normal vector to the surface profile at the point of contact;
the tangent vector is directed outward with respect to the adjacent wall and the
normal vector is directed outward with respect to the fluid. The angle ¢ is the
angle between this tangent vector and the wall and is measured in the direction of
the normal, 0< ¢ <n. With the above definition, we may regard the conditions

h(a; Q)=cotd,, h'(b; Q)= —cotg, (12.2)
as prescribed, where ¢, and ¢, are the wetting angles at the inner and outer cylinder
walls, respectively. When the wetting angle ¢ is in the interval (%, 1:] the fluid
is said to wet the wall, and when it is in the interval [0, 12'-) the fluid does not wet
the wall. The situation ¢=~;— is defined as neutral wetting. ‘

When the fluid is in the rest state (2=0), then, as mentioned in Section 2, the
extra stress S vanishes, and from (2.4a) we see that @ is constant, The particular
constant can be determined in terms of the boundary conditions (12.2) by muiti-
plying (12.1) by r, integrating the result, and applying the condition of constant
volume (2.1€). Thus, the boundary value problem for the free surface profile in
the rest state is rendered explicit. If we multiply rh into the appropriate form of
(12.1) for the rest state and integrate, we find with the aid of (2.1e) that

b b 2 ‘ b
pgfrh’dr+T| rhi7dr _ [ rhhk ]
a a Vi+n? V1i+hw?

Thus we conclude that the rest state has h(r; 0)=0 in a<r<b when either (a) T=0
or (b) ' (a; 0)=H (b; 0)=0.

In both the rest state and, in fact, when Q+0, one physical effect of the sur-
face tension is to diminish the mean square deflection of the free surface from its
average value by an amount equal to the value of the second integral in (12.3).
The coefficient of surface tension also enters into the boundary term in (12.3), but
the physics of the situation at the boundary is as much associated with the pro-
perty of adhesion and its relation to the appropriate wetting angles as it is of sur-
face tension

It is natural to expect that the adhesion conditions at the boundary are of
minor importance in the general problem (2.4) when the shape of the free surface
is influenced by strong forces associated with the interior fluid motion. In such
circumstances surface tension still can be important and, in fact, even crucial. One
striking example of such a case is exhibited in Figure 1.3 of the monograph of
CoLEMAN, MaRrRKOVITZ & NoLL [1]). This figure, demonstrating the climbing effect

=0. (12.3)

* The contact angles which actually develop in a given physical situation appear to depend
on the history of the wetting [7]. These angles should be regarded as ““prescribed ™, a posteriori,
from experiment.

25 Arch. Rational Mech. Anal., Vol. 49
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of non-Newtonian fluids between a rotating inner and fixed outer cylinder, shows
a balloon or ““hub ™ of fluid which surrounds the inner rotating cylinder and gradu-
ally merges through a necked down annular column with the main body of liquid
below. The fluid balloon, being sheared at its free surface only by the frictional
air drag, is probably in a nearly rigid body rotation. The whole configuration
appears to be supported by normal stresses operating at the bottom of the necked
down column, and, in fact, would come apart because of the action of the centri-
fugal forces if it were not contained by the action of tensile forces in the surface
film.

The perturbation analysis which we constructed earlier is not convenient when
surface tension is acting and the wetting angles at the cylinder walls are left
arbitrary. Moreover, even if it were possible to carry out that analysis, we could
not expect it to apply to phenomena like the one just described which is very far
removed from the state of rest.

A main simplifying feature of the earlier perturbation work was that
AO1=pl1)=0, While the first condition implied that all subsequent perturbation
problems at higher order were set in a domain with a flat top, — 0 <z£A!®=0,
an important consequence of A!Y)=0 resulted from the formula (4.16). These
simplifications were exploited in our analysis with T=0, and they also hold for
neutral wetting films, to which we now turn.

The boundary conditions for neutral wetting,
W@ O=KB: =0 (¢=d=T). (124

are representative on the allowed range (0< ¢ <n). They are also mathematically
convenient because they lead us to the results

ACHIp RS 0 (12.5a,b)

(12.5a) is implied by (12.4) and property (b) of the remark following (12.3), and
(12.5b) can be derived by developing the first order problem, either as in Section 4
or as in Section 8. The development leads to exactly the same equations as given
previously except now we must satisfy also the surface tension equation and the
related boundary conditions. To find the first order perturbation, we apply the
substantial derivative to (12.1) and (12.4) and evaluate the result at 2=0; whence

—f- {rat 1y —pght+o—sll=0 at z=0,

HU'—0 at r=a,b. (12.6a, b)

As previously demonstrated, it again follows here that S{¥=0, and ¢V'=C,
(constant). Using (8.2/), we have C,=0, and (12.6a, b) then implies that Al*}=0.

The effect of the boundary conditions for neutral wetting makes itself felt in
the boundary conditions for the higher order problems. However, it can be shown
that this effect appears in the boundary conditions for the determination of u®
and ¢V at order / only through quantities which are known from the solutions of
the lower order problems, and thus u'? and ¢ can be obtained (up to an additive
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constant in @) without knowing A"\ The additive constant in & is determined
by application of the constant volume condition (2.1e) in combination with the
surface tension equation (12.1) and the boundary conditions (12.4), all derived
at order I. This resulting set of equations has the following structure:

T (rhY — p g ht4 ® — s
- g 2z

+ {known function of r from lower order solutions}=0 at z=0,
b
W1'=0 at r=a,b, [ridr=0. (12.7a,b,¢)
Because #=0 in a<r<b is the only solution of the problem
P8 4 — -
(rh) - rh=0, h'=0 at r=a,b, (12.8)

it follows that the problem (12.7) is uniquely invertible.

The first and possibly most interesting non-trivial effect of the surface tension
in the case of neutral wetting arises at second order (/=2). Here the problem,
which determines the correction coefficient #2) for the profile of the free surface
of a simple fluid, is

%{rhm'}'-—pgh[2]+¢‘2)=0 in a<r<b, ’
b (12.9a,b,¢)

W*'=0 at r=a,b, j'rhmdr=0,
where from (9.19) & is given by

() 2.2 B?\  4B?
P V=p AT +4ABlogr——rz- +7—(3a,+2a2)+c2 (12.94d)

and C, is a constant. Application of (2.9¢) gives the same value of the constant
C, as was obtained in the case of zero surface tension in Section 9. Thus, the second
of equations (9.21) represents the correct function ¢‘»> which should be substituted
into the differential equation (12.9a).

We write the solution of (12.9) in the form

o &+ H, (12.10)
rg

where the first term on the right-hand side represents the free surface profile as
calculated in (9.21) when surface tension effects are neglected, and where H(r)
denotes the alteration of the free surface profile due to the action of surface
tension. It follows from (12.9) that H(r) must satisfy the following boundary
value problem:

(P T {4 B\  64B’
T{rH} —ng+;?{—rl;— (A2 2—7;-) +——rg—(3a,+2a2)}=0 (12.11a)

2s*
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in a<r<b, with

v 2 2

H'+l—(.4_r B\ _ 16 B

gr \ r) pgr’

The unique solution of (12.11) has the form

H=al, (ﬁr)ﬂsxo (V—’? )+H (12.12)

where H, is a particular solution of (12.112) and may be represented in terms of
modlfled Struve functions, where I, (-) and K, (-) denote modified Bessel functions
and where the constants @ and § must be chosen to satisfy (12.11b). It would
now be possible to determine the magnitude of H at the inner and outer cylinder
walls and to assess the importance of surface tension and the assumptions of
neutral wetting with respect to the climbing phenomenon of non-Newtonian
fluids; we shall not consider this question further here, however.*

Each higher order perturbation also generates a problem of the form (12.9); at
order / the problem is the same, except ¢ is a different known function of r.
Thus, it follows that the correction coefficient A1 can be also written in the form
given in (12.10) and (12.12).

An extension of the foregoing analysis to problems which do not satisfy the
boundary conditions of neutral wetting can be achieved by a perturbation method.
This wouid require repiacing the single power series solution in & by a three para-
meter power series in Q, ¢,—n/2 and ¢,~—n/2. The calculation of the various
corrections due to the deviation of the wetting angles from neutral is straightfor-
ward and will not be given here.*

We shall complete our discussion of the effects of surface tension with consid-
erations which arise in the limit when T is considered small. These considerations
are easily exposed but have more generality when the basic fluid motion is nearly
a state of rigid rotation. Thus, in the following section we outline a perturbation
analysis which is valid near the state of rigid rotation. In Section 14 we shall return
to the surface tension problem for the limiting case T— 0 and obtain boundary
layer results based on a singular perturbation argument.

(3o, +20,)=0 at r=a,b. (12.11b)

13. Perturbation from the State of Rigid Axial Rotation

We now consider the free surface problem as a perturbation problem from the
base state of rigid body axial rotation. In the earlier perturbation analysis from the
state of rest we found the following: at the zero™ order, a hydrostatic pressure
and a flat surface (for either T=0 or for neutral wetting); at first order, a purely
circumferential velocity field without change of pressure; at second order, a pres-
sure change and free surface deflection without change of velocity; at third order, a
z dependent correction of the circumferential velocity to balance the unequilibrated
shear stress on the deflected free surface as well as to account for the non-Newtonian
fluid behavior, without change of pressure; and, at fourth order, a general over-
turning of the fluid induced by a non-conservative central force associated with
the third order correction. At the fourth order, an additional correction to the
pressure and the free surface profile was predicted though not derived in detail.

* See Part II.
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For the perturbation from the state of rigid axial rotation, we shall show now
that all the effects which were just mentioned pile up at first order.
Mathematically, the general problem is again governed by the system (2.1),
(2.2), except that here we consider Q as arbitrary but fixed and A as a parameter
that is supposed to be close to the value 1; when A1=1, the fluid body is in the
state of rigid axial rotation and it occupies the domain ¥ which is contained
between the two cylinders and is below the non-flat free surface. When A1, then
the two boundary cylinders rotate at different angular speeds and the fluid domain
¥, takes on a new form ¥;_, (¥;-, is equivalent to the domain ¥, which was
introduccd in earlier sections of this paper). In the present section we give a brief
account of the associated domain perturbation problem. To do this, we introduce
a domain mapping ¥ — ¥;_, just as in (4.1), (4.2) and (4.3), and define a sub-
stantial derivative operator (/) such that on the free surface

d() _o()  dh 3()

dJ ai zl,l dz

(13.1)

Here, h=h(;; A—1) denotes the height of the free surface and is analogous to
h(r; Q) of the previous sections. This differential operator is crucial to the pertur-
bation analysis since we seek a solution of (2.1) for a simple fluid in the form

{n]

L
=Y — 1o A1), (13.2)
G VL)
where, for example,
Fo du ’
dA” |1=1

the evaluation at 1=1 implying that the resulting independent variables are those

of the reference domain ¥; (i.e., the state of rigid axial rotation).

For a simple fluid (2.6), the characterization of the problem given in Section 7
is equally valid here; we need to solve the field equations (7.9) in ¥;_, subject
to the conditions (7.10). The only change is that here we shall consider the effects
of surface tension, so that in place of (7.10h) we have to satisfy

T rh’ !
~®+n,,—h'n,,+pgh= ( ) t z=h, 13.3
rg JTRe at z (13.33)

subject to the wetting conditions (analogous to (12.2))

h'(a; A—1)=cot¢,, h'(b; A—1)=—cote,. (13.3b)
For A close to 1 it is appropriate to apply the approximate constitutive equation
(7.11) of CoLEMAN & NoLL. As was remarked in Section 2 this formula requires

that the fluid be of the fading memory type and, in addition, that the motion be
slow in the sense of retardation. Here we may interpret (1—1) as the retardation
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parameter, since when A =1 there is no internal relative fluid motion, and in that
case the extra stress S vanishes.*

We turn now to the problem at the zero™ order (1=1), when the fluid body
is rotating rigidly about the common axis of the two cylindrical containers. Here,
as noted in Section 2, we have, in the notation of (13.2), $°?=0, so that from (7.5)

SO pl%—0 in ¥;; (13.4a,b,¢)
since the motion is rigid, we have
Y=0, o=rQ in ¥ (13.4d,e)

Now, all relevant conditions of (7.9) and (7.10) are satisfied except for the second
of (7.9), which becomes
Vell=prQ*e, in ¥,

and the condition of constant volume (7.10j). Thus, we have
2
¢[°]=—p£22— r’+c,, (13.52)

where the constant ¢, is determined by application of (7.10j) to (13.3) after being
reduced by (13.4); we obtain

2
co——-p,,—-piz‘(bz+az)+3%, (bcosg,+acose,). (13.5b)
Finally at zero® order, the residual problem that governs the free surface profile

in the state of rigid axial rotation is given by the non-linear second order differen-
tial equation

2
pil (bz+az)——pz_La1(b cos¢,+acosg,)
2 IR (13.6a)
Q2 , o1 T rh
- rpgh = e (a<r<b),
> Y1440
subject to the boundary conditions
cotp, at r=a
h[O] " a N
—cot¢, at r=b. (13.6b,¢)

The solution to this problem fixes the domain ¥5 in which all subsequent pertur-
bation problems are solved. It turns out that the general structure of these sub-
sequent problems is already revealed at the first order to which we now turn.
At first order the relevant problem is obtained by differentiating the general
problem (7.9), (7.10), (13.3) with respect to 1 and evaluating all resulting equations
a)

¥ must be employed for both the

at A=1. In general the substantial derivative

* The qualifying remarks made in Section 2 regarding the retarded motion associated with
the parameter 2 can also be carried over here without modification for the parameter 1—1.
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field equations and the boundary conditions since the domain ¥, is dependent
on .. However, since the field equations interior to ¥, _, are identities in their spa-
tial dependence, partial differentiation of these with respect to A will suffice.*
Using the zero' order solution (13.4), we derive the following first order problem
from (7.9), (7.10) and (13.3):
)
V- t(”+~2r— M=p (Vv -q +—uri) =2p§2u(”,

2 1)
—-V<P“’—71_- SWe +diva=p (—%—e,-%(l?q)q) (13.72,b)

=—2pQ0v¢, in ¥,

0 at r=a g
(1) __ » ay_ oV _ _
v _{Qb at rop, V=73 =0 at r=ab, (137cd,ef)

gyt + plo1” oy = {1 o1 (1) )
ar dz (13.7g, h, i)y**

TSRO D D) (1) D=0 at z=H,

W
agr =tW=nV=0 at z=—oo, (13.7))
T h[l]/ ’
_¢(1)+"§1’)_I'[0]/n52)+pg}1[!]=7{ﬁﬁ[-°l—’7}3/—2_ at z=h', (13.7k)
K'YV'=0 at r=a,b, (13.7h
. .
§ritdr=0. (13.7m)

In these equations ¢V, S, and =" are related to the extra stress derivative §*)
through an expression equivalent to (8.3), and just as in Section 8, we also have
here

SW =g =pa®P, (13.8)

where A{V is given analogous to (8.6). Thus ¢*?, S 2", and ¢‘* have the struc-
ture of (8.9a, b, ¢) and (8.10).

Now, from (13.7a, b) it follows as in Section 8 that the two (mixed) field
equations that govern the functions v’ and (! are

1 50“) u(l) 1 all/(“
N N N -— = — i
3 (V Vol + F Tar —rr) 2pQ T oz in %, (1393.)
&)

* In the spirit of the notationestablishedin (13.2), we shall also use (« )(® to denote

i

a=1

Fi (1)
** These three boundary conditions are equivalent to gt =t,(,”=n,(,l,’=0 at z=ht%),

where » and 7 denote the unit normal and tangent vectors to the free surface of ¥;.
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and
B 2 't
Lty W= —_— i
" W 2pQ 72 in %, (13.9b)

wherg the operator'.i’ is defined in (8.18). The boundary conditions for th
equau(c:gls are contained in (13.7¢-j) and can easily be cast solely in terms of ;Sg
ax(x:i) ¥ by use of (8.9), though we shall not do so here. The solution for v and
¥'"? guarantees the existence of &) from (13.7b) up to an additive ot
vyhlch is fixed .by the requirement (13.7m). Finally, to complete the sol(::;?smm
first order, the inhomogeneous linear system (13.7k, 1) must be solved whex?entli:

inhomogenieties are known from previous calculations; this solution provides the -

firstI fco;rcctiou to the free surface profile.
there is to bta a general circulation present at first order. M=0j
ca(?)n_ot be a so(llliuon of the problem. To see this, observe f};t;:n(ll/;» 9600112::;
v ='0, tl(xie)n v*") would be independent of z in 7;, and (13.9a) has .the eneral
solution v =ar+ fr where « and f are constants. In this case (13.7¢, d)gsh
that £40, and (13.7h) becomes BA°Y =0 at z= A%, This contradict; th’ fre.
me!::s of (1136) for the free surface profile at zero'® order. ¢ reane
An expl lf“t general solution to the problem at first
b}xt it may, in fact, prove tractable to boundary layer az;?;:iﬁin:;x)gxdﬂhope’
(i.e, Iarg'e Ekman number). Eventually deep in the interior we would exh’oc;
the solution to tend to the potential flow yV=0, u¥=yMe, with v(”—-ple C
This assumption of potential flow could not satisfy the free surfacg conditions— /:i
a region of trfm§mon would be expected. In any region of gentle variation, i: n
val}xes of Q will imply a very weak z-dependence for ‘' and the additional’ter:ﬁe
whxcl-x make " exact; also, a very weak z-dependence is not compatible with ths
conditions at the free surface. Hence, a boundary layer of the Ekman t :
be natural to expect at the free surface. ype would
Anothe'r typf: of boundary layer which is of interest in the free surface proble:
can be c'lcfmed in the limit of small surface film tension T — 0. This, of cgurse p
a .most important limit since nearly all of the work in the field of fiuid d) nam’ils
thh.free su}'faces sets T=0 from the outset. In the next section we shallybr' f;:S
consider a singular perturbation analysis associated with this limit i

14. Surface Tension Boundary Layers

Sltua‘txons i'n which the surface tension coefficient 7" is small are pervasive:
even fluids ».vhxch have a large surface tension coefficient in their urepstat .
have a drastically reduced value for T when contaminated with smfll s of
soap or other wetting agents. amounts of

The m_athematical problem associated with the limit as 7— 0 involves a singul
per-turba.non, and it is natural to expect that T=0 approximates the situatlilgu n
which T is small. The road to a regular perturbation analysis for small T is blocl;( lg
by the.fact that.when T=0, it is not possible to satisfy the boundary condition ef
prescribed wetting angle. Therefore, when T is small, the actual solution shosu?d
be close. to tl:le one appropriate for T=0 except in narrow regions where the fluid
surf.acc is adjacent to its container; it is here that the wetting conditions will f o
rapid variations in the free surface height 4. e

Free Surfaces of Rotating Fluids 377

The singular nature of the limit 7—0 appears at each order in the perturbation
series (13.2) but is most conveniently discussed at the zero® order. At zero™® order
an explicit formal boundary layer solution can be found. The analysis shows that
the corner region in which surface tension is important is roughly the thickness of
the capillary radius }/T]pg, and thus this constant serves as a convenient scaling
parameter.

The problem at zero® order is stated in (13.6), and we shall be interested here
in its solution for small 7. Since we expect that the solution of (13.6) for T=0is a
valid approximation to the exact solution everywhere except near the cylinder
walls r=a and r=>, it will be convenient to introduce the difference between the

exact solution and the solution for T=0 which is given by

Q? a*+b?
o1 (22 T
M= 3z (r 3 ) (14.1)

In fact, since our interest is concerned with a boundary layer analysis near either
r=aq or r=>b, we shall henceforth choose the point r=b, to be specific, and work
with the discrepancy function H(r) defined according to '

2
HY=HO0) ~ K0 =)~ (=3, (142)

This defines the actual free surface beight as compared to the height that would
be found at the wall r=>b in the absence of surface tension. Defining the non-
negative constant & through

EE—T— (14.3)

rg’
it follows from (13.6) and (14.2) that H is governed by the problem

H+22—(b2——r2)——-2——,28 (bcosd,+acosg,)
2g b*—a b “

c FH , (14.4a)
——(—:_7) =0 in a<r<b,
r\Vi+H
cotp, at r=a,
H'=
{~cot¢,, at r=b. (14.4b,¢)

To study (14.4) in a neighborhood of r=>b, we introduce the boundary layer

coordinate x through
(14.5)

§"x=b—r.
Here, m is a positive real number that will be chosen so as to retain the (second)
order of the boundary layer equation that approximates (14.42) near x=0 for
small e. One overlying requirement of any analysis near r=b& (i.e., x=0) is that
the boundary condition (14.4¢) should retain its importance. This requirement
motivates the scaling of H(r) to y(x) of the form

e"y=H, (14.6)
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and yields for (14.4¢) the condition
y'=cotp, at x=0. (14.7)

With this established, the differential equation (14.4a) may be written as

mo, Q@ m 2¢
£ y+ﬁe x(2b—x¢ )—p:z,(bcos¢h+acos¢,,)
gty ey’
- el m 3
(1+y'? (b—xeM)1+y

Thus, with. t.he choice m =1, the most significant term for this equation at any fixed
x and sufficiently small ¢ produces the following boundary layer equation:

=0 (0<x<e™"(b-a)).

’"

y
y+FRx—m=0 0<x<oo, (14.8)
where we have introduced a Froude number
Qb
Fr= = (14.9)

We.seck. a solution of (14.8) and (14.7) which will match the boundary layer
to th.e interior. The interior is defined by the asymptotic limit ¢ —0, r+b fixed.
In this limit A°°V(r)=h)(r), which in combination with (4.1) yields

QZ
H+§(bz—r’)=0 for 0<e<1. (14.10)

In terms of y(x), this condition has for its most significant contribution in powers
of & the approximation

y+Fax=0 as x-—o0, (14.11)
and this together with (14.7) and (14.8) completes the derivation of the boundary
layer problem.

We now the obtain two characterizing properties of the solution to the boundary
layer problem and describe their physical implications:

(i) y(x)— — Fyx monotonically as x - oo,

cot, + Fr<0 y(0)>0
(ii) if {cotd,+Fg=0}, then {y(0)=0}. (14.12)
cotd,+ Fr>0 y(0)<0

In the absence of surface tension, the slope of the surface y= —Fyx near the
wall x=0 is determined by the ratio of centrifugal to gravitational forces
(Fr=2"b|g). Physically we regard (14.12) as characterizing the relative rise at
the boundary due to prescribing a wetting angle for the film relative to the surface
y= —Fgx which is formed near x=0 when T=0.

The result (i) shows that the magnitude of the discrepancy is largest at the wall
and decreases monotonically with distance from the wall. To prove (i), introduce

y=y+Fgx (14.13)
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into (4.7), (4.8) and (4.11); we find that

- y
y— =0  (0<x<),
{1+~ Fa*}?

~

y =cot¢,+F, at x=0,
y=0 as x-—oco0. (14.14a,b,c)

Thus, 3"/ is of positive sign for all x, so that ¥ cannot have a positive maximum
or a negative minimum. Three alternatives are now possible: either ¥ has a positive
minimum, a negative maximum, or is a monotone function. The first and second
of these alternatives is excluded by the fact that in either case, the condition at
x—»co in (14.14¢) could not be satisfied. The result (i) follows.

To obtain (ii), first suppose that ¢, satisfies cot ¢,+Fg<0. Then (14.14b)
shows that 7' (0)<0 and the conclusion 7(0)>0 follows from monotonicity and
the condition (14.14¢) as x — o0. Using (14.13), we see that y(0)>0. If cot §, = — Fp,
then (14.14b) shows that 7 =0 at x=0, and again, (i) and (14.14c) shows that
7(x)=0 for all x so that with (14.13) we reach y(0)=0. Finally, if cot ¢,> —Fpg,
a similar argument shows that y(0)<0. This completes the proof of (ii).

A study of the boundary layer problem in the form (14.14) shows that the ex-
plicit solution can be found in the form of elliptic functions. This soiution has a
simple asymptotic limit which may be obtained directly by linearizing (14.14) for
large x. In this way we find that

y=kexp{—x(1+Fp)}} as x-—oo,

where k is a constant. While there is little profit in exhibiting the full solution
since its most interesting features are fairly well described in the remarks given
above, it is relatively easy to obtain a first integral in the form

1o R/ -Fg-1
27 V1+G'-F)?

where the constant has been evaluated from the conditions y=3"=0 as x — co.
Thus, at the wall x=0; using (14.2), (14.6), (14.13) and (14.14b), we find that

=constant=]/F,lz+ 1, (14.15)

——  Fgcotg,—1
hOYb)— hlY(b 2=2el{ F +1+_£__L-—}zo, 14.16
[ K (b)— ko (D) V' Fa Jreotd, |2 ( )

which gives the magnitude at r=>5 of the height discrepancy between the actual
height and the height that would exist without surface tension. An entirely analo-
gous analysis of the boundary layer problem at r=a will yield a similar result for
the height discrepancy due to wetting at the cylinder wall r=a.

This completes the boundary layer analysis of the problem of wetting at the
free surface and the adjacent cylinder wall when the fluid rotates as a rigid body
and the surface tension T or, more exactly, the capillary radius e=7/pg is small.
We found that the effects of the small surface tension are confined to a narrow
layer of size ¢! near the cylinder wall, and that this same et also scales the height
discrepancy.
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The interest of one of us (JosepH) in nonlinearly viscous fluids stems, in part, from a stimu-
lating lecture of C. TRUESDELL on the meaning of viscometry delivered to meeting of the fluid
mechanics division of the American Physical Society in 1971, TRUESDELL's lecture will be published
in the 1973 volume of the Annual Reviews of Fluid Mechanics.

Our work was supported in part by U. S. National Science Foundation grants GK-12500
(D. D.J) and GK-25139 (R. L. F). We are indebted to Mr. JuNG YuL Yoo for checking the
calculation of Section 6 and for his very valuable assistance with the numerical calculations of
Part I1.

Note Added in Proof. Equation (9.21) has been recently obtained by Dr. ALAN
KAYE (“The shape of a liquid surface between rotating concentric cylinders”
presented at 6° Congrés International de Rhéologie, Lyons, Septembre, 1972).
KAYE's study of the climbing of second order fluids is carried out only to second
order. His theoretical result (our 9.21) is not in agreement with his (or our) ex-
periments because he has neglected surface tension (see Part IT).
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