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The Lattice Boltzmann Equation (LBE) method is reviewed and ana-
lyzed. The focus is on the fundamental principles of the approach; its
‘pros’ and ‘cons’ in comparison to other methods of the computational
fluid dynamics (CFD); and its perspectives as a competitive alternative
computational approach for fluid dynamics. An excursion into the history,
physical background and details of the theory and numerical implementa-
tion is made, with special attention paid to the method’s advantages, limi-
tations and perspectives to be a useful framework to incorporate molecular
interactions for description of complex interfacial phenomena; efficiency
and simplicity for modeling of hydrodynamics, comparing it to the meth-
ods, which directly solve for transport equations of macroscopic variables
(“traditional CFD”).
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1. INTRODUCTION

From its birth over 10 years ago [54], the lattice Boltzmann Equation (LBE)
method has been aggressively pursued and at a pace that is strongly accelerating
in the past few years. The method has found application in many different areas of
computational fluid dynamics, including simulation of flows in porous media; non-
ideal, binary and ternary complex fluids; microfluids; particulate and suspension
flows; to name but a few (see for review [13]).

The purpose of the present paper is a comprehensive review of the LBE method.
In difference to other review papers on the topic (see [13]), we would not attempt
to cover all CFD areas where the LBE method has found application, but rather
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focus ourselves on few fundamental principles of the method and analysis of the
model’s capabilities and limitations, ‘pros’ and ‘cons’ in comparison to the methods
of the “traditional” CFD.

The paper is organized as a comprehensive tutorial. It starts from the discussion
of the fundamental principles and origin of the approach, section 2, which includes
short introduction of the kinetic theory of gases and its connection to the LBE the-
ory; Chapman-Enskog analysis of the discrete Boltzmann equation; and derivation
and discussion of the hydrodynamic equations for three most commonly used LBE
models. Next, the capability and limitations of the LBE approach to model fluid-
fluid multiphase flows and fluid-fluid interfaces are discussed in section 3. Finally,
in section 4, we discuss the details of practical implementation of the LBE algo-
rithms, which include introduction of the ‘basic’ numerical schemes utilized to solve
the discrete Boltzmann equation, and comparative analysis of the method in terms
of simplicity and efficiency of algorithms, and potentials for effective parallelization.

2. FUNDAMENTALS OF THE LATTICE BOLTZMANN
EQUATION METHOD

To better elucidate the significance of the LBE theory, we first outline the basic
pieces of the ‘ground’ for the LBE method, the Boltzmann equation theory, without
going into details, emphasizing the major assumptions made and the domain of
the theory applicability, section 2.1. Next, we describe how the ‘jump’ from the
‘continuous’ to the ‘discrete’ (LBE) case is made, section 2.2. The hydrodynamics
of the LBE method is discussed in section 2.3, in which we outline the basic steps
of the Chapman-Enskog expansion procedure and derive the ‘macroscopic-level’
equations for three most commonly used LBE models.

2.1. Origin of the LBE method: kinetic theory, Boltzmann equation
and Enskog’ extension to dense gases
Kinetic theory. The Lattice Boltzmann Equation method originates from the
kinetic theory of gases. The primary variable of interest is a one-particle probability
distribution function (PPDF), f(r,e,t), so defined that [f(r,e,t)-dr - d’e] is the
number of particles which, at time ¢, are located within a phase-space control
element, [d3r - d3e] about r and e (r is a particle’s coordinate in physical space and
e is a particle’s velocity). Transport equation for PPDF can be expressed as [40]:

(6& +e- Vr +a- ve) f(l‘,e,t) = (atf)coll (1)

where a is the external force acting on the particle.

Boltzmann equation. To derive the Boltzmann equation from equation (1),
the collision term (0; f)..,,, has to be explicitly specified. Two major assumptions are
made [40]: (@) only binary collisions are taken into account. This is valid if the gas
is sufficiently dilute (ideal gas). (b) The velocity of a molecule is uncorrelated with
its position! . The last assumption is known as the assumption of molecular chaos.
Importantly, without this assumption, the collision operator (8;f),,; would not be

ITo be precise, there are two more assumptions made: (c) wall effects are ignored and (d) the
effect of the external force on the collision cross section is neglected.
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expressible in terms of f itself. Instead, it would involve a two-particle probability
distribution function, which is independent of f. In general case, equation (1) is
replaced by a set of N coupled equations (BBKGY equations).

Under the assumptions made, Boltzmann [8] expressed the collision term of equa-
tion (1) as® [11] [40] [44]:

@D = [ 2 [ @eVo(@]e - O] (50 - £10) @

where (2 is the scattering angle of the binary collision {e’, e’(O)} — {e, e(o)} with
fixed e; and o () is the differential cross section of this collision, [40].

Boltzmann’s ‘H theorem’. Introducing the functional H as the complete
integral defined by the equation

H:/fmf@ (3)

the Boltzmann ‘H theorem’ states that if PPDF f satisfies Boltzmann transport
equation (1) and (2), then # is a non-increasing in time function, ‘”;it) < 0. Thisis
the analog of the second law of thermodynamics, if we identify H with the negative
of the entropy per unit volume divided by Boltzmann’s constant, H = — % Thus,
the ‘H theorem’ states that, for a fixed volume V', the entropy never decreases, [40].

Collision interval theory. Significant simplification of the collision integral
eq.(2) can be made assuming that during time interval &; a fraction d;/7 = L of

the particles in a given small volume undergo collisions, which alter the PPDF from

f to the equilibrium value given by the Maxwellian:

(e — )

e«q_ __ P _
= D/z2 XP { 20

20) } , 9=RT=¢ (4)

where D, R, T, ¢s, p and u are the dimension of space, gas constant, temperature,
ideal gas’s sound speed, macroscopic density and velocity, respectively. Thus, the

collision term can be expressed in the form known as the ‘BGK collision operator
[11]:

T A e

T 0T

(atf)cou = - (5)

where 7 is a relaxation time®:%.

2Boltzmann’s derivation of the collision integral eq.(2) was rather intuitive. There is left a wide
and obscure gap between Newton’s equations of motion of the molecules constituting a gas and
the Boltzmann equation (2). There is no proof that the Boltzmann equation is completely correct.
Nevertheless, the equation is known to be valid at least as an empirical formula, which has been
successfully applied to study transport properties of dilute gases [44]. The relevant equation is
derived consistently according to the more general BBGKY theory (due to Bogoliubov, 1946,
Kirkwood, 1947, and Grad, 1958, [49]).

31t is important to notice, that the BGK equation (5) is a phenomenological equation, because
it does not follow in a logical, self-contained manner from first principles [49]. Closely related to
this inhibiting phenomenological property is the domain of applicability of the equation: dilute
gases in a state close to thermal equilibrium. The inaccuracy of the BGK equation is enhanced
when one treats the equation by a method similar to the Chapman-Enskog method [44].

41t is instructive to note that the ‘H theorem’ for BGK equation also holds, [44].
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Dense gases. In real (‘dense’, ‘non-ideal’) gases, the mean free path is compa-
rable with molecular dimensions. Thus, additional mechanism for momentum and
energy transfer has to be considered. Beside the transfer of molecular properties
between collisions, a transfer during the collision event must be accounted for [11].
This collisional transfer has been considered by Enskog (1921), who approximated
the effects of the exclusion volume of the molecules under constant temperature
conditions by explicitely adding the ‘ezclusion volume’ term to the Boltzmann’s
collision integral. The most commonly used (approximate) form of this term is

(5tf)c011, Enskog — (atf)colL Boltzmann — /. Ppx(e —u) - VIH(P2X) (6)

J

Approximation
of the Enskog’s
‘exclusion
volume’ term

% is the second virial coefficient in the virial equation of state; x is
the increase in collision probability due to the increase in fluid density, which has
the following asymptotic form [11]:

where b =

x=1+ gbp +0.2869(bp)? + 0.1103(bp)® + ... (7)

d and m are the diameter and mass of the molecules, respectively. Combination
of eqs.(1), (2) and (6), known as the ‘Enskog equation’ in the literature [29], has
recently been used by Luo in his ‘unified theory of lattice Boltzmann models for
nonideal gases™, [50].

It is instructive to note that, in his derivation, Enskog employed ‘hard-sphere
model’, which has advantage of mathematical simplicity, since many-body inter-
actions are neglected (collisions are instantaneous). This model is, however, not
appropriate for real gases under high pressure, because the molecules are in the
force field of others during a large part of their motion, and multiple encounters
are not rare®, [11].

“HSD” model. Recently, He, Shan and Doolen [31] proposed the following
approximate model of dense gases. The starting point is the Boltzmann equation
with the BGK collision operator:

f = fe

T

atf+e'vrf+a'vef:_ (8)

In order to evaluate the forcing term, the derivative Vef has to be explicitely
given. The following assumption is made:

Vef # Ve f™ (9)

5In his model, Luo empleoqyed the BGK collision operator multiplied by factor iy,
(8tf)coll, Boltzmann — 7@'

6The reason why Enskog preferred ‘hard-sphere model’ is that at that time it was believed that
the assumption of molecular chaos for rigid spherical molecules is valid even at high densities. This
assumption is appropriate only in the case of uniform steady state [11], while for non-uniform state
(for example, in the regions of fluid-solid boundaries and fluid-gas interface), there may be some
correlation between velocities of neighbouring molecules, because of their recent interaction with
each other or with the same neighbours.
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which is due to the fact that f? is the leading part of the distribution func-
tion f (‘an assumption of small deviation from the equilibrium’). Substituting the
Maxwellian eq.(4) into eq.(9), the following equation is obtained:

[t Erg ey
T pes

atf +e- vr.f = - feq (10)

where F and g are the effective molecular interaction and gravity forces, respec-
tively, a = %. The effective molecular interaction force F is designed to simulate
non-ideal gas effects.

2.2 2
F = —pVV - bp“cix - VIin(p®x) (11)
R ~ N ~ ”
Intermolecular Enskog’s exclusion volume effect
attraction by of the molecules on the
mean-field equilibrium properties of dense
approximation gases

The intermolecular attraction potential” V is expressed as

V(ro) = / g Uagtr (To1) p(r1) dry (12)

where uatr(ro1) is the attractive component of the intermolecular pairwise poten-

tial of molecules ‘0’ and ‘1’ separated by distance 791 = |ro — r1|. The next step
is to expand density about rg. Assuming that the density gradients are small, the
intermolecular attraction potential is expressed as

V= —2ap—kV?p (13)

where constants a and k are given by

a= ——/ Uater (1) dr; K= ——/ U (r) dr (14)
2 r>d 6 r>d

with x determining the strength of the surface tension. Elucidating the thermo-
dynamical aspects of this model, the intermolecular force F can be cast into the
following form [32]:

F=_-VP*+ kpVV?p
————

Force associated
with surface
tension

P*(p) =bp*cix —ap*= P —pc. ; P =pci(l+bpx)—ap (15)

‘Non-ideal part’
of the equation
of state

"To certain extent, implementation of the intermolecular attraction potential V allows to effec-
tively compensate for some limitations of the Enskog’ ‘hard-sphere’ model.
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Setting b = Xp—;l, the van der Waals equation of state is obtained:

2

pcs 2
=3 — 1
by (16)

2.2. From Boltzmann equation to Lattice Boltzmann Equation
2.2.1. Heuristic approach

Historically, the ‘classical’ LB equation has been developed empirically, with basic
idea borrowed from the cellular automata fluids [28] and [85]. The physical space
of interest is filled with regular lattice populated by discrete particles. Particles
‘jump’ from one site of the lattice to another with discrete particle velocities e,
(a = 0,...,b, where b is the total number of possible molecule’s directions), and
colliding with each other at the lattice nodes, Figs.1a,1b. The lattice geometry (a
set of possible particle velocities) should obey certain symmetry requirements (see
Appendix A), which are compelling in order to recover rotational invariance of the
momentum flux tensor at a macroscopic level [85].

The cell itself (q=0), (0,0,0) v The cell itseff (g=0), (0,0.0)
—> i = (4] —4> (O Primitive cubic sublattice (g=1), cyc:(+/-1,0,0)
O Orthogonal sublatice (q=1), cyc:(+-1.0) z —» () Body-centered cubic sublattice (q=2), (+/-1,+/-1,+-1)
—» O Diagonal sublattice (q=2), (+/-1,+/-1) 23

8 _ 0
O @) /%57

O
v 4 AS 2
5 18

o

50 >él

10

a) 6 7}( 8 b)

O o O

FIG. la. Lattice geometry and velocity vectors of the two-dimensional nine-speed D2Qg
model.

FIG. 1b. Lattice geometry and velocity vectors of the three-dimensional fifteen-speed

D3Q15 model.

In effect, for the LBE method, this corresponds to the following formal discretiza-
tion of the phase space and Boltzmann equation:

a) f = fa
b) e — e, (17)
c) [ = fe= A, + Baeg,ui + Cou? + Dyeq,eq;uiu;

where the form of the discrete equilibrium distribution function is inspired by the
following constant-temperature and small velocity (low-Mach-number) approxima-
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tion of the Maxwellian eq.(4)

- — ¢ +0(? 18
c2 * 2(c2)2 22 } +0(a’) (18)
Thus, the lattice Boltzmann BGK equation is heuristically postulated as®

fam e (e — )
T c2

v

atfa +eajajfa = fgq (19)
—————

Advection operator, A(fa) Collision operator, Q(fa)

At this point, a principal departure from the actual kinetic theory must be high-
lighted. As we show further below, if the fluid being modeled is to retain its speed
of sound, the solution of eq.(19) is impossible for all practical purposes. As a con-
sequence, compressibility effects are outside the realm of the LBE method; ¢, is
retained, however, with a totally different meaning and role - that of a pseudo
compressibility parameter that allows the solution to relax to the appropriate in-
compressible viscous solution. Rather than sound speed, let us call, therefore, cg
by the name “Lattice-Internal Speed” (“LIS”). While this departs from normal us-
age, its adoption, we believe, will clear up an enormous conceptual barrier for the
newcomers and uninitiated.

The coefficients A,, B,,C, and D, of the ‘Chapman-Enskog’ expansion for f£9,
eq.(17), are ‘tuned’ to recover mass, momentum conservation and viscous stress
tensor during the multiscale Chapman-Enskog perturbative expansion procedure?
(see section 2.3 and Appendix B).

Eqgs.(19) are the coupled system of Hamilton-Jacobi equations, with Hamiltonian
€q;0j fa, and the ‘coupling’ source term given by the collision operator. This system
can be solved by any appropriate numerical scheme (see section 4).

Non-dimensional form. To cast the discrete Boltzmann equation (19) into the
non-dimensional form, one must introduce the following characteristic scales:

Characteristic length scale: L

Characteristic velocity: Uo (20)
Reference density: Pr
Molecular mean free path: A

8For approximation of the external forcing term, we use the ‘HSD’ assumption eq.(9).
9n the case of the ‘thermal’ LBE, it is also required to conserve energy, which would entail
addition of the expansion terms in the Taylor series eqs.(17) and (18).
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Using these scales, the variables utilized in the LBE theory are non-dimensionalized
as

Non-dimensional variables:

PDF: fo = %

Molecular velocity: €a; = eULO

Time: - %

Length: ro=7

Density: p = p% (21)
Macroscopic velocity: u; = gt

Lattice internal speed: ¢, = ﬁ—o

Body force: a; = % =&

Kinematic viscosity: Vo= g = e

To make a non-dimensional relaxation time, we will use the Knudsen number
defined as a ratio of the molecular mean free path A to the flow characteristic
length scale L:

A
= 22
=t (22)
Defining the collision time as t. = UAO, the dimensionless relaxation time is
.1 7Up
== 23
=N (23)

With this dimensionalization introduced, the discrete Boltzmann equation (19)
is transformed into the following non-dimensional equation:

f feq A (eaJ B a’])

72
et 2

affa + éajajfa = - fgq (24)

For the most of the paper, for compactness, the hat (A) is omitted; and, unless
explicitely specified, all variables are assumed to be non-dimensional.

2.2.2.  ‘Consistent discretization’

Recent studies by He and Luo [33] [34] pioneer another way to establish the LBE
theory. In particular, He and Luo [34] demonstrated that the lattice Boltzmann
equation can be viewed as a special finite-difference approzimation of the Boltz-
mann equation. The chief idea and motivation are to provide a sound theoretical
foundation for a transition from the ‘continuous’ Boltzmann equation to the LBE,
which involves the choice of the discrete particle velocities (structure of the lattice)
and the choice of the coefficients of expansion for equilibrium distribution function,
eq.(17). There are two major ingredients in the procedure by He and Luo, discussed
below.

Time discretization. Eq.(8) is integrated over a time step dy:

fr+e-6,et+0)—f(ret)=— [T L fth+

25
+ft+5t a(e u) feq ( )
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The first integral in the collision operator is treated explicitely, using the first-order
approximation, while the second one can be treated using the trapezoidal implicit
scheme [31], which, in order to regain the expliciteness of the method, entails the
following variable transformation:

a-(e—nu)
2¢2

h=f- fe40; (26)

Thus, the first-order time discretization yields the following Boltzmann equation:

h(r+e-d,e,t+06)—h(r,et) = ——h(‘”’evt)_feq(“evt)
_ -(2e;u (27)

where h®% = [1 aT)(St feq

Phase space discretization. This step establishes the structure of the lattice
and the form of the equilibrium distribution function.

Connection of the Boltzmann equation to the hydrodynamics is realized through
the integration in the particle momentum space!®:

p=/Iflde;  pu=[[f-eldes;  pE=1[[f (e—w)’]de )
p=[1fde; pu=[[fa-elde; pE=1[|f (e-w)’|de
with the kinetic energy £ given by
&=D2oRT = Do = BoN kT (30)

where N4 and kp are the Avogadro’s number and the Boltzmann constant, respec-
tively. Dy is the number of degrees of freedom of a particle (Dg = 3 for monoatomic
gas).

To derive a consistent LBE scheme, the integration in momentum space eq.(29)
has to be approximated by the following quadrature [34]:

[ vOr . e.tde x 3 Walen) f20(r east) (31)

where ¢(e) = [1;e;; (eie;); (eiejer); ...] and W, are the polynomials of e and the
‘weight’ coefficient of the quadrature, respectively. Eq.(31) corresponds to the
following ‘link’ of the LBE to hydrodynamics:

p:EafaQ pu:zafa'eaQ pE =
p=2fa% pu=3, fle; pf=

where

falr,t) =W f(r,eq,t);  fo(r,t) = Wa f*Ur, eq,1) (33)

10Tn the case of the transformation eq.(26), f is substituted by h, and the first momentum is
modified as

pu — %padt = f [h - €] de; pu — %pa&t = f [h®9 - e] de (28)
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Now, a task is to properly specify the abscissas of the quadrature eq.(31), or,
in other words, the ‘structure’ (‘symmetry’) of the lattice. To do that, one must
impose a set of constraints for this ‘structure’. These constraints are formulated
based on the Chapman-Enskog procedure to ‘link’ the Boltzmann equation to the
Navier-Stokes equations, see section 2.3.1, which involves the following moments of
the equilibrium distribution function:

Mass conservation: Y(e) =1; e;; and eje;
Momentum conservation:  (e) =1; e;; eje;; and eejey (34)
Energy conservation: Y(e) =1; e;; esej; eejer; and ejejere

Thus, the basic idea is that with the chosen abscissas of the quadrature eq.(31), the

moments of £, eq.(34), should be calculated exactly. With this, the Chapman-
Enskog procedure is intact, and it is argued that the framework of the lattice Boltz-
mann equation can rest on that of the Boltzmann equation, and the rigorous results
of the Boltzmann equation can be extended to the LBE via this explicit connection
[33]. It is important to note that the Maxwell-Boltzmann equilibrium distribution
function f¢¢ is an exact solution of the Chapman-Enskog’s zero-order approxima-
tion of the Boltzmann equation [40]. In finding the abscissas of the quadrature
eq.(31), however, instead of the exact Maxwellian, its constant-temperature and
low-Mach-number approximation eq.(18) is utilized, [34], with which no rigorous
link to the Navier-Stokes equations is available. Moreover, this is exactly the reason
why the Boltzmann’s “H theorem” does not hold for the LBE. Therefore, this proce-
dure does not provide substitute for the Chapman-Enskog multiscale perturbative
expansion procedure, section 2.3.1.

The details of the procedure to find the required abscissas of the quadrature
and corresponding approximations of the Maxwellian are given in [34] for two-
dimensional 6-, 7- and 9-bit and three-dimensional 27-bit lattice models. It is
important to note that with this procedure, the ‘weighting’ coefficients for the
‘composing’ sublattices and the coefficients of the equilibrium distribution function
are exactly the same as those of the ‘heuristic’ LBE, summarized in Appendices A

and B, providing that!'! ¢? = %, [35].

2.3. Derivation of the hydrodynamic equations from the Lattice

Boltzmann Equation
2.3.1.  Chapman-Enskog expansion method

The purpose of the Chapman-Enskog method is to solve Boltzmann equation by
successive approximations. This yields only a particular type of solutions, namely,
those that depend on the time implicitely through the local density, velocity and
temperature, f(t) = f( p(t),u(t), T(t) ) - the ‘Chapman-Enskog ansatz’, [40]. In

INote, that, in general, in the ‘heuristic’ LBEs, the lattice symmetry parameters T®) and
1) are adjustable, with free parameter wq, allowing to vary lattice sound speed. For D2Qg, the

4
requirement ¢ = % is satisfied with wo = 3.
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the present section, we outline the basic steps of the procedure, applied to the
isothermal discrete Boltzmann equation (24)!2.

First, introduce the following formal expansion of the discrete probability distri-
bution function:

fa= O +efMN+2 P+ = b M (36)
k=0

where ¢ is a Knudsen number, eq.(22). In the Chapman-Enskog theory, this
parameter is introduced to keep track of the order of the terms in the series. The
functions fék) are defined in such a way that fék) gets smaller and smaller as k
increases. The main achievement of the Chapman-Enskog expansion is to provide
a way of defining fék) that is both consistent and practicable [40]. It is required that
the first three moments of the zeroth approximation reproduce macroscopic density,
velocity and kinetic energy, while corresponding moments of the higher-order terms
are zero:

Za fLSO) =p; Za fLSO)eai = pu; % Za féO) . (eai - Ui)2 = PE;

Zafa)zo; Zafé)eai:(l; Eafé)egzo; n>0

Thus, eqs.(32) are satisfied!3.
LBE conservation laws. Substituting expansion eq.(36) into eq.(24) and tak-
ing the first ‘discrete moment’ (3_ eq.(24)) result in the mass conservation equation

Mass conservation law:
Btp + 8jpuj =0

(38)

Taking the second ‘discrete moment’ (3, eq.(24) X e,,) yields the momentum con-
servation law:

o0
s
Orpu; = —0; Z e Z €a;€a, fén) + c—; (Z foleqeq; — pUin) (39)
n=0 a s a
Introducing the n'* approximation of the pressure tensor as

Pi(f]‘-) = Z(e‘“ — u;)(eq; — uj) fim (40)

a

12To avoid using expansions:

o) En
Fa(r + eqd,t+ 6¢) = Z “DYfa(r,t); D¢ = (9 +eq V) (35)
n!
k=0
traditionally employed to evaluate ‘stream-and-collide’ advection operator, A(fa) = fa(r +

ealt,t + 0t) — fa(r,t), [30] [77], we assume that high-order finite-difference scheme is applied
to the A(fa) = Ot fa + €a;0j fa (see section 4).

L3Importantly, this is not the only way to satisfy these equations, but it is definitely a possible
one.
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the momentum conservation equation (39) is re-arranged into the following form!*:

Momentum conservation law:
0
Dupui + Djpusu; = —0; Yot " P + = (175 — puuy) (41)
E

~ v
~~

Fi

To derive the kinetic energy conservation equation, substitute expansion eq.(36)

2
into eq.(24), then multiply it by %ﬂ, and sum over all molecule directions. In
addition, make use of the following equation:

2

2
8, Z fg))%a = 8ip€ + widpui — %8tp (42)

coming from the definition of the kinetic energy eq.(32) and constraints eq.(37).
Also, introduce the n** approximation of the heat flux as

n 1 n
QE '= 9 Z(eai — ui)(eq; — uj)2 tg ) (43)

a

which allows to write the energy conservation equation as

Kinetic energy conservation law:

0up€ + Ojp€uj = —89; 0 1 e — Qju; - 20 e P
N2
YGAY plew <_(67‘” — )l eaieajui> +pug'u2] (44)

ta 2

S

~~

Qj

LBE successive approximation. To obtain a consistent scheme of successive
approximation, f\") is defined in such a way that if all £, Pi(};-) and Q;k) are
neglected for k > n, than we have the n!* approximation to the distribution function
and to the hydrodynamic equations. To find such a definition, we decompose eq.(24)
into successive equations for fén) in the following manner.

1. Introduce expansion:
Df, =Df® +eDfM) +£2Df? + ... (45)

Consistency of this expansion with eq.(36) follows from the linearity of the operator
D= €a; (3]'.

2. Consider d;f,. Due to the ‘Chapman-Enskog ansatz’, f, depends on time
implicitly, only through the p, pu; and p€. Thus,

afa _ 8fa@+ afa aPUz _'_%%
ot Op 0t  Opu; Ot OpE Ot

(46)

14 Note, the following notation is in use: Hf,qj = Za féeQ)eaieaj.
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. . . .o Ofa Ofa Ofa
To expand eq.(46) into infinite series in powers of ¢, expand Bp ) Dpu and e a8
of  _ 08 OID | 200 |
oo 0 o, O
0fa _ 0f5° o1 20/,
Opu; ~— Opu; Opu; +e Opu; + (47)
Ofs  _ 0487 | OfD | 208 |
apE  — BpE apE TE€ ppg T

The expansions for time derivatives Oyp, Oipu; and Ogp€ must be defined to be
consistent with the conservation laws eqs.(38), (41) and (44). Thus, the definition
of % is taken from the n!* approximation to the conservation laws:

Mass conservation:
Op = —0jpu;
Or.p =0;

(48)
(n>0)

Momentum conservation:
0

—~0jpusu; — ;P\ + Fi

_ajp.(n).

(VA

6to pu;

8tn pPU; (n > 0)

Energy conservation:
O pE = —0jpEuj — 0, Q§-°> — Oju; - 731.(3.) +Q;
de,pE = —0;0" — dju; - P

4,57

(n > 0)
With this, the following consistent expansion of d; is obtained!®:

6t = 6t0 + Eatl + 528,52 + ... (52)

3. With defined expansions (36), (45) and (52), the LBE transport equation (24)

can be written as'S:

[(8%, + €0k, + €204, + ...) + D] (féo) +ef) +e2f? 4 ) =
L [( 4@ (1), 202 a; (53)
= =L [(A" 4D 420 ) = 129 + e, — )£

4. Now, we define fén) uniquely by requiring that in eq.(53), the coefficient of
each power of € vanish separately. Thus, the equations to be solved to yield all the

15This definition is different from [2] and [14], where the time derivative is expanded as

0 = €0ty + 628t2 + ... (51)

16 et us remind, that (-) is omitted.
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M) are
Successive hierarchy of the LBGK equations:

— 0

(6 1) . ‘g ) = fea
0t"-order: “Buler”

0 (0) (0) &Yy (0)

(¢°) :|Owfa” +Dfa = -+ —5(eq; —uj)fa
1%t-order: “Navier-Stokes” (54)

High-order: “Burnett”, “Super-Burnett”

_ g8t

=

(%) |0 s + 00, £V + 8y, 18 + D

In the Chapman-Enskog theory for ‘continuous’ Boltzmann equation, in order
to reproduce the Navier-Stokes equations, only the first two approximations féo)
and fél) are required'!”. In the next section, we recover and analyze equations
of hydrodynamics corresponding to three most commonly used isothermal'® LBE

models.

17T here exist certain fundamental difficulties when one tries to use truncations of the Chapman-
Enskog expansion beyond the Navier-Stokes order fél), (‘Burnett-’ and ‘super-Burnett’ equations

level). The most significant problem is that any truncation beyond fél) is inconsistent with
the Clausius-Duhem inequality, which is often taken as a representation of the second law of
thermodynamics [75]. This fact was first noted for compressible gas dynamics by Bobylev [6] and
later by Luk’shin [51]. Furthermore, the modifications of Navier-Stokes equations due to Burnett
might have been expected to be superior to Navier-Stokes equations itself, under conditions of
high K'n numbers. But all present evidence indicates that this is not so; in fact, where the Navier-
Stokes equations are themselves perhaps not completely adequate, the higher-order equations may
even be inferior. Perhaps the expansion eq.(41) is asymptotic; when the first two terms give a
very good approximation, the third may give even better approximation; but when the first two
terms do not provide so good approximation, taking another term may make matters worse; this
is a known behavior in asymptotic series [21].

8 Modeling of the ‘complete’ set of Navier-Stokes and energy equations (with conservation of
energy as well as mass and momentum) using the discrete kinetic approach has met significant
difficulties. There are three major ‘plagues’ of the LBE thermohydrodynamics. First, the TLBE
models employing single-relaxation time are limited to Pr = % [2]. Second, due to the limited
set of the discrete particle velocities utilized in the LBE method, there are severe limitations on
allowable variations of temperature and velocity. This hampers the use of the LBE model for sim-
ulation of compressible flow and fluids undergoing large temperature variations. Third, ‘thermal’
LBE models are prone to significant numerical instabilities. This is probably related to the fact
that ‘thermal’ LBEs require the ‘larger stencil’ of discrete velocities, because more constraints on
the ‘discrete’ equilibrium distribution function must be imposed in order to preserve energy con-
servation and to recover correct macroscopic equations. From this point of view, ‘thermal’ LBE
are somewhat remnant of the higher-order finite difference schemes in ‘traditional’ CFD, in which
the ‘large stencil’, used to approximate point-to-point solution by high-order polinomials, is prone
to oscillations and numerical instabilities [79]. Even though some of these limitations could be
alleviated (e.g., [39] [7] [55] [80]), there is no potential advantage of the ‘thermal’ LBE approach
over a conventional Navier-Stokes solvers for thermal systems and compressible flows (McNa-
mara et al. [55] [56] and Guangwu et al. [23]). In particular, in [56], the thermal LBE model is
compared to the “traditional CFD” finite-difference code, utilizing the MacCormack scheme. It
was found, that, in the case of the LBE approach, the running times on the comparable size grids
are a factor two greater. Furthermore, the memory requirements are significantly greater; and a
numerical stability property is significantly poorer.



THE LBE METHOD: FUNDAMENTALS, PLACE AND PERSPECTIVES 15

2.3.2.  Hydrodynamic equations of the isothermal ‘ideal fluid’ LBGK model
Classical Navier-Stokes equations. The governing equations of the com-
pressible isothermal Newtonian fluid hydrodynamics are

Oip + Ojpuj =0 (55)
Orpu; + 8jpuiuj = —-0;P + 6j72,j + pa;

where the viscous stress tensor has the following form [4] [48]:

2
Ti,j = n(0ju; + Oyuy) + (5 - gﬁ) Orug - 65,5 (56)
—_———

‘Bulk’ viscosity,

and 7 and ¢ are the ‘first’ and the ‘second’ fluid viscosities. Following Stokes, the
‘bulk’ and ‘second’ viscosities are A = —%n and £ = 0, respectively, [4].

LBGK hydrodynamic equations!®2°. For this ‘basic’ LBGK model, the
pressure tensor is given by

PO = e -5y, (57)

Since the “zeroth-order solution of the LBGK equation”, eq.(54), is FO — flea)
the momentum flux tensor is HEOJ) = HE?). Thus, the momentum conservation

equation (41), which is the “first-order solution of the LBGK equation”, is:

O;pi; + 0;piiiy = —0,p82 —0; | P + pa; (58)
v

Viscous stress
ensor,
+LBGK

=755

An assumption of the constant temperature would require the following con-
straint be satisfied:

&ng = —Eajﬁ’llj — 8Jﬂz . 751(3) + QJ’

J
i=i ji i

(59)

For this LBGK model, the viscous stress term is (details of the derivation are

given in Appendix C):
>(1) _ 9 #LBGK _ o A (n.l.d.)
—0; (Epz’,j =0;Ti; " =05 |Tij| + A (60)
1976 avoid confusion, in the present section, we will use (A) to denote non-dimensional variables.

201n the following analysis, it is assumed that the lattice geometry is chosen in such a way so
that T(4) = ¢4,
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where 7; ; is the non-dimensional Navier-Stokes viscous stress tensor, defined by

A(nld.)

eq.(56); A, ; is a term of the “non-linear?! deviation” of this LBGK model from

the classical Navier-Stokes equations, given by

A (n.ld. Lo A (n e s L e s
AS} ) = Re16§ |:85 (—2uiujuk6,~cp) - ajp : (w@,;ukuj + Ujafcil/kU/i) -
+ et 0 (Puityinis)
where Re = £ = % and Fr are the Reynolds and Froude numbers, respectively.
Thus, the governing equations of this LBGK model are

SN

0:p + (3]/3@] =0
Oypi + - pigit; = 0.0 + 0. | L (0. +0.;) | + Lis+ AR (g
(Pt T Oppuitty = —0; i |Re \Yi%i T 0 Fr i 4
——
. . . Non-linear deviations
Linear Part = Navier-Stokes

where ; is a unit vector specifying the orientation of the external body force.
Now we can immediately see the implications of ¢, the dimensionless “Internal-
Lattice Speed”, introduced in eq.(24). In the linear term, it leads to the © and the
Reynolds number that appears in front of the linear part. By appropriate choices
of é; and 7, flow with any Reynolds number (any viscosity) can be modeled by
eq.(62). On the other hand, in the non-linear term, we are left with terms that
contain, in addition to Re, ¢2 and é1. Thus, we can make these terms as small as

we wish by requiring that ¢, is chosen so that

(Reé?) > 1 and (ReFréj) >1 (63)

In fact, it turns out that these conditions are automatically satisfied as long as
¢s > 1, and the basic stability criterion for integration of the LBE, namely that
% < 1 are satisfied. To see this, take N as the number of lattice points in the

cross-stream direction (N > 1), and suppose we chose cgi = \/ig We then have

1 1

Re ¢z~ /3N¢,

from which is seen that the condition ¢; > 1 is moderate because N > 1. Also,
you will note that for inertia flows, Re >> 1, the condition on é, > 1 is moderate?®?,
but for viscous flows, Re < 1, we must obey a stronger condition on é; > 1, so that
Re ¢ >> 1 and the “non-linear term” is smaller than the inertia “term”.

We have verified numerically that indeed, as long as these conditions and % <1
are satisfied, exact solutions can be obtained arbitrarily close in Poisseulle and

21The term “non-linear” reflects the fact that the deviation is ‘cubic’ in velocity, ~ u;ujuy.
22The smallest term in the Navier-Stokes equations is of order Rie, thus, the requirement for ¢

: 1 1
18 ge > Reé?2
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Couette flows, for any values of viscosity (or Reynolds number). Also note that as
appropriate for incompressible viscous flows, the pressure level is immaterial. If the
pressure drop is specified, it implies a corresponding density drop, through eq.(57),
and care must be exercised, because errors will be introduced unless % remains
much less than 1.

Viscosity. The “first’ and the ‘second’ viscosities are defined as??

N ~ AAE Té?Uo N 2 2A
N=teply=——p &= 37 (64)
——
1
Re

which renders the following definition of the dimensional kinematic viscosity:
v=r1c’ (65)

In the actual LBE simulations, one employs the following dimensionless relaxation
parameter (see eq.(5)):

™T= "= — (66)

which is typically chosen in the range % < 1 < 3, where the lower limit is dictated
by consideration of the numerical stability of the scheme.
Thus, the kinematic viscosity is?*

v="1c2 or v= (T* - %) Sic2 (67)

. ~

~
“stream-and-collide”

From eq.(67), it is seen that in order to model fluid with specific kinematic viscosity
(say, water or air) for a chosen spatial discretization d, and relaxation parameter
7*, one has to fix time step of the LBE simulation. For example, in the case of the
D59 “stream-and-collide” scheme with wy = %, time step is

* 1y 52 . * 1 A2R
5t:w; 5t:%

3 (68)

Setting the range of the kinematic viscosity from 10~7 mTz (water) to 1073 mT2 (highly

viscous oils), simulation using the space resolution 0, = lmm and relaxation pa-

rameter (T* — %) ~ 1 would require the following range of time step: d&; vary-

ing from % - 10s to 5 - 1073s. It is interesting to compare these estimates with
the “viscous” CFL (“Courant-Friedrichs-Levy”) limit of the explicit schemes of

23The f is not Stokesian, é # 0. Though, the value of the ‘second’ viscosity is not important as
long as velocity field is close to the ‘divergence-free’ condition of the incompressible fluid.

241n the case of the “stream-and-collide” scheme (see section 4), there is an additional ‘nu-
merical’ viscosity coefficient absorbed into v by modifying 7* — (T* - %) This coefficient is
due to the first-order accuracy of the advection operator, and it would appear if one employs the

expansion eq.(35), [76].
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the “traditional” CFD, é; = CFLV;S% ~ CFLyis (10 = 10*3) s. From this, one can
make the following observations. First, the “viscous CFL number” of the LBE

2 “_1
is CFLy"PP) = (mr— 1) & = 722 o, Next, for 7 > 3.5, the D:Qs LBE
D2Qo
method allows to utilize larger time step than the one admissable for explicit “tra-

ditional CFD” schemes, CFLyis*B®) > 1. However, for small relaxation parameter,
™ — %, time step of the LBE becomes too small, CFL,;s < 1. This is one of
the reasons why the LBE method is inefficient for simulation of high-Re-number
flows?5.

Scaling analysis of the non-linear deviations. To estimate the order of the
non-linear deviation term, we cast the LBGK hydrodynamic equation (62) into the

following dimensional form:

Orpu; + 0;pu;u;j =P+ pa; +
v — ~—~
- ., —_—
et oo [~ et arap| [~y
| ~00+oe) || ~oti+dn) | [ ~o(#) |
Ld. (69)
+0j [pv (Ojui + Ozuj)] + AEF; )
N v | L
|N T - % |  eebo? (1490))  exUg® (1460 )
T e N | L Re L & Refr
144 and
‘ NO( Rep'-) ‘ No((lR-+—6f>2L)) N0((j+5pL))
- € Cs ¢ Re Fr

2
where the Froude numbers is defined as Fr = %; a is an acceleration due to
the external body force. The non-dimensional density variations are introduced as

op, = Apr and dp, = Atp, with A, p and A, p being the scales of density variation

pr
. ALp : _ L Ap
over a characteristic length scale L, 0;p ~ =2, and time scale to = Uy Orp ~ -

respectively. It can be seen that the non-linear deviation term is negligibly small
comparing to the Navier-Stokes equation terms under conditions?® é; > 1 (or
T® > 1, see Table 1).

In difference to our derivation, the LBGK hydrodynamic equations available in
the literature contain also linear deviations. For example, re-arranging the LBGK
hydrodynamic equations given in [13] and [63] in a similar way as eq.(69), one can

L

25 A5 seen from eq.(68), in order to increase the Re number for a chosen discretization g
and St, one needs to decrease the relaxation time 7% — L. This causes two problems. First,
dimensional time step d; decreases according to eq.(68); and, second, the “stream-and-collide”
LBE schemes become numerically unstable when 7* ~ %, [76]. Another alternative for increasing
the Re number, keeping d; sufficiently large with 7* in the stability region, is to decrease the
non-dimensional lattice step 0z ~ ﬁ by increasing the number of computational nodes N. This
makes the LBE simulation of high-Re-number flows computationally expensive.

26Recently, Qian and Zhou [65] explored a way to eliminate the non-linear term by extending

the “lattice stencil” from nine to 17 discrete velocities in 2D case.
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obtain the following “linear deviation term”:

Agjd) = Vv [ajp . (28jui + 8lu]) + 6ip . 8j’u]' + Uzajp + Ujaiajp]

|~ ot 20 | (70)

Re

dp
o (%) |

which is negligible in comparison to the Navier-Stokes terms in the limit dp. < 1.
The following linear and non-linear deviations can be obtained by re-arranging
the LBGK hydrodynamic equations of ref. [64]:

(Ld.) _ . (n.ld.) _ PUU UL
Ai,j = fajp (Ojui + aiuj); Ai,j - —V8j6k7
- s
° ~ LrPo L
é ‘ &2 Re ( )
~ 0P L S
‘ 0 ( Re ) ‘ 0 SpL
- ~U\Z ke

Both the linear and non-linear terms are negligible under conditions dp. < 1 and
¢s > 1.

Compressibility effects. It can be seen that the LBE model is not actually
incompressible in a “classical” fluid dynamics sense, which requires the velocity
field be solenoidal V - u = 0 and p = const. There are always density variations
and velocity divergence sources present due to the linearized equation of state P =
c2p (see eqs.(73) and (74)). The undesirable compressibility effects are minor as

long as density variations are small>”>28 ~ O (dp,), ~ O (dp,), ~ O (%), and

thermodynamic effects are not considered.

27There are several LBGK models developed in an attempt to reduce these compressibility
effects [15] [30], in which different ‘incompressible’ techniques are borrowed from the ‘traditional’
CFD. In particular, He and Luo [30] employed Chorin’s “pseudo-compressibility” method [16], in
which instead of eq.(38) the following macroscopic ‘pressure’ equation is introduced:

1
g@t}’ + Bjuj =0 (72)

Instead of the mass and momentum, the P and Pu are conserved. Egs.(72) and (58) become
a ‘target’ macroscopic model in “heuristically” building the equilibrium distribution function. In
the case of the steady flow, this model completely recovers the ‘divergence-free’ velocity field. In
case of the transient flow, the requirement Jp; < 1 is still necessary to keep divergence sources
suppressed.

28 Another remarkable “incompressible” LBE model is due to Chen and Ohashi [15]. In this
model, the incompressibility condition V - u is regained by applying velocity correction - the idea
borrowed from the ‘traditional’ CFD ‘projection’ methods [67].
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Velocity

divergence Oju; = —0¢lnp —u;0;lnp ~ O (max[dp,,dp,])
sources N~~~ S— N——
- —
|~ | [~ e ] ~ e | (73)
| ( | |N0(6pt)||N0(6pL)|
Compressibilit; effects (Mass)
Incompressible 5. P
Navier-Stokes a + u]a]uz = - Zp +a; +a [ (a Uz + a 'U/])]
Part \/-/ S—— =~ ~
u u2 v u
[~% ] [~% ] [~ [~
[~om] |~o()| ~o@ ] o)
Compressibility effects (Momentum)
- u;0; pu;
—u;O¢lnp _Ligipty u(a'ui—l—a'uj) -0j1np
—_——— .
- ———
US U2 ép
~ L4 ~ =0 L
:"(7’%”‘ ~ U—L‘Z’ max [0p, , 6p, ] ‘ ‘ L Re ‘ (74)
~ 0(dp P
1~ 000 N0 (ma 9, 50, ) | \ o (%]
Deviation
from . . .
Incompressible Non-linear deviation
Navier-Stokes - (r:ld) ~
+Am’ N
p
i(“’"gﬂ) £(1+5PL)
~TL T2 Re ™~ 7L "é%Re Fr
and
NO (1+5PL) NO (1+5PL)
&2 Re ¢2 Re Fr

Modeling of acoustics. Simulation of the compressible fluid using the isother-
mal “ideal gas” LBGK model, would require significant computational resources.
In particular, in order to adequately represent the sound speed in air (¢s |,_sp0x =
VRT =~ 3004 and v, ~ 10*5’”72), considered as an ideal gas, a hypothetical

simulation would require time step d; = (T*7’3)62 ~ 107 8s, if the D>Qy “stream-
—3)ct

and-collide” LBGK scheme is utilized with (T* — %) = 10~2 (probably, the lowest
stability limit of this scheme). The correspondent grid size is 6, = V3esbp & lum.
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Similar estimates for water®® (¢, ~ 15002 and vp,o ~ 10_7’”72) yield 6; ~ 10~ s
and 0, ~ 10nm.

2.3.83.  Hydrodynamic equations of the isothermal ‘free-energy-based LBGK model
for non-ideal fluid
In order to represent complex thermodynamic effects of non-ideal fluids, several
“non-ideal fluid” LBGK models have been developed. One of the first successful
“non-ideal” LBGK model is due to Swift et al., [77] and [78]. For this model, the
pressure tensor is defined using the Cahn-Hilliard’s approach for non-equilibrium
thermodynamics3®:3! [10]
P = [Py — wpko — % (04p)?] 61 + K0ip - 0 (75)
Thermodynamical pressure Py is given by, e.g., van der Waals model, eq.(16).
Parameter x is a measure of the interface free energy. In the case of the flat
interface, the coefficient « is related to the coefficient of surface tension o through
the equation:

h=— (76)

J (3—2)2 dn

where n is a normal-to-interface direction.

So far, no successful implementation of the body force for this model is known,
a; = 0. Thus, the governing hydrodynamic equations of this LBGK model written
in the “dimensional form” are:

Op + djpu; =0

O pus; + 0jpuiu; = - 0; Py

~—— ~—— ~—~—

2 2 "
e R L I BV e Y B P et
| ~0(+dp) | | ~o0(1+dp) | | ~0(dpe2) |

. K ~
+0; [(/’vpaip +3 (3kp)2) 0i,j — KOip - 3;'/’] ~9;( pUo%ePY )
—_———

~ J
e

(77)

Viscous str]e3sC§K
‘Capillary stress tensor’, tensor, —7;7;

2 8p (1+59L)
. prUg
Kij ~ = We

BN

29Importantly, water cannot be considered as an “ideal gas” due to the “stiff” pressure-density
relation, P ~ p7-15.

30The name ‘free-energy-based’ is attributed to the model chosen for pressure tensor eq.(75).
Strictly speaking, this model is phenomenological, in which the thermodynamic effects are intro-
duced by the phenomenological equation of state, but not from the consideration of the kinetic
nature of the Lattice Boltzmann method.

31In the present section, we use (-) to explicitely denote non-dimensional variables.
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2
where the Weber number and density variations are defined as We = %

dp, = ”1;—"” and dp, = Ap‘p , respectively; p; and p, are the saturation density of the
liquid and vapor phase under chosen temperature 7'; and A, p is a scale of the density

variation over characteristic time scale ty = ULO In the scaling analysis of eq.(77),

)

the temporal and spatial derivatives of the density are estimated as O;p ~ Uofp‘,
ip ~ @; Dijp ~ A :va and Ojkp ~ A ;pv. In addition, parameters &, a and b

Lo L2u2 2 1 .
are scaled as k ~ = owerdn~ ot and b ~ e respectively.

Derivation of the viscous stress tensor 7;XPGX is similar to that one for the
“isothermal ideal gas” model and given in appendix C:

9 (THBS8) = 9;T;  +AL + Al (78)

2 145p |
prUo L
|N L Re

1+4+6p
o)

In the analysis of the present section, we assume that the lattice geometry is
such, so Y = ¢4, With this, the following viscosities are obtained:

5 ap 1 pb 0%p
2 —n| 24902 _ _ e 79
"= 6 P E=n|g+ 2 T by (1_bp? 2 (79)
~ §
ol |~o ()|

Notably, the second viscosity is non-Stokesian32. It is also dependent on the virial
coefficients of the equation of state and second gradients of density.
The “linear deviation tensor” is given by the following equation:

32For this model, there are strong velocity divergence sources at the interface, making the
second viscosity important.
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2 2
AL = 2 Lo ] (2ap - o - PB2 Op+0 i s
2] c2 J ap 1—bp (1— bp)z U j”"‘? (Uk 1 ﬂ‘*’ klpul)l kPOi,j
- ‘N p:Uo® 9Py
| N prUp? 8P L &2ReWe
L Re ——
L L Re Nz
‘ ~0 (‘;RLEL) ‘ ™V \ EZRewe
(80)
2 2
c pcsb
—0ip KOjLpur  +uj £+ — 2apu;
¢ Hj,_/ J (]. — bp (1 — bp)2 J
ép 7v
()
‘ (c?ReWe ‘NO((SRLEL) ‘
- 11 3\
2 2
c c:b
—0jp |  KOupur +uy 2 PG 5 | — 2apu;
Sp > g
R ——c
‘ &ZReWe ‘NO(%)‘

and the “non-linear deviation tensor” is

(n.l.d.
A = :

= —50; [uiluru; + ujOpupu;] —

— 0_2 {aj [akp . 2uinuk] + [uiakukuj + Ujakukui] - 6jp}

- prUo® (1+6p,)
L é2Re

(1+3p,)
~0 ( éEReL

~

(81)

The linear deviation term includes unphysical capillary terms of order ~
dp
0 (zp

¢2 Re We

Stokes viscous stress tensor gives

A(l'd')i &

Kik

1
© ( T+ o0 Re)

. Comparison of these terms with the capillary stress tensor and Navier-
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and

A(l'd')i,k ~0 6PL 1
0;Ti,j 1+ dp, ¢2We

which indicates that in order to have the unphysical surface tension suppressed,
one has to keep large ¢;.

Furthermore, the “linear deviation term” includes terms of unphysical viscous

1+dp,

stresses of the order ~ O ( L

Re
Stokes viscous stress tensor:

Ald), N O< ap, )
(3]'7;73' 1+ (Spl_
indicates that these unphysical terms cannot be neglected for large density differ-
ences p, — p,, even for conditions of vanishing Mach number. This is one of the

reasons why this LBGK scheme suffers from few unphysical effects, such as Galilean
invariance problem [78].

). Comparison of these “artifacts” with the Navier-

Non-linear deviation. Unphysical viscous stresses due to the non-linear devi-
ation can be suppressed by keeping small Mach numbers,

A(n.l.d.)iJc o ( We )
Kik c30p,

A(n'l'd')iJc -0 (i)
9;Ti.; ¢

Additional serious methodological drawback of this model is that even though
one can introduce the concept of temperature from the consideration of the pressure
tensor, it is in conflict with the energy conservation considered in the LBE discrete
kinetic theory, eq.(44) - the fact noticed firstly by Luo [50]. That is, one cannot
demonstrate that the ‘constant-temperature’ condition eq.(59) is satisfied. This
seems to be a problem for all “isothermal” LBGK models.

and

2.3.4. Hydrodynamic equations of the isothermal ‘HSD’ LBGK model for non-
ideal fluid
For this model, the pressure tensor and body force are given by
P =pc2 -6

—8; P* +rpd; 04 p+pg;
P

(82)

Fij = pajdij; a; =

where g; is an acceleration due to the external body force; and the ‘non-ideal’ part
of the equation of state P* is given by, e.g., van der Waals eqs.(15) and (16).

Important methodological difference of this model from the ‘free-energy-based’
model is the way the ‘non-ideal effects’ are incorporated. In the ‘free-energy-based’
approach, the non-ideal equation of state (pressure) is included through the ‘mo-
mentum flux tensor’ constraint imposed on the equilibrium distribution function,
eq.(B.1), while in the ‘HSD’ model, it is incorporated directly through the momen-
tum source term.

With this, the momentum conservation equation written in the “dimensional”
form is:
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O pu; +0;puin; = —0; (pc + P*(p)) +l@p6,-8fp
~—— ———— ——
| ~ # (14 dp,) || ~ # (1+dp.) | Nog;ie(é‘;ﬁ}ﬂegas ‘Capillary stress tensor’ K; ;
| ~0(+dp) || ~01+6p) | ~ — _ ~ -
EETCI LUg? 97
|NprEozéS25pL| |NpT°Wé
5
| ~o () | | ~o ()
— 9 pUEPY) ) +pg; (83)
N , ~——
Viscous stress | ~ erUo® 1
tensor, L Fr
_TLBGK —_——
’ | ~0(#) |
- 0iTiy;  —Al At

The ‘constant-temperature’ condition is defined by eq.(59).
The viscous stress tensor ﬁ{}BGK is derived in appendix C. Choosing the lattice

with Y(*) = ¢4, the ‘“first’ and the ‘second’ viscosities are defined by eq.(64). The

“linear deviation” tensor is:
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Comparing this unphysical term with capillary and viscous stress tensors:

Agl.jd.) 1+6p

i, Y <( egReL)>

AU-d) o ( 5p ) (85)
ij ~ 9P

0;Ti,j

indicates that keeping large é; > 1, this “artifact” can be considered as negligibly

small, even for large density ratios 5—‘ > 1, which is significant improvement in
comparison to the “free-energy-based” approach.
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“Non-linear deviation” tensor is given by the following equation:
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and includes terms of order ~ O (W and ~ O ( ézR‘;L), which allows to

make this unphysical term be suppressed by keeping the limit ¢, > 1.

3. MODELING OF INHOMOGENEOUS FLUIDS AND
FLUID-FLUID INTERFACES

Modeling of gas-gas, gas-liquid, liquid-liquid flows and interfacial phenomena is
one of the most difficult area in the computational fluid dynamics. The major
challenge is to properly describe the physics of the interface evolution (transport,
breakup and coalescence). The difficulty is mainly related to the fact that the con-
cepts of the continuum mechanics - the ground of the “traditional” computational
fluid dynamics - are not applicable across the interfaces, where the drastical change
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of material properties occurs. Considering interfaces, one naturally and intuitively
thinks in terms of molecules of different kind, interacting over very short distance
across the interfaces. Thus, intuitively, the models operating with the concept of
particles and molecules should have methodological advantage over methods of the
‘continuum mechanics’. Since the lattice Boltzmann equation method is the par-
ticle method, it is oftenly seen to be superior comparing to the ‘traditional CFD’
methods [71] [72] [73] [74] [77] [78] [84]. In the present section, we would like to
discuss the existing LBE models for multiphase flows, trying to address the ques-
tion whether, why and when the LBE approach is advantageous for simulation of
the interfacial phenomena. It is important to realize that the computational mod-
eling of multiphase flows is not open for ‘purism’. That is, there are no ‘universal
models’ able to perfectly work under any flow conditions. One has to be aware
of the limitations and advantages of the approach chosen, since every one has its
own domain of applicability. Thus, we start with our classification of the modern
computational methods for fluid-fluid multiphase flows, which would enable us to
properly appreciate the perspectives of the discrete kinetic approach.

Based on the underlying physical concept of the interface, the modern CFD
methods for fluid-fluid multiphase flows can be separated into three groups®?:

1. “Free-boundary Approaches”, FBA. In the classical fluid mechanics, the
interface between two immiscible fluids is modeled as a free boundary which evolves
in time. It is assumed that fluid dynamics equations of motion hold in each fluid.
These equations are supplemented by boundary conditions at the free surface, in-
volving the physical properties of the interface3*. The formulation results in a
free-boundary problem (Lamb, 1932 [46], Batchelor, 1967 [5], etc.). It is assumed
that physical quantities, such as e.g. density, are discontinuous across the inter-
face. Physical processes such as e.g. capillarity occurring at the interface, are rep-
resented by boundary (“jump”) conditions imposed there. Representative example
of computational methods involving “free-boundary formulation” is the boundary
element/boundary integral method, (BE/BIM) ([70] [86]).

2. “Physical-Diffuse-Interface Approaches”, PDIA [3]. The approaches
of this group are based on the Poisson’s (1831) [61] Maxwell’s (1876) [53] and
Gibbs’s (1876) [20] concept of the interface as a rapid and smooth transition of
physical properties between the bulk fluid values. This idea was further developed
by Rayleigh (1892) [66] and van der Waals (1893) [83] with their “gradient the-
ories for the interface” based on thermodynamic principles, and Korteweg (1901)
[45], who proposed a constitutive law for the capillary stress tensor in terms of
the density and its spatial gradients. Examples of the “PDIA” CFD models are
the “second-gradient theory”, “phase-field” and “Model H” [37]. These models are
based on the “continuum mechanics methodology”, in which transport equations
for macroscopic variables are constructed, introducing phenomenological physical

33We will discuss only the ‘direct numerical simulation’ (DNS) methods (i.e. those which
resolve interface), putting aside ‘effective field’ (EF) methods , which employ statistically-/, time-
or spatially-averaged equations for multiphase systems ([19] [41]).

34This approach originates from probably the earliest concept of fluid-fluid interfaces: Young,
Laplace and Gauss, in the early part of the 1800’s, considered the interface between two fluids as
a surface of zero thickness endowed with physical properties such as surface tension.
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models for interfacial dynamics through the effective forcing terms in the momen-
tum equations (“capillary stress tensors”, “free-energy” concept, Cahn-Hilliard’s
approach, etc.) and additional evolution equations for “order” parameters. The
“PDIA” CFD models are quite successful in describing many different interfacial
phenomena, including studies of critical point scaling laws [37], capillary waves [27],
moving contact lines [68], droplets and nucleation [18], droplet breakup [42] and
spinoidal decomposition [24] (see for review [3]).

3. “Numerical-Diffuse-Interface Approaches”, NDIA. The methods of this
group involve a numerical method to “capture” or “track” interface (e.g., the trans-
port equation for “volume-of-fluid”, VOF [36], the level set equation, LSA, [69] or
“front-tracking” technique by Tryggvason [82]). Then, the interface region is nu-
merically smeared-out over few computational nodes, allowing numerically smooth
transition of fluid properties (i.e., density and viscosity); and, in this “numerical
diffuse interface” region, the capillary effects are included as “body forces”, which
in effect mimic the Korteweg’s capillary stress tensor.

To discuss the LBE method for multiphase flows, we have chosen three most
successful and popular LBE models: the ‘Shan-Chen’ (‘SC’) model; the ‘free-energy-
based’ model; and the ‘He-Shan-Doolen’ (‘HSD’) model. The other multiphase LBE
models are due to Gunsteinsten at al. [25] and Luo [50].

3.1. Interparticle interaction potential model of Shan and Chen
(“SC”)
One of the first and probably most used “multiphase LBE” model is due to Shan
and Chen [71] [72] [73] [74]. In this model, after each time step, an additional
momentum forcing term is explicitly added to the velocity field:

u'(x,t) = u(x,t) + f(x t)  where (87)

f(x t) ——zp Zga (x+e,)e

where 1 is a “potential” function and G is a “strength” of interparticle interaction.
The ’corrected’ velocity u' is employed in the equilibrium distribution function,
given by eq.(B.9). By introducing an additional forcing term, this model effectively
mimics the intermolecular interactions.

One can avoid the step eq.(87) by directly substituting u’ into the equilibrium
distribution function eq.(B.9). Effectively, this means addition of the following
“correction” term to the equilibrium distribution function:

fA=fa46fr, a=0,.,b (88)
. [l=wy Y@ r2
(5f0 = [W — W . iU + 2—p and
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The forcing term [in eq.(87) corresponds to the following non-local potential
function

V(x,x') = G(x,x) ¢(x) ¢(x') (89)

Notably, for this model, the momentum is not conserved locally3®. Thus, there is
always spurious velocity present close to the interface3S.

The ‘SC’ LBE method has been quite successful in simulation of several funda-
mental interfacial phenomena, such as Laplace law for static droplets/bubbles and
oscillation of a capillary wave (see for review [13]).

There are few limitations of the ‘SC’ model, which have to be overcome in order to
make it competitive approach for multiphase flows. The first serious problem is that
one cannot introduce temperature which is consistent with the thermodynamical
model. It is possible to show that the ‘SC’ model has the following equation of
state [72]:

‘ bc?G .
P=cip+ WW(P) (90)
—_— —
P*

where b =24 and D = 2 for a D,Qg lattice. Suppose we would like to study fluid
with the ‘non-ideal’ part of the equation of state P*. In order to reproduce this
equation of state, the following ¢ function must be utilized:

[2DP*
¥(p) = W; P*=P—cp (91)

It is possible to show (see [72]), that, for this model, the Maxwell’s “equal-area”
reconstruction is possible only for one special form of the potential function, ¢ =
o exp(—po/p), where ¢y and po are arbitrary constants. This makes this model,
in general, thermodynamically inconsistent. The role of temperature in this model
is effectively taken by the strength of the interparticle interactions G. By varying
G, one could construct (G — p)-diagram, which mimics the (T' — p)-diagram.

The next problem is related to the way this model represents capillary effects,
which can be quantified by the coefficient of surface tension ¢. It can be shown [72],
that for the ‘SC’ model, in the case of the flat interface, the coefficient of surface
tension can be calculated from the following equation:

Y, -
— * . _
=512 N vP a2 dn (92)

where n is a direction normal to the interface. This means that o is coupled to
the equation of state through P* and there is no freedom to vary it.

Another limitation is related to the ability of representing different viscosities
in different phases, which is important for modeling of real fluids. In most LBE

35However, it is possible to show that the total momentum, in the whole computational domain,
is conserved [72].
36]f one defines macroscopic velocity as u’, the interfacial spurious velocity is reduced.
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simulations of multiphase flows, it is assumed that all phases or components of
the modeled multiphase system have the same kinematic (v) and “second” (%)
viscosities, defined by the relaxation time®*” 7 and lattice geometry, eq.(64).

In terms of our classification of the CFD methods for fluid-fluid multiphase flows,
the ‘SC’ model is close to the “physical-diffuse-interface” methods. Similar to the
‘PDIA’ methods, there is no need to “track” or “capture” interface position, since
the “phase separation” and “interface sharpening” mechanisms are provided by the
physical model for momentum forcing term r. Effectively, r plays the role of both
the Korteweg’s capillary stress tensor and the “non-ideal” part of the equation of
state P*. Similarly to the ‘PDIA’; the ‘SC’ method builds the interface physical
model based on the continuum variable p: T' = F (¢ = f(p)). There is no direct use
of the one-particle probability distribution function, f, - the major distiquishable
feature of the LBE method. So far, there is no clear idea how to make use of f, for
better representation/interpretation of physical phenomena at the interface.

3.2. “Free-energy-based” model by Swift et al.

Another successful LBE model for fluid-fluid multiphase flow is due to Swift et
al. [77]. For one-component fluid, this model is introduced in section 2.3.3. Multi-
component versions of the model are developed in [78] and [47]. The general idea
is to incorporate phenomenological models of interface dynamics, such as Cahn-
Hilliard approach and Ginzburg-Landau model, using the concepts of free-energy
functional; and to utilize the discrete kinetic approach as a vehicle for coupling with
complex-fluid hydrodynamics. The method belongs to the class of the ‘physical-
diffuse-interface’ approaches.

The major advantage of this method over the ‘SC’ LBE method is that ther-
modynamical model of complex fluid is properly formulated, based on the physical
principles of quasilocal thermodynamics for multi-component fluids in thermody-
namic equilibrium at a fixed temperature. In addition, since the model admits local
momentum conservation, interfacial spurious velocity is practically eliminated [57].

The free-energy-based LBE approach has been successfully applied to study sev-
eral physical phenomena in binary and ternary fluids, such as flow patterns in
lamellar fluids subjected to shear flow [22]; effect of shear on droplet phase in bi-
nary mixtures [84]; spontaneous emulsification of droplet phase in ternary fluid,
which mimics the oil-water-surfactant systems [47]; etc.

The major drawback of this approach is that the model suffers from unphysi-
cal Galilean invariance effects, coming from the ‘non-Navier-Stokes’ terms, which
appear at the level of the Chapman-Enskog analysis of the discrete Boltzmann
equation (see, e.g. section 2.3.3). There are few promising studies, in which these
unphysical effects are reduced [38].

Another problem of the free-energy-based LBE approach is that, similarly to the
'SC* model, it actually does not utilize the ‘particle’ nature of the discrete kinetic
approach. That is, the same phenomenological models of quasilocal equilibrium
isothermal thermodynamics can also be introduced in the computational methods
which directly solve for transport equations for macroscopic variables (“traditional”

370One possible way to vary viscosity is to introduce spatially-variable relaxation time, which
allows to have different viscosity in ‘bulk’ regions of different fluids [52].
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CFD methods). These are the ‘PDIA’ methods - see for review [3]. Moreover,
using the “traditional CFD” approaches, most of the severe problems of the LBE-
based hydrodynamics of complex fluid (inability to represent heat transfer and
energy conservation, unphysical terms for the momentum conservation law, stability
problem for large density ratios) might be surpassed without significant challenge.

3.3. He, Shan and Doolen (“HSD”) model

This model has been recently developed [31] as a revision of the ‘SC’ model. In
difference to the ‘SC’ model, the ‘HSD’ model is not heuristic, but has a solid ground
in the kinetic theory of dense gases, section 2.1. The intermolecular interactions
are coming not from the imposed artificial rules, but from the approximation of the
Enskog’s extension of the Boltzmann equation. As a result, several limitations of
the ‘SC” model have been eliminated. In particular, the ‘HSD’ approach is flexible in
implementation of the thermodynamical model, with the “consistent” temperature
concept, admitting the correct Maxwell’s “equal-area” reconstruction procedure.
Furthermore, the capillary effects are modeled by the explicit implementation of
the “density gradient model”, kVV?p, eq.(15), allowing flexibility in variation of
the coefficient of surface tension by varying the parameter .

There are few limitations of the model, which have yet to be overcome. The
most serious one is that this model cannot be acceptable for modeling of phase
transition, until the heat transfer phenomena are properly represented. Currently,
the ‘HSD’ model does not describe energy transport, eq.(44). This seems to be a
problem for all LBE models of multiphase flows.

The next limitation is related to the numerical instability, associated with the
‘stiffness’ of the collision operator, when the ‘complex fluid’ effects are introduced
through the ‘forcing’ term, eq.(15). These stability problems might be alleviated
by providing ‘robust’ numerical schemes for advection and collision operators, like
those discussed in section 4 and ref. [81].

Another way to improve stability of the ‘HSD’ model has been explored in [32]. In
this study, two probability distribution functions are utilized. The first one is used
to “capture” incompressible fluid’s pressure and velocity fields, using the “pseudo-
compressibility” concept ([30] and [16]). Another discrete probability distribution
function i, is introduced with the sole purpose to “capture” the interface. After
each time step, the “index” function ¢ = ) i, is re-constructed, allowing to en-
force a smooth transition of densities and viscosities at the “numerically smeared”
interface:

(93)

p(d)=p1+ ¢2’_£31 (p2 — p1)
v(o)=v + ¢¢2_—</>11 (v2 —v1)
where p1, p2, 1 and v; are the densities and kinematic viscosities of two modeled
fluids; and @1, ¢2 are the minimum and maximum values of the ‘index’ function.
With this, this version of the ‘HSD’ model is close in spirit to the “front cap-
turing” methods of the ‘NDIA’; where ¢ effectively plays the role of the ‘volume-
of-fluid’ or the ‘level set’ functions. In [32], this model has been used to simulate
Rayleigh-Taylor instability. The results of the simulation are comparable with those
obtained by the “traditional” CFD approaches, using the “VOF” and Tryggvason’s
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“front-tracking” methods.

Summarizing, the LBE methods for fluid-fluid multiphase flows are able to
reproduce several basic interfacial phenomena, such as spinoidal decomposition in
binary fluids, oscillation of a capillary wave, Rayleigh-Taylor instability, etc., with
the results comparable to those obtained by the methods of the “traditional” CFD.
From another side, the currently existing multiphase LBE methods are not able
to beneficially utilize the ‘kinetic theory origin’ of the method. That is, in order
to simulate the interfacial phenomena, all currently existing LBE models practi-
cally employ the same techniques, as those used in the “traditional” CFD: i.e.,
intermolecular interactions are practically implemented through the phenomeno-
logical thermodynamical models - equations of state; and the capillary effects are
introduced by utilizing the “density gradient” approaches.

4. NUMERICAL TREATMENT: IMPLEMENTATION,
EFFICIENCY AND PERSPECTIVES

Eq.(24) is a system of b PDE Hamilton-Jacobi equations, consisting of an “ad-
vection part”; A (f,) and a “collision part”, Q (f,):

Ofa . Ozy Ofa _ Qa (fu)
ot 6t 6$a 6t
~—_——

A(fa)

(94)

_ plea)
where the collision operator is 2, = —f“T#.

The simplest scheme for discretization of each of these equations involves the
first-order-accurate implicit forward differencing for an advection,

A LAY Sy

A(fa):T 6tT

where 4, is a grid step in the“at?” direction; and the first-order-accurate explicit
Euler discretization for a collision, Q4" [76] . This results in the “basic” two-step
“stream-and-collide” LBE algorithm.

“Stream-and-Collide Algorithm”:
e Collision:

— Flow macroscopic conserved variables are calculated using eq.(32).
— Equilibrium distribution functions are determined, using eqgs.(B.2)-(B.10).
— 'Ready-to-advect’ distribution functions are computed for each lattice direction, at
each site:
fo (x+e€abs,t +0:) = fa(x,t) + Qu(x,t); a=0,..,b (95)
— Finally, if necessary (depending on the boundary conditions employed), the r.h.s. side
of eq.(95) is modified for boundary nodes.

e Advection. After collision, advection takes place. Particle populations are streamed in the
directions of corresponding discrete velocities, towards the neighbor lattice nodes.
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One can introduce more elaborate schemes as follows.

4.1. Discretization of the advection operator
Let’s consider general three-point finite-difference formula for discretization of

the transport partial differential equation (94), at the point  in the “a!®” direction
of the particle’s motion:
fnJrl_aZfOz 1+bfal+clfal+1+9 (96)

where the upper indices are used to denote the level of implicity: { = n (explicit),
¢ = n+1/2 (semi-implicit), and ¢ = n + 1 (implicit). Eq.(96) can be written in
the following conservative form, [59]:

JMH_1 =fii—3 [CFLH- (fc?i—l—l + ffz) - CFLi——(f(?i + fﬁi—l)] +

97)
n.d. n.d.) (
+ P e = 120 =P U0 - 12i0] + 98
where (" ii-) are the dimensionless coeflicients of numerical diffusion, and
2
ai = v+ LCFL, |
2
— n.d. n.d.
b = 1 —dgcm”% +1CFL, ; — u§+%> - 1/57%) (98)
¢ = vy - 3CFL,

Application of eqs.(96)-(98) to the ’stream-and-collide’ equation (95) gives v("-4) =
1/2, [76]. This numerical diffusion can be directly compensated for by modifying
the relaxation parameter from 7* to 7% — 1/2.

Note, that for a “stream-and-collide” scheme, the “Courant, Friedrichs, and
Lewy” number for advection is CFL = Zﬁ = 1. The use of the CFL=1 is quite
restrictive, especially in the case of strong non-linearity of the collision operator.
The following ‘predictor-corrector’ algorithm has been introduced in [57], allowing
to alleviate this problem.

“Multifractional stepping procedure (MFN)”:

Time step from n to n + 1 is divided on 2NN sub-steps (fractions). The downwind/upwind
difference are employed for an advection term, at each odd/even sub-step:

f(2m) f(2m) Q.

(2m+1) (2m) a,i+1
faii =fai ¥ 2N 2N (99)
(2m+1) (2m+1) kS
(2m+2) _ (2m+1) fa i—1 f Qa i _
fasi = foi + 5N s m=0,.,2N
With this scheme, the CFL number can be varied arbitrarily, CFL—— In the

case of N = 1, this is exactly the explicit MacCormack scheme [59]. Further—
more, for each couple of sub-steps, we have central differencing for both time and
space. Therefore, this scheme is of second order accuracy. Applying eqgs.(96)-(98),
the coefficient of the numerical diffusion is v(*4) = —ﬁ for odd sub-steps, and



34 NOURGALIEV, THEOFANOUS, DINH AND JOSEPH

pd) = —l—ﬁ for even sub-steps. Thus, in total, the coefficient of the numerical
diffusion is zero.

The other algorithms for discretization of the LBE’s advection operator are given
n [81] (“TVD/AC” scheme) and [55] (“Lax-Wendroff” scheme). It is shown that
these schemes are able to alleviate the LBE stability problems, which are especially
acute in the case of the simulation of multiphase and thermal flows ([57] [81] and
[55]).

4.2. Discretization of the collision operator
‘Stream-and-collide’” LBE numerical scheme employs explicit Euler method for
a collision operator. In the case of w = T% — 2, and in the case of the strong
non-linearity of the collision operator, this scheme fails to produce stable solution

[76] [57]. Notice, that the LBE equations (96)

A(fa) =Dofa=K=f9—f, (100)
w N——

are stiff differential equations in w: f, ~ e™. This means, that the errors grow
exponentially.

There are several numerical schemes recommended for the solution of stiff dif-
ferential equations (see for review [59]). One obvious way to reduce error growth,
without iterative procedures, is to employ high-order explicit Runge-Kutta meth-
ods. Applying these approaches to the LBE equations, the following procedure
could be utilized:

“Runge-Kutta Schemes”:

e Collision stage.

& Euler method (E), O(w):

1. Calculate macroscopic variables, [u;, p, P;;]" = M™(f2);

2. Calculate equilibrium distribution function f$%" and the collision operator:
Q¢
KO = Za = feam — fr.

& Improved Euler method (IE), O(w?):

1. Predictor:
% Calculate macroscopic variables, [us, p, P;;]¢ = M@ (f2);

* Calculate equilibrium distribution function f;%" and the collision operator:

KO =K"= foo" — fi.
% Advance on w: f& = fI + wK?;
2. Corrector:
* Calculate macroscopic variables, [u;, p, Pij]<> =M (f£2);

* Calculate equilibrium distribution function f$%¢ and a new collision operator:
IC<> — feq,<> _ f<>
a a -

. .. Q¢ n <&
% Calculate the final collision term: K¢ = o= e aa

e Advection stage: employ one of the advection numerical schemes, A(fr — frt!) =
wK?, discussed above.
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Similarly, one can develop algorithms for other high-order Runge-Kutta schemes.
Unfortunately, all Runge-Kutta schemes do not guarantee stability for stiff equa-
tions. Therefore, the following implicit trapezoidal method (IT) is recommended in
[57].

“Implicit Trapezoidal method (IT)”:

Kr+ Kt

Dwfa: D)

(101)

1. Collision stage
(i) Km=9 = K" [Euler];

(i) lteration loop, m = m + 1:

o M) — ’Cn+lc2(m—1).

e Relaxation (if needed): K™ = r- K™ 4+ (1 —7r)- K™ Y; r - is a relaxation
parameter;

e Advection: A (fg — fém))- Get new fém)-

o New macroscopic variables: [us, p, Pij](m) = M(m)(fém));

New equilibrium distribution function £;°™ from [ui, p, Pi]™.

e New collision operator: (™) = f;’(m) — fm,

c(m) _c(m=1)

e Convergence test: )

< gc; €c Is a ‘target’ accuracy.

® Repeat, if not converged.
2. Advection stage: A(f? — frth) = wk™.

This scheme is known to be A-stable (absolute stability in the entire left half-
plane, [59]) from the Von Neumann linear stability analysis. Also, it is a second-
order accurate scheme, O(w?). However, the ‘IT’ scheme requires the iterative
procedure. Fortunately, the iterations converge rapidly, especially when the ‘MF N’
scheme is imployed for an advection. Moreover, the more fractions N employed,
the faster the convergence [57].

In [57] the ‘IT’ scheme is applied to the free-energy-based LBE method for non-
ideal fluid. It is found that it can significantly improve stability for high-surface-
tension and high-density-ratio non-ideal fluids.

4.3. LBE as a solver of Navier-Stokes equations: place, efficiency and
perspectives

Looking back at the fundamental principles and aspects of the practical imple-
mentation of the LBE method, it is clear that, currently, the fact that the LBE
method operates with particle probability distribution function does not give any
real advantage in better representation of molecular interactions. Thus, currently
existing LBE methods are actually not truly able to “capture” some physical phe-
nomena, which are ‘out-of-reach’ for ‘traditional’ CFD methods. In practice, the
LBE method is basically used as an alternative mean to solve the Navier-Stokes
equations, while the effects of the molecular interactions are represented by the phe-
nomenological models - equations of state - the same approach which is utilized in
the ‘PDIA’ methods of the “traditional CFD”. There is also no clear evidence that
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the LBE approach is more efficient ‘Navier-Stokes solver’, than the “traditional”
CFD methods. In what follows, we will discuss ‘pros’ and ‘cons’ of the LBE method
as a ‘Navier-Stokes solver’, in terms of its simplicity, efficiency and capability for
efficient parallelization.

Simplicity. One argument in favor of the LBE method is its simplicity in im-
plementation. Many researchers may find the LBE codes easier to handle, than
the “traditional” CFD Navier-Stokes solvers. This is probably a true for a simplest
‘stream-and-collide* LBE algorithm with bounceback boundary conditions. Surely,
this scheme is much simpler to “code” than the best methods of the “traditional”
CFD, which involve algorithms for a solution of Poisson equation; sophisticated
Riemann solvers to handle hyperbolic terms; using unstructured grids to handle
complex geometry; etc. However, from our experience with both the “traditional
CFD” and the “discrete kinetic” approaches, we found that actually there is no
significant simplification in using the LBE methodology, if we limit ourselves to the
methods of the comparable capacity. That is, the direct counterparts of the LBE are
the “compressible flow methods for incompressible flows”, such as, e.g. widely used
Chorin’s pseudocompressibility approach for incompressible flow. These methods
also do not require Poisson equation solvers, and are quite simple for implemen-
tation on regular mesh. Direct counterpart of the LBE’s bounce-back boundary
conditions is, probably, the method of fictitious (‘ghost’) cells, with polygonal rep-
resentation of the complex-geometry boundaries - the simplest approach widely
used in many “traditional” CFD N.-S. solvers.

Simplicity of the LBE approach significantly deteriorates, however, when more
‘advanced’ features are being implemented, such as, e.g., non-uniform and body-
fitted lattices; adaptive lattice; high-order-accurate boundary condition treatment;
more sophisticated numerical algorithms for advection/collision needed to improve
stability; ‘finite-volume’ LBEs; etc. (see for review [13]). These capabilities are the
must for any competitive Navier-Stokes solver, for industrial applications.

Efficiency. Computational efficiency advantages of the ‘isothermal’ LBE ap-
proach is a subject of discussion in several studies. In particular, in [12], the
three-dimensional LBE algorithm is reported to be 2.5 times faster than the pseudo-
spectral method for incompressible flow, for low-Reynolds-number conditions.

Comparison of the LBE model with “traditional” CFD incompressible finite-
volume (FVM) “projection” method (Patankar’s and Spalding’s SIMPLE algorithm
[60]) using the advanced multigrid technique on block-structured grids has been
recently performed by Berndorf et al. [9]. As a test-case for a comparison, a channel
flow with obstacles has been chosen. The results of calculations indicate that when
the number of obstacles is small, the FVM is more efficient than the LBE. This is
a direct “penalty” for explicitness of the method, requiring to keep small time step
in order to limit compressibility effects by small-Mach-number condition. However,
as geometrical complexity of the flow increased, the efficiency of the multigrid®
Poisson solver is reduced, and, therefore, a break-even point between the multigrid
FVM and the LBE exists, where, at certain complexity of the geometry, the LBE
method becomes more efficient than the finite volume approach.

38 Multigrid is currently the best available algorithm for solution of system of algebraic equations.
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The advantage of the LBE method for ‘large-grid, complex-geometry’ configu-
rations is seems to be due to the ewplicitness of the LBE algorithm, which does
not involve solution of the Poisson equation. The efficiency of the best available
(multigrid) algorithms deteriorate with increase of flow geometrical complexity.

Currently, there is no available direct comparison of the LBE method with the
‘pseudocompressible methods’ of the “traditional” CFD. Those methods might be
as fast and as efficient, as the LBE approach, for massive calculations with complex-
geometry configurations, considering the fact that significantly smaller number of
governing equations are needed to be solved®® and smaller number of variables
needed to be stored.

The LBE approach, however, might still be superior for low-Re-number flows,
since there is practically no large-viscosity-related numerical stability limitations,
which dwindle time step in explicit finite-difference schemes of the “traditional”
CFD, §; < % (see discussion in section 2.3.2).

Parallelization. The best criterium to evaluate the method’s efficiency in par-
allelization is scalability - the ratio of the computational time spent for the same
computational task, by increasing the number of processors involved. We approach
parallelization of the LBE algorithm by subdividing the computational domain
on A subdomains, corresponding to N processors available; solving for each sub-
domain on separate processor; and connecting the processors in a network using
MPI [57]. This is one of the most popular CFD strategy for parallelization [58].
Comparing scalability of the LBE method with scalability of the ‘traditional’ CFD
finite-difference code for compressible fluid dynamics, we have found no significant
advantage of either approaches. Depending on the implementation, optimization
and the size of the problem considered, scalabilities of both methods are within the
range 1.7 - 1.9. There is though some disadvantage of the LBE method, because
of the more complex stencil involved, and, thus, the network for connection of pro-
cessors is more sophisticated. Thus, in two dimensions, each processor, instead of
four neighbors of the “traditional” CFD finite-difference code®?, the D>(Qy LBE
code requires eight neighbors*'. More sophisticated processor-network is required
in three dimensions, fig.1b. Closely related to this is the amount of information
to be ‘exchanged’ at the end of each time step. In the case of the LBE’s DyQq
scheme, symbolically, 9 x 8 float variables are being sent/received, corresponding
to nine PPDFs, f,, and eight neighbor-processors. For the finite-difference code,
3 x 12 variables must be sent/received, corresponding to three conserved variables

39Comparing to the LBE, instead of solving in the most “optimistic” case (D2Qsg) six explicit
equations for f, (¢ = 1,..,6), one has to deal with 3 explicit macroscopic equations for W =
(p; pu; pv). This “score” (“3:6”) is much worse in 3D, where for the lattice with minimum possible
discrete velocities D3Q14 the count is “4:14”. For the case of the thermal LBGK models, the
minimum number of discrete velocities in 2D is 16 [14], thus, the count is “4:16”. In 3D, one
needs 40 discrete velocities to recover the correct macroscopic equations, elevating the “score”
to “5:40” (see also discussion in [56]). If one attempts to model multicomponent fluids, one has
to introduce PPDF for each component, drastically increasing the number of explicit equations
solved and the memory storage requirements.

40We utilize the high-order-accurate (WENOj [43]) conservative finite-difference characteristic-
based approach [58] [26].

41Processors are also connected in ‘diagonal’ directions, fig.1a.
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(p;u;v) and [4 ‘neighbor-processors’ x 3 layers of the finite-difference stencil*?].
Note, that the scalability of the ‘domain decomposition’ strategy for parallelization
depends on the amount of information sent/received during each ‘exchange’ stage;
and the amount of the computational work to be undertaken by each independent
processor. From this perspective, the LBE approach is not advantageous.

5. CONCLUDING REMARKS

The Lattice Boltzmann Equation method is an alternative approzimate scheme
for description of hydrodynamics. As a derivative of the kinetic theory of dilute
gases, the domain of the method’s validity and applicability corresponds to that of
the Boltzmann equation theory: i.e. hydrodynamics of dilute monoatomic (ideal)
gases. The method is shown to be an effective and reasonably accurate scheme
for discretization of the continuous Boltzmann equation, in the limit of uniform
isothermal gases under vanishing Mach number conditions.

The method belongs to the class of the “compressible CFD methods for sim-
ulation of incompressible flows” (“pseudocompressible” methods) and share ad-
vantages, disadvantages and limitations of this class of the computational fluid
dynamics. This includes the simplicity and explicitness of the algorithm, which
requires no solution of the Poisson equation; the restrictive simulation time step in
order to maintain the low-Mach-number limit; the artificial compressibility effects,
V-u = u;0jlnp — 0 Inp # 0, originating from both the linearized equation of
state P/q = c2p and the discretization errors; and the inability to properly de-
scribe thermodynamics and acoustic effects. Similarly to the “pseudocompressible”
methods of the “traditional CFD”, the LBE approach is efficient in parallelization
and suitable for massive computation of incompressible flows in complex geometry
configurations, such as flow in porous media, particulate and suspension multiphase
flows. The LBE method might be more advantageous under low-Re-number condi-
tions. Thus, this area can be considered as the most perspective direction of the
LBE method application.

Extension of the LBE method to nonuniform (non-ideal) gases, and more gen-
erally to fluid-fluid multiphase flows, is realized either heuristically (by applying
certain rules which “mimic” complex-fluid behaviour); or based on the Enskog’s
extension of the Boltzmann’s theory to dense gases, with incorporation of the phe-
nomenological models of quasilocal equilibrium constant-temperature thermody-
namics; and using the LBE methodology to couple the later one to the hydrody-
namics of complex fluid. The “complex-fluid” framework of the LBE method is able
to reproduce several multiphase flow phenomena with the results, comparable to
the methods of the “traditional CEFD”. There are few challenging problems, which
have yet to be overcome in order to demonstrate the LBE scheme as a compati-
tive and perspective methodology, comparing to the “traditional CFD” approach
of direct solution of the conservation equations of continuum mechanics. These in-
clude the modeling of heat transfer and energy transport; elimination of excessive
numerical discretization errors and robustness and numerical stability under wide
range of flow conditions and multiphase flow properties.

42:Size’ of the stencil for WENOj scheme is 3 [43].
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APPENDIX A

Lattice geometry and symmetry
Consider the lattice composed of r sublattices in D dimensions. Each sublattice
has weight w,., which are chosen to satisfy certain symmetry requirements. In total,
the lattice has a =0, .., b links, e,.
The most important properties of the lattice are related to the symmetries of the
tensors:

Ny i = D w(leal*)(€a)i - (€a)i, (A1)

which are determined from the choice of the basic lattice directions e,.

The basic condition for standard hydrodynamic behaviour is that tensors A ()
for n < 4 should be isotropic [85]. Isotropic tensors N obtained with sets of b
vectors e, composing 7 sublattices in D space dimensions, must take the form

NE@n+) —
{ N(2n) — T(2n)A(2n) (A.2)
where

A =i,

Az('jlj)Vk,l = (5i,j5kl + 5ik5jl + 61'!6]'1« (A 3)
2n .

Agfz@...m = Zfsm'j Agj_’_‘;f_)lw___m
j=2

Coefficients Y™ in eq.(A.2) are dependent on the specific lattice geometry, and
are given in Table 1 for the most commonly used lattices.

APPENDIX B

Equilibrium distribution function
To fit into the Chapman-Enskog procedure (section 2.3.1), the equilibrium dis-
tribution function should satisfy the following constraints:

b
Za:() ;q =p ‘Mass conservation’
b
Za:O fsqe(li = pu; ‘Momentum conservation’
E f;qeaieaj = Pi7j + puiu; ‘Momentum flux tensor’
a=0
med, (B.1)
,]

b
E f;qeaiea]. €ar, = M(Uiéjk + ujéik + ukéi,j) ‘Constitutive physics’
a=0

eq
Di.j,k

where M and P; ; are the coefficient related to the fluid viscosity and the pressure
tensor, respectively.
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TABLE 1

Symmetry characteristics of the most commonly used lattices.

Order of

Lattice we e Y (2)de Y@ e./c,
symmetry

D»>Q~ 4th wo = var = {3} 3¢? 3t (0,0)
Warpo = 15220 (cos2Z%, sin272)

D»Qo wo = var = {3} (0,0)

Fig.1la 4th wlmth = qupdies @02 1_—5“"104 cyc.(£1,0)
wies = 12t (£1,£1)

D3Q15 wo = var = {3} (0,0,0)

Fig.1b 4th 3 wlth = guwdiey MCZ ot cyc.(£1,0,0)
wiies = 12w (£1, 1, £1)

“DpQpy1, where D is a dimension and b is the total number of moving directions.
®The most commonly used values are given in brackets.

“Note: Za we = 1.

de = ‘;—”t”, where 0, and §; are length and time scales, correspondingly.

¢Note that the pressure constitutes the diagonal part of the fluid’s stress tensor. Thus,
the coefficient before the second-order Kroenecker symbol d; ; is the lattice sound

speed, T() = ¢2.

The equilibrium distribution function may be approximated by series of Chapman-
Enskog expansions in macroscopic variables, to the second order, in the low-Mach-
number limit:

fi‘io = pw, [A + Beg,u; + Cu? + Deg,eq;uiuj + ] (B.2)
fod = pwo [Ao + Cou® + ...]
Using the symmetry properties of the lattice given in appendix A, one can show

that the constraints eq.(B.1) are satisfied with the following parameters of the
expansion:

2¢2 — u?
2 _ S
A+ Cul = =2+ 8 (B.3)
1
I 1) S S A At P S S
Duivwj = 5ty + 50® { i~ 5qp ou PP g0 (B-5)

‘ 1 202 — 2 u2Y®
2 _ - _ _ s _ _
A() + C()U = wo |:]. (]. ’LU()) 2T<2) QT(4) (BG)
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(2) «
1@arpy [[7(P*) = pBDY®] — pB(1 — wo)

; (B.7)

where 3 is a free parameter left, D is a space dimension, and T'r(P*) is a trace of
the nonideal part of the pressure tensor, P/, = P; j — pc2d; ;.
Coeflicient M is given by:

T(4)

= PW (B.8)

Setting 8 = 0 and P/; = 0 (‘ideal fluid’), we can write fg9 in the following

compact form:
eq L—wy , w? (TP 1—wy
0o =pll——=mrcC—= | — =5
T(2) 2 \T® 1)

2 2
eq,0 __ Cs _ u €q; Ui €a;€a; Uiy
fa;éo - p'an |:T(2) 2T(2) + T(2) + 2T(4) :|

(B.9)

which are exactly the same equations as given in the LBE literature, [12] and [63].
Using the pressure tensor given by eq.(75) and the following equation for 3:

Py — kpdpip + (5 — 1) £ (0p)°
T(2)p

8= (B.10)
where P§ = Py — pc? is a 'nonideal part’ of the equation of state, we arrive to
the ‘free-energy-based’ lattice Boltzmann model for ‘non-ideal fluid’ by Swift et al.
[78].
Notably, that for ‘ideal fluid’ model the speed of sound is a function of the lattice
space and time scales, §, and d;, and the weight of the non-moving populations wy,

see Table 1. Setting wo = 4 for the DyQy, one can get the non-dimensionalized

sound speed of the lattice, ( )2 = 1, the value which is widely used in the literature

of the LBE theory [63].

nl‘,‘?

APPENDIX C

Derivation of the viscous stress tensor for the LBGK models

Isothermal ideal gas.

O, THBK = —9;eP(Y) = ~8,6 Y (eq, — ui)(ea; —uj)f{V =

~

(1) _ (1)
P —Za €a;€ajla

= [ él) = eq.(54) = —T (8t0f§0) +eak6kfc$0) — Z—g(eak — uk) (50)) :| :(C.l)

Js e :
A B h ~
(&) (B) (C)—A; j=Artifact

= 1e0; 5’19950'),C + ato]]l('?j) - (DE,Oj)k - “’“Hz('?j))
—_—— —
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The DZ(OJ),c and Hg?j) are given by eq.(B.1).

T4
(A) : 6j8k Tspm (U,i(sj”k + Uj(si,k + ukéi,j) =
—_———
=M, eq.(B.8) (C.2)

= 8j M (6jui + (3in) + M - Opuy, - 5i,j:| + (3]' I:uiaj./\;f + U,jai./\;l + ug - 8kM . 5i,j:|

~

—T:,;=N.S. viscous stress tensor —A; j=Artifact

At this stage, we can identify shear viscosity as

“ (a)
and
T2 n
TE = Vi, V=~ = const (C4)
)
(B) : I/%@j czato PO i + Oy iy | =
———r-
-~ —c20kpurd;,j, €q.(48) ~
(C.5)
x® 2 2
= vym0j | —pCsOkurdij — csurOkpdi j + wi Oy puj +uj O, pu;
~~ ~ ~~ - N—— N —r
—=Ti —Aij eq.(49) eq.(49)
i AL |
Combining all terms, the viscous stress tensor is given by
(2
O TEPEK = 95 | (Ojui + Byuy) + (77 - Wﬁ%) Orug - 5i,j] (C.6)

yielding the second viscosity given by eq.(64). The rest terms are agglomerated
into the ‘artifact’ tensor:

AL]' = I/aj [uiajp + U,jaip + ukakp(sid'] +
@)
-H/%aj [—Cgukakptsiﬂ' + u; (—akpukUj — Cga]:p + paj) + (C 7)
+u; (—8kpukui —c20ip + pai) )
(4)
— & (P% (widj ke + ;05 + urdig) — ux (pc3dij + Puiuj))}

. . @ ‘ )
which, setting % = ¢2, can be further re-arranged to produce the non-linear

deviation term given by eq.(61).
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Free-energy-based model for non-ideal fluid. Repeating the calculations pre-
sented above*?, the following viscosities and “artifact” terms are obtained:

T 5 1@ c? pcib 5
n_Tep—T(2), E=n ( T(4) 2ap — l—bp_ (1—bp)2 + KO p (C.8)

(2) 2 2
Aij= y¥(4) {8j [((2ap - lf—sbp - %) up + & (urdfp + 6klpul)) Okpdi j
_5; . (< Lzb) _ ] _
Oip [nﬁjkpukc—:— U 1_62‘; + (i—bp)? 2apu; (C.9)
—0jp [n@ikpuk + u; (1_—5bp + (l‘i—gp)) — 2apu;| — Okp - 2u'ujuk] -

— [wiOkugu; + ujOpurug] - 0;p} — T}T(4) 0 [uiOkuru; + w;Opugu;]

“HSD” model for non-ideal fluid. The following “artifact” term is obtained
for the “HSD” model:

2 .
Aij = %(4) {aj [(Cﬁ ¥(2)) (urOkpdi; + u;i0ip + u;j0ip) —
: 2b wiuu )
B (23p+cs - libp - (1p—cbp) ) ( ka P+ (1 T(2)c2) .
(ui0jp + ujOip + uOkpd; j)) — pk [u 03 p + u;0Fp + 00} p-
) uzu]u (4)
- (Uk (]- T’I(‘2) 2) 6 i,J + k) T’I(‘2)62 (uza 8kp + U/]a akp)]
+2uiujuk6kp]
(4)
—Yp [(1 - T¥2_)c§) (wigj + wjgi + urgrdi,;) +
2)
+"76 [(%(4) - %) (uigj +ujg; + ukgk6i7j)

T? (uiujurge
ro (— — wiOkujug — ujOkuuy,

(C.10)

uluJ U

gk — wiOpujug — ujOpu; uk} } +

431n this derivation though, for simplicity, we neglected the derivatives of the third and higher
order. Strictly speaking, this is not well grounded, because the momentum conservation equation
(77) contains terms of the third-order derivative of density.



