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Abstract

Certainheavy oils which foam underseveredepressurizationgive rise
to increasedproductionandan increasedrateof productionundersolution
gasdrive. The phenomenonseemsto be relatedto the chemistryof these
oils which not only stabilizefoam but alsostabilizedispersionof gasbub-
blesat lower volumeratios. We presentherea mathematicalmodelof this
phenomenonwhich dependsonly on thevelocity throughD’Arcy’s law, the
pressureandthedispersedgasfraction.Thetheorygovernsonly in situations
in which thebubblesdo not coalesceto producethepercolationof freegas.
In this theorythebubblesmovewith theoil asthey evolve.Themainempiri-
calcontentof thetheoryentersthroughthederivationof solubility isotherms
whichcanbeobtainedfrom PVT data;modelingof nucleation,coalescence,
bubbledraglaws andtransferfunctionsareavoided.Theresultingtheoryis
hyperbolicandnonlinear. The nonlinearequationsfor steadyflow through
a sandpackaresolved by quadratureandgive rise to goodagreementsbe-
tweentheoryandtheexperimentsof Maini & Sarma[1994] without fitting
constants.

1 Intr oduction

In this papera modelis presentedthatis motivatedby theneedto explainanoma-
lous featuresassociatedwith productionfrom reservoirs of so-calledfoamy oils.
Theseoils aredescribedby someof their propertiesof responseto pressurede-
clines; it is notedthat they nucleatedispersedgasbubblesand display obvious
foaminessin well headsamplesproducedby solutiongasdrive in which oil and
gasareproducedby thedrawdown of pressure(Huertaet al. [1996],Mirabalet al.
[1996]).

Whencomparedwith theresponseof conventionaloils, theresponseof foamy
oils to drawdown of pressureis morefavorable;primaryrecovery factor(percent-
ageof theoil in thereservoir which canberecovered),therateof production,the
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volumeratio of oil to gaswhich is recoveredandthe lengthof time that a given
pressuregradientor rateof productioncanbemaintainedareall increasedsubstan-
tially; the reasonsfor the favorableresponseof foamy oils in solutiongasdrive
arenot well understoodandtentative explanationswhich have beenput forward
arecontroversial(seeMaini [1996], Pooladi-DarvishandFiroozabadi[1997] and
Shenget al. [1999a]for recentreviews).

Foamyoils carry considerableamountsof dissolved gasesin the condensed
state. The relevant thermodynamicpropertyfor this is “gas solubility”; a func-
tion of temperatureandpressureat equilibrium which gives the volumeratio of
dispersedgasfrom the crudeoil by outgassing.Tablesof solubility of methane,
carbondioxideandothergasesin variousCanadiancrudeoils have beengivenby
Svrcek& Mehrotra[1982], Penget al. [1991] andothers.Theoils consideredto
befoamyevidentlycavitatesmalldispersedbubbleswhich,undersomeconditions,
arebelieved to move with thecrudeoil in which they aredispersed.Experiments
doneby Pooladi-Darvish& Firoozabadi[1997] have shown that bubbleswhich
arisefrom depressurizationof siliconeoil andheavy crudeof equivalentviscosity
arevery different;thebubblesin thesiliconeoil arelargerandmuchmoremobile
thantheonesin crudeoil. Viscosityaloneis not enoughto demobilizedispersed
gas;it is necessaryto look at otherpropertieslike surfacetensionandsurfaceac-
tive agents.Possiblytherearesurfaceactive agentswhich arepresentnaturallyin
foamycrudeswhichallow themto foam,but thepreciseagents,their composition
andthemechanicsby which they arereleasedapparentlyhave notbeenstudied.

A “foamy oil” is a heavy oil which foamsunderrapiddepressurization.Maini
[1996] notesthat “ ����� The term “foamy oil” is often usedto describecertain
oils producedby solutiongasdrive which displayobvious foaminessin wellhead
samples.Theprimaryproductionof heavy oil from several reservoirs in western
Canadais in the form of an oil continuousfoam. This foam resemblesa choco-
latemoussein appearanceandoftenpersistsin openvesselsfor severalhours ����� ”
Foamingatawell headis akind of foamformationanalogousto theheadonbeer.
To get sucha headthe pressuredeclinemustbe sufficiently severe to allow the
bubbleswhich risefrom outgassingof condensedgasin thebulk to accumulateat
thefreesurfacefasterthanthey collapse.Perhapstherearesurfactantsin foamyoil
which stabilizethefilms betweenthebubblespreventingcollapse,promotingthe
buildup of the head. Foamstability measurementsin the laboratoryhave shown
that the foaminessof crudeheavy oils is comparableto aqueousfoamsusedfor
steamfloodingapplications(Shenget al. [1996]). The outgassingof condensed
gaswill not leadto foamat thewell headif therateof depressurizationis too low.

To createfoamin a reservoir or in a sandpackit is necessaryto depressurize
rapidly enoughto produceclosepacked solutiongasbubbleswhich canundergo
a topologicalphasechangeto stablefilms andplateauborders.This kind of “in
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situ” foamingof sandpackshasbeenachieved in the experimentsof Maini and
Sarma[1994]. Gasandliquid move in lock stepin thesefoamsandleadto very
high primary recovery factors. At the actualreservoir, gasfractionscan be as
low as5 to 10% in oils which cannotfoam but arewell-dispersedandprotected
againstcoalescence,possiblyby thesamenaturalsurfactantsthatmight stabilize
thefoams.

In solutiongasdrive of foamyoil thedepressurizationof thesampleleadsto
cavitation of smalldispersedbubbles.Thevolumeratioof dispersedgasincreases
thevolumeof ourcompositefluid andit actsasapump,gascomingoutof solution
pumpsthefluid outward. This pumpingactionis well describedby thecontinuity
equation(4.4)which impliesthatin aclosedvolume � with boundary

� � contain-
ing dispersedbubblesof volumefraction �	 
 ��� ��� ���� � ������ 
�� ��� (1.1)

where � is theoutwardnormalon
� � and

�
is thevelocityof ourcompositefluid.

Therelative velocityof dispersedgasis important;if thebubblescoalesceand
move relative to theoil moregasandlessoil will beproduced.Goodrecovery is
sometimesdescribedby a critical gassaturationvalue;this is thevolumefraction
of gasat which thegasbecomesconnectedandstartsto move. Maini [1996] iden-
tifies this critical saturationas a percolationlimit, whilst Firoozabadi,Ottensen
andMikkelsen[1992] andPooladi-DarvishandFiroozabadi[1997] identify this
evenby visualobservation of bubblesin a viewing window. Thevaluesgivenby
Firoozabadiet al. areabout5 timessmallerthan thosegiven by Maini andhis
coworkers.

Whenthegaspercolates,thegoodnewsaboutrecovery is over; it is nowonder
that all authorsfind that the critical saturationvaluesareaboutthe sameas the
primaryrecovery factors(which is thefractionof oil recoveredby solutiongasto
oil in thereservoir) evenwhenthey disagreeaboutdefinitions.

A few modelsof foamyoil flow have beenput forward;eachemphasizesome
specialfeature.Oneof themostrecentmodelsby Shenget al. [1996],Shenget al.
[1999a]is amultiphasetheorybasedonconservationlawswith transferfrom solu-
tion gasto evolvedgasandfrom evolvedgasto dispersedgasandfreegas.Their
theorydoesnotseemto follow thecurveof experimentalvalues.They saythat“ �����
Publishedmodelsincludethepsuedo-bubblepointmodel(Krauset al. [1993]),the
modifiedfractionalflow model(Lebel[1994])andthereducedoil viscositymodel
(Claridge& Prats[1995]). Maini [1996] gave a detailedreview anddiscussionof
someof thesemodels. Thesemodelshave beenusedto history matchheavy oil
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production,but their commonweaknessis that the dynamicprocesseswhich are
importantfeaturesof foamyoil flow werenot includedproperly. Althoughit may
bepossibleto getanacceptablehistorymatchusingthesemodels,thepredictive
ability is likely to belimited����� ”

A moresuccessfulapproachto modelingwasrecentlyadvancedby Shenget
al. [1999b]. This modelalsorequiresthemodelingof nucleation,bubblegrowth
anddisengagementof gasbubblesfrom theoil. Themodelultimatelyleavesunde-
terminedtwo adjustableparameterswhichfit thetheoryto experimentaldatabetter
thanpreviousmodels.

Thepresenttheorycouldbecalledacontinuummixturetheorywhichis appro-
priatefor foamyoil flow with dispersedgasof low mobility relative to the liquid
andleadsto threecouplednonlinearpartialdifferentialequationsfor

�
, � andthe

gasfraction � , five scalarequationsin five unknowns. Our modelhasa few fea-
turesin commonwith theexcellentearlywork of Leibenson[1941]on themotion
of gassaturatedfluid in aporousmedia.

Themodelproposedheredoesnot requireinformationaboutnucleation,bub-
blegrowth, compressibilityor forceswhichproducerelative velocity. Weputupa
one-phaseor mixturetheoryin which thedispersedgasis describedby agasfrac-
tion field in a singlefluid in which theviscosity, densityandmobility in D’Arcy’s
law all dependon thegasfraction. This fluid satisfiestheusualD’Arcy law, and
thecontinuityequationtogetherwith a kinetic (constitutive) equationrequiredby
thecondensationandoutgassingof methane(or othergases)in heavy crude.The
theorydependsonly onparameterswhichcanbemeasuredin aPVT cell andsand-
pack. The virtue of the model is simplicity, but it can work only for relatively
immobiledispersedgasbubblesin which divergence-freevelocitiesareexcluded
(seethediscussionfollowing (4.4)).Certainlysucha theorycouldnotbeexpected
to give rise to a percolationthresholdor even to a critical gasfraction. We shall
show that it candescribemany featuresof solutiongasdrive of foamyoils in the
regimeswhen the bubblesin the mixture aredispersedandeven when they are
trappedin foam.

It is our ideathat the increasedrecovery andproductionaregeneratedby the
pumpingof nucleatingandgrowing gasbubblesembodiedin (1.1). However re-
covery factorsandproductionratesarenot thesameandwemight testsomeideas:
if two foamyoils have thesameviscosity, theonewith highersolubility will have
higherprimaryrecoveryandproductionrate;if two foamyoils have thesamesolu-
bility, theonewith lowerviscositywill haveahigherrateof productionbut alower
primary recovery. If the oil foamsin situ, oil andgasmove in lock stepandthe
primaryrecovery factorincreaseswhile dueto theincreasedviscosityof foamthe
rateof productiondecreases.
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2 Solubility Isotherms

In the experimentsof Svrcek& Mehrotra[1982] the pressureis droppedfrom �
and � to � ref and � ref wherein the experiments� ref is atmosphericand � ref ������ �� "! K. It is assumedthatall thegasin the live oil at �$#%� comesout. Defining
now: &('*) �$#%�,+ is thevolumeof dispersedgas,

&.-/) �$#%�,+ is thevolumeof liveoil,
&10") �$#%�,+ is thevolumeof dispersedgaswhichvaporizesfrom the
condensedgaswhen�$#%� aredroppedto � ref #%� ref.

In thismodelweavoid all constitutiveequationsregardingnucleationratesand
bubblegrowth. In our modelwe have only a mixtureof liquid anddispersedgas,
andthedispersedgasentersonly throughthevolumefraction�2� & '&(-435&6' � (2.1)

Equation(2.1)maybesolvedfor&(' � � &.-�7� � � (2.2)

SvrcekandMehrotra[1982]givevolumetricsolubility curves(CO � andmeth-
anein figure2.1). In thesefigures8& � & 0:9 &.-/) �$#%�,+ (2.3)

is theratiobetweenthevolumeof gasthatcanbeevolvedoutof bitumenwhenthe
pressureis droppedto lessthanoneatmosphereatatemperatureof 100 ! C andthe
originalvolumeof bitumen.Wecanassumethatthistellsyouhow muchdispersed
gascancomeout of solutionof condensedgaswhich is at a saturationvalueat
any pressureandtemperature.We aregoingto assumethat this

8&
determinesthe

dispersedgasfraction � following anargumentput forwardin whatis to follow.
In thepresentapproachwe have no way to predictthesizedistribution of gas

bubbles.Thismeansthatwearefreeto choosethesizeanddistribution to measure

8&
andthemostconvenientchoiceis whenall the releasedgasis collectedat the

topof aPVT suchasin theexperimentof Svrcek& Mehrotra.Figure2.2describes
suchadepressurizationexperiment.
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Right: Volumetric solubility of methane in bitumen.

Figure2.1: Solubility curves:

8&
vs. � (SvrcekandMehrotra[1982]).

6



(c)(b)(a)

 Vl

 Vg

Figure2.2: Depressurizationexperimentin PVT cell at constanttemperature;the
oil is indicatedin darkgray, thegasin light gray. (a) Dissolvedgasat pressure�
andtemperature� . (b) Justafterthepressurization,pressure� ref andtemperature� ref. (c) Finally all thegaspercolatesoutand

8& � &?0 9 &.- canbemeasured.

Theirdatashow that � � � ref � 8@ ) �,+ 8& (2.4)

where

8@ � � � 9 �
8&

is theslopeof thesolubility isothermsshown in figure2.1.This
slopeis approximatelyconstant.Herewe have chosen� ref asa smallpressureat
whichanegligible amountof gasis dissolvedin theoil. For practicalpurposesthis
couldbestandard(atmospheric)pressure.

2.1 Solubility IsothermsI

Wefirst supposethatall thegaswhichcomesoutof solutionis dispersedanddoes
not percolateor foam. In the experimentsin figure 2.1, we must supposethat
the nucleation,growth andcompressibilityof gasbubblesareworking, but these
microstructuralfeaturesarenot monitoredin theseexperimentswhich give only
thesolubility

8&
. This is alsowhatwedo in themathematicalmodel.

To convert (2.4)into arelationbetween� and � atequilibriumwenotethatthe
totalmassA of gasin thelive oil is invariant,independentof � and � andA �BA '*) �$#%�,+ 3 ADC ) �$#%�E+ (2.5)

whereA ' ) �$#%�E+ is themassof dispersedgas.AFC ) �$#%�,+ is themassof condensedgas.
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Sincethemassof condensedgasdoesnotchangewhenit is vaporizedandassum-
ing thatthisvaporis aperfectgas,wehaveAFCG�D� ref

& 0 9IH � ref (2.6)

where

H
is thegasconstant.FromthesamegaslawA ' �D� &(' 9IH �J� (2.7)

Hence,from (2.5),(2.6)and(2.7)wehaveA � � &6'H � 3 � ref

& 0H � ref
(2.8)

and,using(2.3)and(2.4)AK� � &('H � 3 � ref
H � ref L � � � ref

8@ M &(- � (2.9)

Wenext introducethebubblepointpressureN� asthepressureatwhich thereis

no dispersedgas,all thegasis condensedin the live oil so that

&O' �QPSR N& def� 8&
when

&6' �BP andfrom (2.4) N� � � ref � 8@ ) �,+ N& (2.10)

where N&T) N�$#%�,+U� & 0 ) N�$#%�,+ 9 &.-V) N�W#%�,+ (2.11)

asin thecartoonof figure2.3.
SinceA is invariant,wemayevaluate(2.8)at thebubblepointAX� � ref

H � ref

&(-/) N�W#%�,+ N&Y) N�$#%�,+Z� (2.12)

Using(2.10)to eliminate N& in (2.12)andequating(2.12)and(2.9)weget� ref� �� ref

&6'[3 L � � � ref

8@ M &.-/) �$#%�,+G� L N� � � ref

8@ M &.-/) N�\#%�,+ (2.13)
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Figure2.3: Solubility isothermusedin thismodel.

In most depressurizationexperimentsthe changeof liquid volume due to out-
gassingandcompressibilityis small and

&O-V) �$#%�,+Y_ &.-/) N�$#%�,+ . In this casethe
termsproportionalto � ref in (2.13)subtractoutandafterreplacing

& '
with � &.- 9 ) ����`+ weget a ��7� � � N� � �� (2.14)

where a � � ref� 8@� ref
(2.15)

is completelydeterminedby thesolubility isothermin figure2.1. Sincethevari-
ation of � is small on an absolutescale,the values � 9 � ref for the isothermsin
figure2.1arejustslightly largerthanone.

The variable

8&
is calledgas-oil ratio and N& is the gas-oilratio at saturation

pressure.From(2.10): 8@ ) �,+U� N� � � refN& � (2.16)

Substitutingthisvalueof

8@ in (2.15)a � � ref� N� � � ref� ref
N& � (2.17)

In mostpracticalsituationsN�2bc� ref sothatfrom (2.17)
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Oil

a
Lloydminster 3.40
Lindbergh 3.17
CerroNegro 3.53

Table2.1: Solubility coefficientsfor someheavy oils.a � � ref� N�� ref
N& (2.18)

It is customaryin theoil industryto characterizeliveoil by its saturationpres-
sure N� andits gas-oilratio N& at saturationpressure.By virtue of (2.18)onecan
calculatethesolubility parameter

a
. Notethat in mostexperiments� ref is chosen

asatmosphericpressureand � ref as d�P ! F =
�:e ��d ! C.

Valuesfor

a
for two Canadianheavy oils, LloydminsterandLindbergh (Maini

& Sarma,1994)andfor a Venezuelanheavy oil, CerroNegro, aregiven in table
2.1. Graphsof theisotherm(2.14)for variousvaluesof

a
areshown in figure2.5.

It canbenotedthat thesolubility valuefor heavy crudeoils from very differ-
ent regionsarevery close,which indicatedthat they containsimilar amountsof
dissolvedgases.

When � and� satisfying(2.14)vary from point to pointf �2� � a � �N� ) �7� �`+ � f �$� (2.19)

According to D’Arcy’s law,
� � �hgif � where

g
is the mobility of the foamy

mixture in theporousmedia;hencethefluid flows up thebubblegradienttoward
regionsin which therearemorebubbleswherethepressureis smaller.

Departuresfrom theequilibriumsolubility relation(2.14)areindicatedassu-
persaturation or subsaturation. Definingthefunctionj ) �$#k�l+ def�mN� � � � a �`� 9 ) �� �l+ (2.20)

supersaturation

) jon P*+ correspondsto having more gasdissolved than there
shouldbeunderthermodynamicequilibrium;subsaturation

) jqp P*+ correspondsto
having lessgasdissolved thanthereshouldbeunderequilibrium. Supersaturation
occurswhenthepressurein thereservoir is drawn down, but theoil cannotevolve
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Figure2.4: The densityof bitumenandcondensedgasmixtures. The densityis
nearlyconstantoververywiderangesof pressure.Wecanimaginethatthemixture
density is independentof pressure.Sincegassolubility is a strongfunction of
pressure;thedensityis alsomoreor lessindependentof the fractionof dissolved
gasatconstanttemperature(Svrcek& Mehrotra[1982]).

gasfastenoughto keepup with thedepressurization.Subsaturation,on theother
hand,occurswhenthereis not enoughgasavailable to dissolve in order to sat-
isfy thermodynamicequilibriumat prevailing reservoir pressureandtemperature.
The function

j
in our theoryis thusan indicatorfor departurefrom equilibrium

solubility.
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Figure2.5: Graphsof thesolubility isotherm(2.14)for variousvaluesof

a
. The

limits of validity of thedispersedgasmodelcanberoughlysetat a closepacking
value,say �iCG��PS��d"{ . When � n �|C somebubblesmusttouchandform foamfilm
or to coalesce.This impliesthatresultsfor drawdown greaterthanthosefor which���BPS��d"{ musttake into accountfoamingandfingeringof freegas.

2.2 Solubility IsothermsII

Considera drawdown to atmosphericpressure�h},� � P"~ dynes/cm
�

from a satura-
tion pressureN�5���6��{ ��� � P�� dynes/cm

�
asin the experimentof Maini & Sarma

[1994]. Using

a
= 3.4 for Lloyminster(from table 2.1) and evaluatingthe gas

fractionof ����� } atatmosphericpressurewefind�|}h�BPS��� � (2.21)

This is too muchgasto exist asa bubbly dispersion;either the bubbly mixture
passedinto foamnearto someouticalvalue,say�����|CG�BPS��d"{�P (2.22)
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or closepackingor elsesomeof thebubblescoalescedasfreegaswhichfingersout
of thesandpack.Probablyfoamandfreegasbothevolve at theoutletof a closed
sandpackafterasuddendrawdown to atmosphericfrom highsaturation.

Wemayacknowledgetheconditionof closepackingassociatedwith changeof
phaseto foamor freegasby rethinkingandrewriting thederivationof (2.14)asa � ��|C � � � ) N� � �|C�+ � ) � � �iC�+� � �iC (2.23)

where�iC is somepressureatwhich thegasfractionis �|C . Equation(2.23)is in the
sameform as(2.14)with � 9 �|C replacing� and� � �|C replacing� .

We also note that the physicsof supersaturationis complicatedby the fact
thatbubblescannotnucleatecontinuouslyandthat themechanismby which they
nucleateis still not well understood.A bubblewhich might form in crudeoil by
the vaporizationof dissolved gasat supersaturatedconditionscanbeexpectedto
satisfyLaplace’s law �.� }/�:��� � �2�� @ 9IH (2.24)

where @ is surfacetension(say 30 dynes/cm)and

H
is the bubble radius. Un-

der mildly supersaturatedconditions� is slightly smallerthanthevaporpressure�.� }/���V� ; hence,

H
satisfying(2.24)cannotbeverysmall.

It is arguedthat the vaporizationof dissolved gasundersupercriticalcondi-
tionsrequiresthesimultaneouspresenceof undissolved gashiddenin crevicesof
impuritieswhich arewet by gaspreferentially. The curvatureof the gas-oil in-
terfacein sucha crevice is oppositeto a bubbleandit is controlledby capillarity
ratherthaninterfacial tension. The supersaturateddissolved gasvaporizesat the
undissolvedgashiddenin thecreviceandthevolumeof thegasgrows thereuntil a
bubblebreaksawayrestoringthenucleationsiteto its originalcondition.Thetrain
of gasbubbleswhich emanateusuallyfrom a singlesiteon a glassof beerasthe
gascomesoutof thesolutionis aconvenientexampleof outgassingatanucleation
site.Theporewalls in aporousmediaarenucleationsitesfor outgassingof foamy
oil. Thepossibilitythatasphaltenesin theoil arenucleationsitesfor dissolvedgas
is acurrentbut unresolovedquestion.

In deriving (2.14), or (2.23), wehaveassumedthecontinuityof pressureacross
thebubblesurface,ignoringthesmallpressuredropimpliedby (2.24).

In thesequel,we will baseour analysison thesolubility isothermI, givenby
(2.14), understandingthat the theoryis expectedto losevalidity whenthe draw-
down is large enoughto produceclosepacking. It is certainthat we canachieve
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betteragreementswith experimentsby using

a
and � C asfitting parameters,but

our purposeis betterserved by carryingthe ab initio theorywithout any wiggle
roomthroughto conclusion.

3 Li veoil and deadoil

Oil without dissolved gasis calleddeadoil. Oil saturatedwith dissolved gasis
called live oil. The dissolved gascanbe consideredcondensedand live oil is a
mixture of miscible liquids, deadcrudeoil andcondensedgas. The mixture of
miscibleliquidsis likeglycerinandwaterwith thecaveatthattheoil anddissolved
gasdo not mix in all proportions;the fraction of dissolved gasat saturationis
a function of temperatureandpressure.The weight fraction of dissolved gases
correspondingto figure 2.1 rangesfrom 0.3 to 6%. (Seethe tablesin Svrcek&
Mehrotra[1982]).

Theviscosityof live oil canbeordersof magnitudesmallerthantheviscosity
of deadoil; theviscosityof liveoil is astronglydecreasingfunctionof theamount
of dissolvedgasin solutionjustastheviscosityof glycerolstronglydecreaseswith
thewaterfraction. In a pressuredeclinetheviscosityof the live oil will increase
becauselessgasis dissolved and becausethe presenceof dispersedgasshould
increasetheviscosityof thecompositefluid.

We mayseekto answerthequestion“what is thedensityof thedissolvedgas
in solution.” We arenot ableto measurethe densityof the liquid gasin oil, but
thedensity� of themixtureis availablein datapresentedby SvrcekandMehrotra
andreproducedin figure2.4. Let usnotethat this datashows that thedensityof
the CO � in bitumenis a strongfunctionof the pressure;hencefigure 2.4 shows
that thedensityof thenot saturatedbitumenis independentof thevolumeratio �
of solublegasin bitumen.Dissolvedmethanehasa densityonly slightly different
thanbitumen(seefigure2.1). A theoryof misciblemixtureswhich appliesto live
oil canbefoundin ChapterX of Joseph& Renardy[1992].

4 Model description

In this modelwe avoid all constitutive equationsregardingnucleationratesand
bubblegrowth. In ourmodelwehaveonly foamyoil anddispersedgasandthedis-
persedgasentersonly throughits volumeratio � . ThemodelcombinesD’Arcy’s
law, with a � dependentmobility, a massconservation law for idealmixturesto-
getherwith aconstitutiveequationgoverningtheevolutionof departuresfromequi-
librium solubility. For outof equilibriumeventsgradientsandtimederivativesare
crucial.Thetimederivativeswhichareusedherehave amaterialderivative
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�� � ��� �� � 3 � � f (4.1)

where� is theporosity. Thecontinuityequationis givenby� �� � � �� � 3 � ) �l+ div
� �BP (4.2)

where � ) �l+U��� ' � 3 � -/) �7� �l+U_B� -/) �7� �`+ (4.3)

because� 'E� � - where� - is thedensityof live oil which dependsonly weaklyon
thevolumeratioof dissolvedgas.Combining(4.3)and(4.2)wefind that�����"� ) �7� �l+� � 3

div
� �BP (4.4)

Equation(4.4)restrictsthetheoryto dispersionsof low mobility relative to the
suspendingliquid. In any motion

� )�� # � + of thecompositewhichis divergencefree
div
� �BP , thedispersedgasfractionsatisfies� �� � �BPS�This implies that the volume ratio doesnot changeon materialparticlesof the

compositefluid ondivergencefreemotions.
Bubblesrising undergravity would leadto divergencefreemotionsaswould

any motion of the bubbly mixture in which dispersedbubblesdo not nucleate,
diffuseor compress.Motionswith non-zerodivergencesatisfy(1.1); theflux out
of any closedvolume,overwhichthediv

�
doesnotsumto zero,mustbenonzero.

This is thesimplifiedway thatour theoryaccountsfor nucleationanddiffusion.
Turningnext to D’Arcy’s law welet � increasein thedirectionof gravity. Then� � �hgl��f � � �*�4�4 S¡,_ �hgl��f � � � -/) �7� �l+��4 S¡ (4.5)

where g ) �l+U��¢ ) �l+ 9�£ ) �l+ (4.6)

is themobility,

£ ) �l+ is theviscosityof live oil with dispersedgasof volumeratio� and ¢ ) �l+ is thepermeability.
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4.1 Constitutive equationsrelating the dispersedgasfraction to the
pressure

We areproposingmodelsin which the basicvariablesare the pressureanddis-
persedgasfractionandaresuchthatdisturbedsystemswhicharenotforcedwill re-
lax toequilibriumwith pressureandtemperatureonthesolubility isotherm

j ) �$#k�l+U�P given by (2.4). Therearemany possiblewaysto build modelswith the above
properties. The simplestconceptualmodelwith the desiredpropertiesis a first
evolutionmodel ¤ � j� � � � j (4.7)

whichguaranteesthatadisturbedstationarysystemwill relaxexponentiallyj ) �$#k�l+U� j ) �$#k� � +%¥:��� L � �� ¤ M
Though(4.7)is conceptuallysimple,it is amathematicallydifficult andstrong-

ly nonlinearproblemwhenthereis flow. This problemwill bestudiedin a future
work.

Themostgenerallinear evolutionequationis assumedin theform¤ � �� � 3 @ ¤ � �� � � j ) �$#k�l+where
j ) �$#k�l+ is givenby (2.4) and ¤ and @ areto-be-determinedconstants.The

determinationof optimumvaluesfor @ and ¤ is acomplicatedproblemwhichmust
involve mathematicalanalysisand comparisonsof predictionswith experiment.
Herewetake only somepreliminarystepstowardthesolutionof thisproblem.

4.2 Hyperbolic theory

In thework which follows weput @ ��P . Theequation¤ � �� � � j ) �$#k�l+ (4.8)

is aMaxwell-like relaxationtheoryand ¤ is a relaxationtime.
We shallshow thattheMaxwell typeequation(4.8) leadsto a hyperbolicsys-

temin which pressurechangespropagateby waves. On theotherhand,theequa-
tion in which thepressurederivative is neglectedsothat @ ¤U¦¨§¦\© � j ) �$#k�l+ leadsto
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parabolicpropagation.Thepropagationof frontsof nucleatingbubblesassociated
with thehyperbolictheory(4.8)is appealingandis our focusin thispaper.

Collectingourequations,wehave¤ L � � �� � 3 � � f � M � j ) �$#k�l+� N� � � � a �|� 9 ) �7� �l+i#��7� � L � � �� � 3 � � f � M � div
� #� � �hgif � 3 g � - � ) �� �l+��  

ª¬««««««««««««««««««««® (4.9)

Theparametersdefining(4.9)arematerialparametersassociatedwith solubility

a
in thefunction

j ) �W#k�`+ , porousmaterialparameter� , mobility
g ) �l+ , which is the

ratio of permeabilityupontheviscosityof the foamymixture,andthe relaxation
time ¤ . The relaxationtime is a new parameterintroducedhereand it may be
determinedby wavespeedmeasurements(seesection5).

Thevelocity
�

maybeeliminatedfrom (4.9). Thus,¤�¯ � � �� � �Fg\° f � ° � 3 g � - � ) �7� �l+ � �� �?± �²N� � � � a �|�) �7� �l+ #��³� � ¯ � � �� � �´g.f � � f � ± ��
div

) g.f �`+ �  g � - � � �� � 3 g(µ � - � ) �J� �l+ � �� �
ª¬««««««««««««««««««««® (4.10)

The system(4.10)is secondorderandshouldbesolvablefor two-endcondi-
tions. Theseconditionsmaybeexpressedin termsof � or � or a combinationof
these.However, thoughit is clearthat thepressureandsuperficialvelocity ought
to becontinuousin thewholedomainandat its boundaries,thecontinuityof � is
not required.We controlandprescribethepressure,or velocity. Supposethatwe
put thegravity termsin (4.10)to zero;then(4.10) � maybesolvedfor � andafter
substituionof theresultin (4.10) � this becomesanequationin � alone.We solve
the � equation;then(4.10) � gives � in termsof � .

The system(4.9) may be regardedasdescribingthe flow of a relaxingcom-
pressiblefluid througha porousmedia. To seethis, we replace � with ���� -/) �7� �`+ , using(4.3).Then(4.9)maybewrittenas
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¤ ) � � �� © 3 � � f �`+¶�²N� � � � a �G·k¸º¹(·· #� � ·� © 3 � � f � 3 � div
� �BPS#� � �,g.f � 3 g �*�»�*  ª¬««® (4.11)

5 Constantstatesolutions

5.1 Constantstatesolutionsand drainage

p¼ 0
½

p¼
l
¾ Shallow Pool of 

Oil with Gas 

Fraction  φ 0
½

Figure5.1: Sandpackenclosedin a pressurevesselsetat pressure�À¿ . Thesupply
of oil with dispersedgasfraction � ¿ keepsthesmallheadatverysmallheight.The
oil andgasbubblesdrainatameasuredvelocity Á ¿ ; then

g ) � ¿ +U� Â�Ã·Z¸ ':Ä � ¹ § Ã�Å
The constantstatesolutionareuniform solutions� ¿ , � ¿ # � ¿ of (4.9), � ¿ and�i¿ satisfying j ) � ¿ #k� ¿ +U�²N� � � ¿ � a � ¿ � ¿ 9 ) �7� � ¿ +U��P (5.1)

and � ¿ �B�4 IÁ ¿ # Á ¿ � g ) � ¿ +V� - � ) �� � ¿ + (5.2)

Theconstantstatesolutionis a drainageflow; this flow maybeusedto determine
themobility

g ) �l+ (figure5.1)
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5.2 Perturbations of the constantstate;wavespeeds

If theperturbations� µ #k� µ # � µ of � ¿ #k� ¿ # � ¿ aresmall,then¤ L � � � µ� � 3 Á ¿ � � µ� � M 3´Æ � µ 3ÈÇ � µ �BP (5.3)

where Æ � � 3 a �|¿�7� � ¿ # Ç �
a �i¿) �7� � ¿ + ���³� � ¿ L � � � µ� � 3 Á ¿ � � µ� � M � div

� µ �BP (5.4)� µ � �hg ¿ f � µ �Fg µ � -/) �7� � ¿ +/�»� µ �*  3 g ¿ � - �»�* �� µ (5.5)

Whengravity is unimportant,asin averticalsandpack,theseequationsreduceto¤ � � � µ� � 3ÉÆ � µ 3ÉÇ � µ �BP (5.6)� � � µ� � 3�) �7� � ¿ + g ¿ f � � µ �BP (5.7)

We mayeliminate� µ or � µ from (5.6)or (5.7); in bothcaseswe find thetelegraph
equation � � � µ� � � 3

Æ¤ � � � µ� � �BÊ � f � � µ (5.8)

where Ê7� ¯ Ç�) �7� � ¿ + g ¿¤ � � ± ��
is a wave speed.Thewavesaredampedby thefirst derivative termin (5.8). If the
relaxationtime tendsto zerothenwave propagationgivesway to diffusion� � µ� � �

) �7� � ¿ + g ¿ Ç� Æ f � � µ (5.9)
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6 Sandpackexperiments

Sandpackexperimentsare usedas laboratorysurrogatesfor the flow of oil and
gasin porousreservoirs. In figure6.1a cartoonof a typical sandpackexperiment
copiedfrom a paperby Shenget al. [1996] is displayed.Thepackmaybeloaded
with sandfrom reservoirs.

DATA ACQUISITION
COMPUTER

PRESSURE
DEPLETION
RATE
CONTROLLER

COLLECTION VESSEL

DIGITAL BALANCE

PRESSURE TRANSDUCERS

Pressure vessel containing gas saturated oil
and gas at constant pressure

Figure6.1: Cartoonof a sandpackexperiment.Live oil canbeinjectedat theinlet
anda pressuredepletionratecontrolleris at theoutlet. Differentexperimentsare
describedby prescribedconditionsat theinlet andoutlet.

Sandpacksprovideanexcellentwayto getprecisedataundercontrolledcondi-
tionssimulatingflow in reservoirs; they areconvenientfor mathematicalmodeling
becausethey lendthemselvesto onedimensionaltreatments.It is usefulto look at
theseone-dimensionalmodelsfor horizontalsandpacksin which gravity may be
neglectedandfor vertical flow in which gravity maybe important. In both these
caseswe have our governingequation(4.10)with

f ��¥l  � 9 � � . Termspropor-
tional to gravity areput to zeroin horizontalsandpacks.

Differentexperimentscanbecarriedout in asandpackcorrespondingto differ-
entconditionslistedbelow.
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Closedinlet. ( ���BË ) Á ) Ë# � +U�BP hence,from (4.9) Ì , wehave� �� � ) ËJ# � + � � - �\Í �7� � ) Ë# � +%ÎÏ��P (6.1)

A pressuregradientis generatedby gravity in averticalsandpackwith aclosedend
at ���BË . Theliquid will beheldin thepackby capillarity (which is notexplicitly
consideredin thismodel)unlessit is pushedoutby nucleatingbubbles.

Pressure drawdown at the outlet ( �Ð��P )� ) PS# � +G�ÑN� � � ) � + (6.2)

where � ) P*+?�ÒP and � )ÔÓ +Õ�Ö�|× p N� . At � �ÒP thesandpackhasno dispersed
bubblesandas �TØ Ó

the pressurebecomesuniform. A linear prescriptionof
pressuredepletion �Ð�ÑN� �OÙ � for PÛÚ � Ú � ¿�Ð�D�|× for � n � ¿ (6.3)

is usefulfor comparingfast (
Ù

large) andslow depletion(
Ù

small). The fastest
depletionis astepchangeof pressure� ) PS# � +U�²N� � ) N� � �|×À+�Ü ) � + (6.4)

whereÜ ) � + is theHeavisidefunction.

Prescribedvelocity at the outletÁ ) PS# � +G� �hg ) �l+ ¯ � �� � ) PS# � + � � - � ) �� �l+ ± (6.5)

is prescribedat �Ð��P . If wewithdraw very rapidly, Á ) PS# � + is large,thepressureat
theinlet will decline,rapidlynucleatinggas.In thelimit, all of thematerialwill be
gas�Ð� � ; physicallyonemight think of dry foam.

Open inlet. If the pressureat the inlet is prescribedat a valuegreaterthanthe
final outlet,andbothpressuresareconstantin time, thena steadyflow of live oil
from thereservoir at theinlet to theoutletwill beestablished.It is thenof interest
to predictandmonitorthegasfractiondistribution � ) �$# � + duringthetransientand
thefinal steadystate(seesection9).
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7 Pressuredeclinein a closedhorizontal sandpack

At � �BP live oil with nodispersedbubblesfills thesandpack� ) �$#�P*+Ý�BPS#Þ� ) �$#�P*+[�ÑN�ß#�Á ) �$#�P*+[�BP (7.1)

Thevelocityvanishesat theclosedinlet. Hence� �� � ) ËJ# � +U��P (7.2)

Thepressuredeclineat theoutletis givenby�2� ¯ N� �OÙ � #�P p � p � ¿� ¿ # � n � ¿ (7.3)

where
Ù

representstherateof decline.
From(4.10)weform thegoverningequationsfor � � N�2�Bà ) p P*+ .¤âá � � à� � �Fg L � à� � M �6ã � � à �

a ) N� 3 à$+%��7� � (7.4)� � �� � �Dg � à� � � �� � 3�) �7� �l+ �� � L g � à� � M ��P (7.5)

Solutionsof (7.1) through(7.4)will requirenumericalintegration.

7.1 Telegraphequation

Wemayhowever hopeto solve thelinearizedversionof theseequations,(5.6)and
(5.7)with � ¿ �BPS# Æ � � # Ç � a N� . Thegoverningtelegraphequationis in theform� � à� � � 3 �¤ � � à� � ��Ê � � � à� � � (7.6)ÊJ� ¯ a N� g ¿¤ � � ± �� (7.7)

andit canbesolvedrelative to initial conditionsat saturation
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à ) �$#�P*+U�BP (7.8)� ) �W#�P*+G�BP (7.9)

for PYÚ��äÚ�Ë , andto prescribedinlet andoutletconditions.At a closedinlet the
velocityvanishes,hence � à� � ) Ë# � +U�BPS� (7.10)

At theoutlet,wecarryouta lineardrawdownà ) PS# � +Ý� ¯ �JÙ � # PÀÚ � p � ¿�JÙ � ¿I# �[åÈ� ¿ (7.11)

Thelinearizedtheoryis valid only for very smallvaluesof
Ù � ¿ . We mustdis-

allow stepchangesof à , however small. To seethis,wenotethatthelinearization
of (7.4)around(7.8)and(7.9)givesriseto¤ � � à� � � � à �

a N�|� (7.12)

sothat � is smallonly if æèçé|ê� �:ë� © is small,whichcannotbetruefor stepchangesin à .
Thoughconditionson � arenot requiredto solve thetelegraphersequationsystem
(7.6)–(7.11)for à , wefind thatthedrawdown condition(7.11)impliesthat� ) PS# � +U� �a N� ¯ Ù � 3 ¤ � Ù # PìÚ � p � ¿Ù � ¿ # �[åÈ� ¿ (7.13)

At � � � ¿ thereis a discontinuityof � correspondingto the initiation of a
stoppingwave. Obviouslythefractionof dispersedgasattheoutletis anincreasing
functionof thedrawdown rate

Ù
.

Turningnext to thesolutionof (7.6)–(7.11),wechangevariables
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à � � � ¤ ÙÏí� � Ê ¤ �$î� � ¤ �$�
ª ««««««««® (7.14)� � í� � � 3 � í� � � � � í� î � (7.15)í ) îÝ#�P*+ï� P for PìÚÈîOÚ�ðV# (7.16)� í� î ) ð�#%�,+ñ� P (7.17)í � ¯ �Ï#òPìÚÉ� p �`¿� ¿ #ò� å � ¿ (7.18)

where ðl��Ë 9 Ê ¤ � and � ¿ � � ¿ 9 ¤ �Ý� (7.19)

To solve (7.15)–(7.18)we introduceourauxiliaryproblemforó def� � í� � (7.20)

given
ó ) îÝ#%�,+G� � í 9 � � , wemayfindí ) îÝ#%�,+¶� 	Dô¿ ó ) îG#%� µ + � � µ (7.21)

by integration. After differentiating(7.15–7.17)with respectto � , we find that
ó

satisfies � � ó� � � 3 � ó� � � � � ó� î � # (7.22)ó ) îG#�P*+öõ P for PÀÚÉîDÚ5ð�# (7.23)� ó� î ) ð�#%�,+ñ� P (7.24)ó ) PS#%�,+ö� Ü ) �E+ � Ü ) � � � ¿ + (7.25)
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whereÜ ) �,+ is aunit stepfunction.
It shouldbe understoodthat the solutiondoesnot rise above zerountil it is

struckby thewavemoving with velocity Ê . Henceà ) �$# � + is differentfrom ’0 only
when � p Ê � and � p �k÷ where�Z÷ is thetimeof first reflectiondefinedbyË´�BÊ �k÷

We will focusour attentionon wave propagationto short times, � p �Z÷ and� p � ¿ where� ¿ is thetimeatwhichthedrawdown is stoppedandwecouldchoose
thisstoppingtime � ¿ p �Z÷ to beafterthewave hasreflectedoff thewall at �Ð��Ë .

Shorttimesmeanthat � p � ÷ and� p � ¿ . Thefunctions
í ) îÝ#%�,+ and

ó ) îG#%�,+
aredifferentfrom zeroonly whenî p � andfor shorttimeswemayreplace(7.18)
with í ) PS#%�,+U��� (7.26)

and(7.25)with ó ) PS#%�,+G��Ü ) �,+Ý� (7.27)

Thesolutionof (7.22),(7.23),(7.24)and(7.27)canbefoundin Carlslaw and
Jaeger[1949] in theformó ) îG#%�E+G�BÜ ) � � î¶+ j ) îG#%�,+ (7.28)

where j ) îÝ#%�,+¶��¥ ¹(ø�ù � 3 î  	 ôø ú ¥ ¹.û�ù �ü ý � � î �Sþ � ) � ü ý � � î � +/ÿ � ý
and þ�� is theBesselfunctionof imaginaryargumentsuchthat þ � ) �l+U� � þ ¿ ) �l+ 9 � � .
Thesolution(7.28)is freeof parametersandisplottedagainstî for differentvalues
of � in figure8.1(a).

Weobtain
í ) îG#%�,+ by integration(7.21),using(7.28);it is plottedagainstî for

differentvaluesof � in figure8.2(a).
An importantfunctional of the solution is the velocity

� ) PS# � + at the outlet
whichcanbeobtainedfrom
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� í ) PS#%�,+� î � 	 ô¿ � ó� î ) PS#%� µ + � � µ
where � ó� î ) PS#%�,+U� ��� ) �,+ j ) PS#%�E+ 3 Ü ) �,+ � j� î ) PS#%�,+
Hence � í� î ) PS#%�,+U� �?� 3 	 ô¿ � j� î ) PS#%� µ + � � µ (7.29)

where
í

is plottedin figure8.2. Thevelocity Á ) PS# � + at theoutletcanbeexpressed
in termsof (7.29)by Á ) PS# � +G� �,g ¿ � à� � ) PS# � + (7.30)� g ¿ ÙÊ � í� î ) PS# � 9 � ¤ +
7.2 Rateof production

The rateof productionof oil is thevolumeof oil leaving theoutletat �´� P per
unit timeandis givenby!� � Area Á ) PS# � +�� �J� � ) PS# � +�� (7.31)

whereArea is theareaof thesandpackand � ) PS# � + is given by (7.13) for � p � ¿ .Thecumulative productionup to a time

8
� p � ¿ is givenby�
	© � 	 	©¿ !� ) � + �*� �

Area
g ¿ ÙÊ 	 	©¿ � í� î ) PS# � 9 � ¤ + � �7� Ùa N� ) � 3 ¤ �¨+�� �*� (7.32)

For smallvaluesof
Ù 9 a N� , thecumulative productionis a linearly increasingfunc-

tion of thedrawdown rate
Ù

.
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8 Diffusion

For small valuesof the relaxationtime ¤ , the secondtime derivative in (7.6) be-
comeslessandlessimportantin thesolution;theamplitudeof thediscontinuityin
thesolutiondecaysto diffusionrapidlyandthehyperbolicpropertyof thesolution
is apparentonly at very early times. Thechangeof variablesusedin section8 is
not appropriatefor the limit ¤ Ø P . When ¤ � P , the linearizedproblem(7.6)
reducesto � � à� � �

a N� g ¿ � � à� � � (8.1)

and(7.12)reducesto à 3 a N�|���BP (8.2)

This problemis subjectto the initial condition(7.8) and(7.9), the inlet condition
(7.10)andtheoutletconditions(7.11).A new changeof variablesà�� � � Ùhí #�2� ü a N� g ¿ îÝ#� ���ß� (8.3)

leadsto thefollowing parameter-freediffusionproblem��� ô � � � � ø � #í ) îG#�P*+U��PS#��� ø ) Ë#%�,+U��PS#í ) PS#%�,+U� ¯ � ) P p � p �l¿�+� ¿ ) � n � ¿ +
ª ««««««««««® (8.4)

where ðß� Ë� a N� g � and � � � � ��
Wemayform anauxilliary problemfor
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ó � � í� � (8.5)

analogousto that(7.20) � ���� ô � � ���� ô �ó ) îÝ#�P*+G�BPS# ã (8.6)� ó� î ) ð�#%�,+U�BPS# (8.7)ó ) PS#%�,+Ý�BÜ ) �E+ � Ü ) � � � ¿ + (8.8)

Thesolutionof theramp-upproblem(8.4)maybeobtainedfrom thesolution
of theauxiliaryby integrationasin (7.21).

In thelimit ð Ø Ó
and � ¿ Ø Ó #

equation(8.7)and(8.8)maybereplacedbyó )ÔÓ #%�,+ö��Pó ) PS#%�,+ ��Ü ) �,+ ± (8.9)

Thesolutionof (8.6)and(8.9) is uniqueandis givenbyó � �� à|� 	 ø¿ exp L � î ���� M � îä� erfc ¯ î � � ± (8.10)

Thesolutionof thecorrespondingrampupproblemwith
í ) PS#%�,+U��� is given

by integrationof (8.10) í ) îG#%�,+¶� 	 ô¿ ó ) îG#%� µ + � � µ # (8.11)

Graphsof
ó ) îÝ#%�,+ and

í ) îÝ#%�,+ whichcanbecomparedwith figures8.1(a)and
8.2(a)aregivenin figures8.1(b)and8.2(b).
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Figure 8.1: Comparisonof wave propagationand diffusion for a step change
in pressure

ó ) îG#%�,+ : ó ) îG#%�,+ � P�� î when � p PS# ó ) PS#%�,+ �Ü ) �,+Z# ó )ÔÓ #%�E+ � P . (a) wave propagation:
ó

satisfies(7.22) and is given
by (7.28). (b) diffusion:

ó
satisfies(8.6)and(8.9)andis givenby (8.10).
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Figure8.2: Comparisonof wave propagationanddiffusion for a rampchangein
pressure:

ó ) îÝ#%�,+ä�ïP for � p PS# ó ) PS#%�,+ä� �J# ó )ÔÓ #%�,+ �ïP . (a) wave
propagation:

ó � í where
í

satisfies(7.15), (7.16),
í )ÔÓ #%�,+�QP and(7.26). (b)

diffusion:
ó �BP where

í
is givenby (8.11).
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9 Steadyflow in a horizontal sandpack

Wedrive foamyoil from areservoir atsaturationN� to anotherreservoir at theoutlet
pressure�$# . The dispersedgasfraction at the ends � ) P*+1� �h¿ and � ) Ë[+��²�%#
areunknowns,notcontinuousat reservoir interfaces.It will beconvenientto work
with dimensionlessvariables& � � N� #Uî ��� 9 Ë� (9.1)

Thedimensionlessform of equations(7.4)and(7.5) for steadyflow are8¤(' ) �`+ L �
&
� î M � �

& � � 3�) a �È� +%�)� �5� 3 ��7� � # (9.2)� ' ) �l+ �
&
� î2� �� î 3�) �7� �`+ �� î ¯*' ) �l+ �

&
� îT± �BPS# (9.3)) & #k�l+Ý� ) � #k� � + at î �BP) & #k�l+U� ) & # #k� # + at î � � ± (9.4)

where ' ) �l+U� g ) �l+ 9 g ) � ¿ +
and 8¤ � ¤ N� g ) � ¿ +Ë � (9.5)

is adimensionlessrelaxationtime; theunderlyingsytemof equationsis hyperbolic
andaccomodatesdiscontinuoussolutionsonly when ¤ n P .

Equation(9.2)maybewrittenas�� î ¯ ' ) �l+ ) �� �l+ �
&
� î ± �BPS#

hence ' ) �l+ ) �J� �l+ �
&
� î �,+��BÊ�-/.10 � Æ . � � (9.6)

30



Equation(9.6)saysthattheoil velocity�hg � �� � ) �7� �l+in steadyflow is aconstantindependentof � . Combining(9.6)and(9.2)weget8¤ + �
&
� î �

& � � 3�) a �5� +%�)� �5� 3 �W� (9.7)

Equations(9.6)and(9.7) togetherwith theconditions(9.4)definethesteadyflow
in ahorizontalsandpack.

Whentherelaxationtime ¤ vanishes,(9.7)reducesto theequilibriumisothermj ) �$#k�l+U�BP whichmeansthattheright handsideof (9.2)vanishes& � � 3�) a �È� +%�)� ��� 3 ���BP (9.8)

Eliminationof � between(9.6)and(9.8)leadsto anonlinearfirst orderdifferential
equationin which the integrationconstantandthe constant+ aredeterminedby
the prescribedconditions(9.4). For the equilibriumcase,the condition

& � �
at�Ð��P impliesthat � ¿ �BP sothat � is continuousinto thereservoir at �Ð�BP .

In thegeneralcase,(9.6)and(9.7) imply that
8¤ + �' ) �l+ ) �� �l+ � & � � 3B) a �5� +%�)� �È� 3 � (9.9)

Evaluating(9.8)first at îä�BP where

& � � , weget8¤ + �' ) � ¿ + ) �� � ¿ + � a �|¿ (9.10)

andthenat î � � # weget8¤ + �' # ) �7� � # + � & # � � 3B) a �5� +%� # � �5� 3 � # (9.11)

Equations(9.10)and(9.11)determine+ � andonerelationbetween� ¿ and � # .
Equation(9.9)maybesolvedfor
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& �32 ) �l+U� ¯ 8¤ + �' ) �l+ ) �Ï� �l+ 3 �7� � ± 9 � � 3�) a �5� +%�)� (9.12)

After differentiating(9.12)with respectî , replacing�
& 9 � î with (9.6), weget+' ) �l+ ) �� �l+ �32 µ ) �l+ � �� î

and

+,îä� 	 §§ Ã ' )54 + ) �� 4 +62 µ )54 + � 4 � (9.13)

A secondrelationbetween� ¿ and � # is impliedby (9.13)when î �BP and îä� � .
ThecaseN¤ � P is of specialinterest.In this casetherelaxationto equilibrium

in which the pressureand dispersedgasfraction lie on a solubility isothermis
immediate.In this case(9.13)maybewrittenas

+Eîq� � 	 §§ Ã
a ' )54 + )54 �5� +� � 3�) a �5� + 4 � � � 4 (9.14)

where ����� # at îä� � .
To investigatetheeffectsof therelaxationparameter

8¤ onsteadyflow we treat
the casein which the mobility

g ) �l+ is a constantindependentof � ; in this case' � � and(9.13)reduces

+,î � ) �7� �l+�2 ) �l+ 3 	 §§ Ã 2 )54 + � 413 + ¿ (9.15)

where

+Eî � 8¤ Ê �a �87 � 3�) a �5� +%�� 3�) a �5� +%� ¿ �7� � ¿�7� � 3 L 8¤ Ê � 3
a �) a �5� + � M �L �� 3�) a �5� +%� � �� 3�) a �5� +%� ¿ M 3

a) a �5� + � �87 � 3�)
a �5� +%�� 3�) a �5� +%� ¿ (9.16)

where ����� # at îä� � .
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10 Comparison with the experimentsof Maini & Sarma
[1994]

Maini & Sarma[1994] reportedresultsof experimentsin a sandpacklike that
shown in figure 6.1 wherepressureat inlet andoutlet arecontrolled. A tableof
propertiesof the sandpackis given in Table10.1. ”Prior to the startof the flow
experiments,eachoil samplewascleanedof its suspendedmaterials.Theoil was
thenrecombinedwith methanegasin therecombinationequipmentatapressureof
4.83MPa.” They did steadyflow experimentsusingLloydminsterandLindbergh
crudeoil in which theinlet pressurewasatsaturation�2�²N�Ð���6��{ � A:9 Æ ���6��{ �À� � P � �

& .$¥;0 9 Ê=< �
varyingthe”drawdown” pressureat theoutlet.

Table10.2givesthepropertiesof thetwo ”li ve” oils atsaturation.

Parameter Value
Length(m) 2.0
Cross-sectionalarea

) < � + � d»� � � � P ¹?>
Sandsize(

£
m) 74–105

Porosity(fraction) 0.33
Porevolume(mL) 1062
Permeability(

£ < � ) 3.35
Confiningpressureused(MPa) 14.0

Table10.1:Propertiesof thePorousMedium.

CoreAverage
Oil Density(g/cc) Viscosity(Poise) � atmaximum

a
drawdown

Lloydminster 0.968 30.07 0.138 3.40
Lindbergh 0.978 39.70 0.148 3.17

Table10.2:Propertiesof ”li ve oil” at saturation.

Thepressuredistribution alongthecoresamplewhichwasmeasuredin steady
flow by Maini andSarma[1994] is shown in figure 10.1and10.2. Six pressure
transducerswereplacedat intervalsalongthepack.Eachtransducermeasuresthe
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pressuredropbetweentwo tapsequallyspacedalongthepack;thepressuredrop
acrosstwo tapsis calleda ”dif ferentialpressure.” Theplotsgiven in figures10.1
and10.2areof straightline segmentsbetweenpressuretaps.
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Figure 10.1: (Maini & Sarma,1994). Pressuredistributions in steadyflows of
Lindbergh oils at variouspressuredrawdowns.
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Figure 10.2: (Maini & Sarma,1994). Pressuredistributions in steadyflow of
Lloydminsteroils atvariouspressuredrawdowns.
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Comparisonof theorywith the experimentsof Maini and Sarma[1994] re-
quiresthatwe input a mobility function

g ) �l+,�IH 9�£ ) �`+ which wasnot givenby
them. We aregoingto take H�� � � � e to betheconstantvaluegiven in Table10.1
andwewill express £ ) �`+G� £ ¿ < ) �`+ (10.1)

where

£ ¿ is theviscosityof live oil at saturation(givenin Table10.2)when ���BP
and of course< ) P*+q� �

. The viscosity of the dispersionshouldgrow with �
and,even more,the viscosityof oil istelf shouldincreasewhendissolved gasis
releasedto the dispersion.However the viscosityof foamyoils in porousmedia
is anunsettledsubjectandeventhesignin thechangeof viscosityis controversial
(seeSheng,et al. [1999a]).

Wearegoingto usethecelebratedempiricalformulaof Thomas[1965]< ) �l+U� � 3  »� e � 3 � PS� P e � � 3 PS� P"P� ��� � � ~=J ~ § (10.2)

for theviscosityof adispersionof solidspheresof uniformsize.Thisformulagives
goodresultsfor smallandmoderatevaluesof � , say � p PS� e , whichis nottooclose
from a statisticallywell-packed array. Variousempiricalformulasfor dispersions
of solid sphereshave beenproposedandarecomparedin thepaperof Polettoand
Joseph[1994]. It canbesaidthatnoneof theseformulasis accuratenearthewell-
packedconditionwhich in factdevelopsa rheologymorecomplicatedthancanbe
describedby an”effective” viscosity.

The viscosityof well dispersedsphericalbubblesmight be describedby the
viscosityof a similar dispersionof solid spheres.In any casetheexpression10.1
and10.2cannotbeexpectedto hold for valuesof � n PS��d"{ , andthey maynothold
for valuesof � n PS�¬� . It is of interestto evaluateif goodagreementbetweentheory
andexperimentcanbeachievedby choosinganappropriateviscosityfunction.

We arefirst goingto comparetheoreticalpressuredistributionsof theequilib-
rium theorywith ¤ �BP with themeasureddistributionasgivenin figure(10.1)and
(10.2). Theconparisonwill begivenfor drawdown in threecases,from4.83MPato
(1) 0.75MPa,(2) 1 MPaand(3) 3 MPa. Our attentionis directedto Lloydminster
andLindbergh oils for which thesolubility isothermsaregivenin figure2.5.

To evaluatethe responseto a pressuredrawdown it is useful to look at the
maximumgasfraction in the sandpack.This will occurat the outlet wherethe
pressureis lowestand � ) Ë[+ì� � # . From figure 2.5 we find the valuesgiven in
table10.3.
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� # (MPa) � # ) a � � �¬�4+ � # ) a � � �¬�4+
(1) 0.75 0.615 0.632
(2) 1 0.53 0.547
(3) 3 0.152 0.161

Table10.3:Theoutletgasfractionwith drawdown pressures.

From thesevalueswe may concludethat foamy and free gaswill certainly
occurat theoutlet in case(1) andpossiblyin case(2). Case(3) shouldbewell in
the region of validity for non-foamingbubbly mixturesandtheThomasequation
(10.2) shouldwork if the assumptionsthat dispersedbubblesact like dispersed
solid sphereswhenthey arenot closelypacked; theThomasequationmight work
for (2) but it will notwork for (1) (seefigure10.8).

It is perhapshelpful to notethat the lastexponentialtermsof (10.2)accounts
for lessthan10%of < ) �`+ when � p PS�� "d"{ .

The exponentialterm in the Thomasformula shouldnot be usedwhen � in-
dicatesclosepacking. The viscosityof closepacked solid spherescould tendto
infinity but dispersedbubbleswould foam or form free gaswhen closepacked
andthe increasein theeffective viscositywould bemoremoderatethanfor solid
spheres.The value of � for which a more moderatethan exponentialincrease
would beexpectedis not known but we might anticipatea valuenear � �ÖPS� e . In
factwe find excellentagreementwith theobserveddistributionsof pressurewhen
we usethe full Thomasformula (10.2) in drawdowns to 1MPa and3MPa anda
truncatedversionof Thomas’formulawith theexponentialneglected£ � £ ¿ ) � 3  »� e � 3 � PS� P e � � + (10.3)

for drawdown to � # �BPS� � e MPa. Thesecomparisonsareexhibitedin figures10.3,
10.4,10.5and10.6.Figure10.3is ourtheoreticalresultfor Lloydminsteroil which
cancomparewith theexperimentalresultgivenin figure10.2.

A moredetailedcomparisonof theoryandexperimentis shown in figures10.4,
10.5 and 10.6. The observed pressureis slightly higher for Lloydminsterthan
Lindbergh in the cases� # � �

MPa and � # �ÑPS� � e MPa but is smallerfor � # ��
MPa. In all casesthe assumptionthat the mobility

g
is constantunderpredicts

thepressure.Goodagreementsbetweentheoryandexperimentsis achievedwith
oil fitting undertheassumptionthatmobility varieswith � as

g �KH 9�£ ) �l+ with H
givenin table10.1,

£ ¿ givenin table10.2and

£ ) �l+ givenby theThomasexpression
(10.2)and(10.3).
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Figure10.3: Theoreticalpressuredistributions in steadyflows of oil (with LNMO6PRQ
andvariable SUTWVYX asin (10.2)) at pressuredrawdowns to valuesgreaterthan

0.75andthetruncatedformula(10.3)from 0.75to 0.483MPa. This figurecanbe
comparedwith theexperimentalresultshown in figure10.2.
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In figure 10.7 we comparedthe theoreticalpredictionfor the pressurewhenLfM O6P ^ a (Lindbergh) and LfM O6PRQ (Lloydminster);thedifferencesarevery small
with slightly highervalueof Z when LeM O6P ^ a .

0

1 106

2 106

3 106

4 106

5 106

0 50 100 150 200

β=3.4
β=3.17
β=3.4
β=3.17

P
re

ss
u

re
 

(P
a)

x

Figure10.7: Comparisonsof theoreticalpressuredistributionswith Lloydminster
( LgM O6P ^ a X and Lindbergh T5LhM O6PRQ X oils at drawdown pressureZ�[iMmP Pbadc
MPa and3 MPa. For thesamedrawdown pressure,thepressuredifferenceis not
significantwith different L .

Figure 10.8 comparestheoreticaland experimentalvalues(Maini & Sarma
[1994] figure 2) for the oil productionrate (10.4) as a function of the pressure
drawdown. Thevolumeflow rateis givenbyjk M Area lnm�opTWVYXrqsZYt/qvu`Tw^xmfVYX�y (10.4)

wheretheareais ^�z P ^|{]^�P6}?~s��� (table10.1)andthequantityin thebrachialsis
theconstantoil velocity (see(9.6)). Themassflow rateis obtainedby multiplying
(10.4)by theoil density�6��M�P P�� z�� g/ccandconvertingto experimentalunits.The
productionrateis overpredictedwhen o�M,o�� is constant.Theexponentialtermin
theThomasexpressionunderpredictswhentheoil foams.Theagreementbetween
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theoryandexperimentwith variable o1TWVYX usingexpression(10.1)and(10.2)and
nofitting parametersis excellent.
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In figure10.9weshow theresultsof our investigationof theinfluencethathas
the relaxationtimes � . Our hopeto backout � from thesteadyflow experiments
wasnot realized. The solutionceasesto exist when V�M�^d� asit shouldandthe
differencein thepressuredistribution in theregion in which a relaxationsolution
existsis smallerthantheerrorsin theexperiments.

We turn next to theblow down experimentof Maini andSarma[1994] (their
figure9,ourfigure10.10).They describetheirexperimentasfollows(theemphasis
indicatedis ours).

A different type of experimentwas neededto estimatethe total re-
covery potentialof solutiongasdrive. This experimentstartedwith
the sandpack at maximum”li ve oil” saturation. The pack was al-
lowed to blow down to atmosphericpressurethroughthe outlet end,
andthe inlet endremainedclosed. Figure9 shows the recovery and
pressure-dropbehavior. More than 20% of the original oil was recov-
ered in this primary depletion experiment. The valueis surprisingly
high for theviscousoil systemandsuggeststhatthecritical gassatu-
rationwasmuchhigherthanwhatwould bemeasuredby anexternal
gasdriveexperiment.Typically, theexternaldriveexperimentsin such
systemsshow thecritical gassaturationto belessthan5%. Therefore,
thisexperimentalsosuggeststhatamechanismis presentin heavy-oil
systemsto increasethe critical gassaturation. We suggest that this
mechanism is the formation of an oil-continuous foam.

We have alreadyremarked that the solubility isothermwith L�M O6PRQ
or 3.17

leadsto dispersedgasfractionsof theorder0.93;foamingis inevitable.

10.1 Blowdown experiment

The blowdown experimentis unsteady. The experimentsshown in figure 10.10
show that the packis still producingoil after200 hours;the terminalsteadyand
uniformstatehasnotbeenachieved.

The resultsof the experimentsat early timesarenot accurateenoughto test
our theoryof hyperbolicpropagation.Morever, theblowdown leadsto foamand
connectedgas,a regimeto whichour theoryshouldnotapply.

We have theideathatafterhours,wave propagationhasdecayedto diffusion,
andthatasapreliminaryto acompletestudyof thenonlineartransientproblemwe
couldexaminetheideathatsomeinformationcouldbeobtainedfrom thediffusion
theorygivenin section8 modifiedto take into accountthepresenceof afixedwall.
Wesolvedthefollowing problem
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Figure10.10: (Maini & Sarma,1994). Changein thepressuredropacrossdiffer-
ent coresegmentsandcumulative oil productionwith time during the blowdown
experimentwith theLloydminstersystem.

� Z�?� M L��Zro?�� � ��Z� u � �Z�T5u1��P X¡M �Z¢�Z£TÞP¤� � X¡M Z$[¥l¦^�m�§]T � X�y �� Z� u T©¨ª� � X¡M P
«R¬¬¬¬¬¬¬¬¬¬¬¬¬¬¬¬¬¬® (10.5)

where L¯M O6PRQ �6�ZiM Q(P � O MPa, o?��M±°?t;S¢�/�²°KM O6P�O�c {�^s³6})´¶µ·��� , S¢��M O ³
poise, � M¸^¶t O �$L��Zro)��t � M¹^�^¶tdºd³,M»³ P�c�c and Z$[NM»³ P ^ MPa. The problem
(10.5)wasresolved numbericallyandthe resultsweredisplayedin figure 10.11.
Thedifferentialpressuredistributionspredictedby thediffusiontheoryfollow the
qualitative trendsobservedin theexperiments.Theoil producedis given

46



0

0.5

1

1.5

2

0

50

100

150

200

250

0 50 100 150 200

segment 6

segment 5

segment 4

segment 3

segment 2

segment 1

Oil Produced (grams)P
re

ss
u

re
 

(M
P

a)

O
il

 
P

ro
du

ce
d 

(g
ra

m
s)

time (hours)

Figure10.11:Changein thepressuredropacrossdifferentcoresegmentsandcu-
mulative oil productionwith timeduringtheblowdown with thelinearizedLloyd-
minstersystem.

�¼� k T � X*M��¼�¢½�¾� jk T � Xrq � (10.6)

where jk M -Area opTw^xmfVYX£q�Zrt/qvu (10.7)

is evaluatedat ufM¿³ , theopenendof thesandpack.Thetheoryoverpredictsthe
cumulative productinbecauseblowdown produceslargeamountsof connectedgas
which is notallowedin thetheory.

11 Conclusionand discussion

Thetheorywhich we have developedcouldbecalleda continuummixturetheory
for foamyoils flow with dispersedgasof low mobility relative to theliquid which
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leadsto threecouplednonlinearpartialdifferentialequationsfor ÀÁ�©Z andthegas
fraction V , fivescalarequationsin fiveunknowns.

Themodelproposedheredoesnot requireinformationaboutnucleation,bub-
ble growth, liquid compressibilityor forceswhich producerelative velocity. We
put up a one-phaseor mixturetheoryin which thedispersedgasis describedby a
gasfraction field in a singlefluid in which the viscosity, densityandmobility in
D’Arcy’s law all dependon thegasfraction. This fluid satisfiestheusualD’Arcy
law, andthecontinuityequationtogetherwith a kinetic (constitutive) equationre-
quiredby the condensationandoutgassingof methane(or othergases)in heavy
crude. The theorydependsonly on parameterswhich canbemeasuredin a PVT
cell andsandpack.Thevirtue of themodelis simplicity, but it canwork only for
relatively immobiledispersedgasbubblesin which divergence-freevelocitiesare
excluded(seethediscussionfollowing (4.4)). Certainlysucha theorycouldnotbe
expectedto give rise to a percolationthresholdor even to a critical gasfraction.
We have shown that it candescribemany featuresof solutiongasdrive of foamy
oils in the regimeswhenthebubblesin themixturearedispersedandevenwhen
they aretrappedin foam.

Theequationsof our theoryarehighly nonlinearandtheunderlyingsystemis
hyperbolicgiving riseto propagatingbubblefronts,andexperimentsto checkthe
predictedwave speedshave asyet to be carriedout. Whenthe wave speedsare
known, we may calculatea relaxationtime which is a materialparameterof our
theory.

We solved linearizedversionsof our equationsfor the pressuredrawdown in
a sandpackwith oneendclosedandwereable to resolve the nonlinearflow for
steadyflow in anopensandpackby quadrature.Thesolutionsof thesteadyflow
problemdependonly weaklyon therelaxationtime which whenput to zerogives
riseto ourequilibriumsolution.Theresultsof theequilibriumtheoryarein excel-
lent agreementwith theexperimentsof Maini & Sarma[1994] whenthemobility
is chosenfor a constantpermeabilityand a viscosity given by Thomas’[1965]
celebratedexpressionfor theviscosityof adispersionof solidspheres.

The theorygiven hereis in the spirit of appliedmathematicalmodelingand
thoughit dependsstronglyonempiricaldatathroughandonly throughoursolubil-
ity constantL , it is withoutfitting parameters.

More work canandshouldbedonewith this theory, but theresultsgivenhere
gofar towardestablishingthatasimpletheory, basedonthedispersedgasfraction,
avoidingcomplicatedmodelingof nucleation,bubblegrowth, transitionto freegas
andcomplicatedtransferfunctions,cancapturemany of theessentialfeaturesof
foamyoil flow.

48



12 Appendix

In this appendixwe carry out an analysisof equations(4.10) for type; we show
thatundertheusualconditionsthesystemis hyperbolicwith u1� � planetesselated
by nonintersectingcharacteristiclines.

Puttingthegravity relatedtermto zero(4.10)canbewrittenas

� � � Z�?� m�o?��Â � Z� uÄÃ � mK�Z|ÅÆZÇÅ L(Z%V^xmfV M3³ (12.1)� � V�)� m�o � Z� u � V� u ÅÈTw^xm�VYXÉo?Ê � V� u � Z� u ÅËopTw^xmfVYX � � Z� u � M3³ (12.2)

where o Ê MÌq6o%t/q¼V P To analyzethis systemwe usethe methodof simplejumps.
To put the systeminto canonicalform we needto form a quasilinearsystemin
which thehighestderivativesarelinearand(12.1)is not quasilinear. We cangeta
quasilinearsystemby differentiating(12.1)with respectto u , writingZ)Ê defM � Z� u
Then � � � Z Ê�?� mfºvo)�/Z Ê � Z Ê� u Å L(ZTw^ªm�VYX � � V� um�o Ê �¢TbZ Ê X � � V� u ÅÆZ Ê Å L(Z Ê V^xm�V M3³ (12.3)opTw^xmfVYX � Z Ê� u Å � � V�?� ÅIÍÎo?Ê©Tw^xm�VrXÏZ$Ê6m]odZ)ÊnÐ � V� u M3³ (12.4)

Now welook for solutionswhichallow for simplejumpsof thederivativesof Zp�©Z Ê
and V assumingthat Z1�©Z Ê and V arecontinuous.These(characteristic)lines are
designatedas Ñ T5up� � XÒM const (12.5)

andweseektheexplicit form of thefunction

Ñ P
Now defineanotationfor asimplejumpacrosstheline

Ñ T5up� � XUM constl lÔÓ¶y yrMNTÕÓ�X²ÖUm×TÕÓ�X �
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Thejumpequationscorrespondingto (12.3)and(12.4)are� ��Ø�Ø � Z Ê�?�*Ù�Ù mfºvo?�/Z Ê Ø�Ø � Z Ê� u Ù�Ù Å Â L(ZTw^xmfVYX � m�o Ê �¢TbZ Ê X � Ã Ø�Ø � V� u Ù�Ù M�³ (12.6)o1Tw^xm�VrX Ø�Ø � Z Ê� u Ù�Ù Å � Ø�Ø � V�?� Ù�Ù ÅKÚ�o Ê Tw^xmfVYXÏZ Ê m�o�Z ÊÎÛ � V� u M�³ (12.7)

Thederivativesarediscontinuousacrossbut notalongcharacteristiclines.HenceT©� � Ñ ¾ mfºvo?�/Z Ê
Ñ Ü X�l l Z ÊÝ y y¤Å Â LpVTw^ªmfVYX � m�o Ê �¢TbZ Ê X � Ã

Ñ Ü l lRV Ý y yÞM3³ (12.8)opTw^xmfVYX Ñ Ü l l Z ÊÝ y y(Å,ß � Ñ ¾ Å Ú o Ê Tw^xmfVYXÏZ Ê m�o�Z Ê¦Û
Ñ Ü?à l lRV Ý y yÞM3³ (12.9)

Equations(12.8)and(12.9)maybesolvedfor thejumpsif andonly ifÚ � Ñ ¾ Å,ß6o Ê Tw^xm�VrXÏZ Ê m]odZ Ê à
Ñ Ü Û Ú � � Ñ ¾ m�ºvo?�/Z Ê

Ñ Ü Ûm�opTw^xmfVYX Ñ �Ü�á L£VTw^ªmfVYX � m�o Ê �¢TbZ Ê X �6â M3³ (12.10)

On theline

Ñ M const q Ñ M Ñ Ü q uÇÅ Ñ ¾ q � M�³
Hence m Ñ ¾ t

Ñ Ü M qvuq ��ã ju (12.11)

After inserting(12.11)into (12.10)andsomealgebraicrearrangements,wefind
that� ju|Å Z Êº Í O o|m�o Ê Tw^xm�VYX Ð Mä á o?LpV�¢Tw^xmfVYX Å Ú o � ÅÈTÕo?ÊÏX � Tw^ªmfVYX � Û TbZ Ê X �Q m ^º o%o(ÊWTw^xmfVYX�TbZ)ÊÏX �6â Ö�å � (12.12)

If thequantityunderthesquareroot is positive, therearetwo rootsfor
ju which

definethecharacteristics.If themobility is independentof V
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o?Ê)M3³
thentherearealwaystwo rootsandtheoriginalsystemis strictly hyperbolic.

The analysisjust given doesmeanthat discontinuitiesin Z and V arenot al-
lowedaswe saw alreadyin the linearizedanalysisleadingto the telegraphequa-
tion. Theunderlyingsystemis notquasilinearandtheexistenceof shockwavesin
thesolutionsetis anopenquestion.æ m � ju|ÅËo?ÊWTw^ªmfVYXÏZ)Ê¼m]odZ)Ê¦ç æ m�� � juèmfºvo)�/Z)ÊÎçm�opTw^xmfVYX á LpVTw^ªmfVYX � m�o Ê �/Z Ê �6â M3³ (12.13)� � ju � Å juéÍnº � odZ$Ê6m � o?ÊÕTw^xmfVYXÏZ)Ê Å � odZ)ÊnÐmêºvo�Z Ê Í o Ê Tw^xmfVYXÏZ Ê mfodZ Ê Ð m o(L£V�¢Tw^ªm�VYX Åëo$o Ê Tw^ªmfVYXÏZ Ê � M3³ (12.14)� � ju � Å � Z$Ê juéÍ O oèm�o?Ê©Tw^ªmfVYX�ÐÄm]o$o?Ê Z$Ê �Tw^xm�VrXYÅËºvo � Z Ê � m o(LpV�¢Tw^xmfVYX M3³ (12.15)á � ju
Å Z Êº Í O oèm�o Ê Tw^xm�VrX Ð â � m Z Ê �Q Í O o|m]o Ê Tw^xmfVYX Ð �m�o%o Ê Z Ê � Tw^xm�VrXYÅËºvo � Z Ê � m o(LpV�¢Tw^xmfVYX M3³ (12.16)á � ju|Å Z Êº Í O oèm�o Ê Tw^xm�VrX�Ð â � m o?��Z Ê �Q m Z Ê �¶o Ê �QTw^xmfVYX � Å ^º o%o Ê Tw^xm�VrXÏZ Ê � o(LpV�¢Tw^xmfVYX M3³ (12.17)
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