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Abstract

Capillary instability of aviscousfluid cylinder of di-
ameter D surrounded by another liquid is determined
by aReynoldsnumber J = V Dp, /e, aviscosity ra-
tiom = p./pe and adensity ratio £ = p,/p,. Here
V' =~/ isthe capillary collapse velocity based on
the more viscous liquid which may be inside or out-
side the fluid cylinder. Results of linearized analysis
based on potential flow of aviscousand inviscid fluid
are compared with the unapproximated normal mode
analysis of the linearized Navier-Stokes equations.
The growth rates for the inviscid fluid are largest, the
growth rates of the fully viscous problem are small-
est and those of viscous potential flow are between.
We find that the results from all three theories con-

verge when J islarge with reasonabl e agreement be-
tween viscous potential and fully viscous flow with
J > 0O(10). The convergence results apply to two
liquidsaswell asto liquid and gas.

1 Introduction

Capillary instability of aliquid cylinder of mean ra-
dius R leading to capillary collapse can be described
asaneckdown dueto surfacetension « in which fluid
is gected from the throat of the neck, leading to a
smaller neck and greater neckdown capillary force
asseeninthediagramin figure 1.1.

Thedynamical theory of instability of along cylin-
drical column of liquid of radius R under the action
of capillary force was given by Rayleigh (1879) [9]
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following earlier work by Plateau (1873) [8] who
showed that a long cylinder of liquid is unstable
to disturbances with wavelengths greater than 27 R.
Rayleigh showed that the effect of inertia is such
that the wavelength A corresponding to the mode of
maximum instability is A = 4.51 x 2R, exceed-
ing very considerably the circumference of the cylin-
der. The idea that the wave length associated with
fastest growing growth rate would become dominant
and be observed in practice was first put forward
by Rayleigh (1879) [9]. The analysis of Rayleigh is
based on potential flow of an inviscid liquid neglect-
ing the effect of the outside fluid. (Looking forward,
we here note that it is possible and useful to do an
analysis of this problem based on the potential flow
of aviscousfluid).

An attempt to account for viscous effects was
made by Rayleigh (1892) [10] again neglecting the
effect of the surrounding fluid. One of the effects
considered is meant to account for the forward mo-
tion of aninviscid fluid with aresistance proportional
to velocity. The effect of viscosity is treated in the
special case in which the viscosity is so great that in-
ertiamay be neglected. He shows that the wavel ength
for maximum growth is very large, strictly infinite.
He says, “... long threads do not tend to divide them-
selves into drops at mutual distances comparable to
with the diameter of the cylinder, but rather to give
way by attenuation at few and distant places.”

Weber (1931) [12] extended Rayleigh’s theory by
considering an effect of viscosity and that of sur-
rounding air on the stability of a columnar jet. He
showed that viscosity does not alter the value of the
cut-off wavenumber predicted by the inviscid theory
and that the influence of the ambient air is not signif-
icant if the forward speed of the jet is small. Indeed
the effects of the ambient fluid, which can be liquid
or gas, might be significant in various circumstances.
The problem, yet to be considered for liquid jets, is
the superposition of Kelvin-Helmholtz and capillary
instability.

Tomotika (1935) [11] considered the stability to
axisymmetric disturbances of along cylindrical col-
umn of viscous liquid in another viscous fluid under
the supposition that the fluids are not driven to move
relative to one another. He derived the dispersion re-
lation for the fully viscous case (his (33), our (5.14);

he solved it only under the assumption that the time
derivative in the equation of motion can be neglected
but the time derivative in the kinematic condition is
taken into account (his (33)). These approximations
were useful in 1935 but are unnecessary in the age of
the computer.

The effect of viscosity on the stability of a lig-
uid cylinder when the surrounding fluid is neglected
and on a hollow (dynamically passive) cylinder in a
viscous liquid was treated briefly by Chandraseck-
har (1961) [1]. The parameter yRp,/p which can
be identified as a Reynolds number based on a ve-
locity v/ e, Where py, is the viscosity of the liquid,
appears in the dispersion relation derived there.

Tomotika's problem was studied by Lee and
Flumerfelt (1981) [7] without making the approx-
imations used by Tomotika, focusing on the elu-
cidation of various limiting cases defined in terms
of three dimensionless parameter, a density ratio, a
viscosity ratio and the Ohnesorge number Oh =
pe/pyD = J'2.

In this paper we treat the general fully viscous
problem considered by Tomotika. Thisproblemisre-
solved completely without approximation and is ap-
plied to 14 pairs of viscous fluids. Theories based on
viscous and inviscid potential flows are constructed
and compared with the fully viscous analysis and
with each other.

It is perhaps necessary to call attention to the fact
it is neither necessary or desirable to put the vis-
cosities to zero when considering potential flows.
The Navier-Stokes equations are satisfied by poten-
tial flow; the viscous term is identically zero when
the vorticity is zero but the viscous stresses are not
zero (Joseph and Liao 1994 [5]). It is not possi-
ble to satisfy the no-dlip condition at a solid bound-
ary or the continuity of the tangential component of
velocity and shear stress at a fluid-fluid boundary
when the velocity isgiven by apotential. The viscous
stresses enter into the viscous potential flow analysis
of free surface problems through the normal stress
balance (5.10) at theinterface. Viscous potentia flow
analysis gives good approximations to fully viscous
flows in cases where the shears from the gas flow are
negligible; the Rayleigh-Plesset bubble is a poten-
tial flow which satisfies the Navier-Stokes equations
and al the interface conditions. Joseph, Belanger
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Figure 1.1: Capillary instability. The force v /r forces fluid from the throat, decreasing r leading to collapse.

and Beavers (1999) [4] constructed a viscous poten- for the fully viscous case for several reasons iden-
tial flow analysis of the Rayleigh-Taylor instability tified in their paper. The study leads to unexpected
which can scarcely be distinguished from the exact results which appear to agree with experiments.

fully viscous analysis. In a recent paper, Funada and The present problem of capillary instability can be
Joseph (2001) [2] analyzed Kelvin-Helmholtz insta- fully resolved in the fully viscous and potential flow
bility of aplane gas-liquid layer using viscous poten- cases and it allows us to precisely identify the limits
tial flow. This problem is not amenable to analysis in which different approximations work well.

2 Basicequationsfor fully viscous flow (FVF)

Consider the stability of aliquid cylinder of radius R with viscosity u, and density p, surrounded by another
fluid with viscosity u, and density p, under capillary forces generated by interfacial tension «. Our conven-
tionisthat up > pe. INnthe inverse problem the viscous liquid is outside. The analysisis done in cylindrical
coordinates (r, 6, z) and only axisymmetric disturbances independent of § are considered.

Interms of the cylindrical coordinates (r, 8, z), thevelocity (u, v, w) isexpressed (for an axisymmetric flow)
by the stream function v:
1oy Loy
u—raz, w——rar. (2.1
The column of fluid £ (liquid) isin 0 < r < R and thefluid a isin R < r < oo. The equations for fluid ¢ are
given by

Oug ug Owy

— 4+ —+ — 2.2
or r 0z 0 (22)
Oouy Oouy Oouy 1 Opy 9 Up
— — — = - — 2.3
ot T TV, pgar+”f<vu 1) (2:3)
Owy Owy Owy 1 Opy 9
ot + Uy or + wy 0z 0 02 + vy V=wy, (2.9



Capillary/C-Instab_8-18.tex 4

and the equations for fluid a are given by

oug, Ug Ow,

i = 25
or + r + 0z 0, (25)
Oug Oug Oug 1 Op, 9 Ug
A, a A a5 — A a a— "o ) 2.6
o Mgy TWe Ty T T ar (Vua = 15) (2:6)
awa 6wa awa 1 6pa 2
Za —— —— = —— . @ 2.7
ot tu or tw 0z Pa 0% TraViw 217
with the Laplacian:
2 2
V2 _ 0 10 0 (2.8)

o T rar a2

The kinematic condition at the interfacer = R + n is given for each fluid by

on on on 1(91,0@677_1%
F i Y TR . Ml 29
In on _ On 10y 0n _ 10%a
E—i_wa& — e 7 ot r Or 0z 1 0z’ (210

and the normal stressbalanceat r = R + 7 isgiven by

M R )

where « isthe surface tension, and 7, and 7, denote the normal viscous stresses acting on the interface:

+ o
— P — T+ T =7 —

~1/2 )
+}, (2.12)

—1
Ouy Oouy owy (977 Owy 677 2 877 ’
-9 -~ =4 =)L, (1 1 — 212
e Fe [ or <8z + or ) 0z * 0z (82 + 0z ’ (212
—1
. % B Oug n Owg @ +8wa @ 2 1+ @ ’ (2.13)
Ta = 2Ha Or 0z or ) 0z 0z \ 0z 0z ' .

The first term in this right-hand-side remains even if the interface deformation vanishes. It is noted in (2.11)
that the pressure in undisturbed state is balanced as

1
- PYRa
which has aready been subtracted in (2.11). The pressure in (2.11) is to be evaluated from the equation of

motion; (2.3) and (2.6).
The velocity normal to the interface is continuous as

97 -1/2
In an
(“f ‘“’%) [” (&) ]

Pe — Pa (2 14)

1/2

B o oan\’|
= (ua - wd&) |:1 + (&) ] , (2.15)
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and the velocity tangential to the interface is continuous as

) on\2] )
(uga—z —i—wg) 1+ (8_2) ] = (uaa—z—i-wa)

The tangential stress balance is given by
Ouy On Oug  Owyp on 2 Owy On on 2
28r8z+<8z+8r)<1 (82) 28z82 L+ 0z
-1
Oug On Ou, Owg on 2 Ow, On on 2
= lg |2 — 11— =— -2 — | [1 — . 2.17
M[@r@z—i_(@z—i_@r)( (82)) 0z 0z * 0z 217

The problem for small disturbancesin [F] is given by the equations (2.2)—<2.7) and the boundary conditions
(2.9+2.10), (2.11), (2.15), (2.16), and (2.17).

1/2

on 2
1+ (&) ] . (2.16)

-1

i

3 Dimensionless equationsfor FVF

In terms of the diameter of column D, typical time T, typical velocity V' = D/T and typica pressure p, we
have the normalization:

r=Df, z=D3 t=Ti, (3.1)
p=pop, u=Via, w=Vw, n=Dn, (3.2
v =VD*), R=DR (Rz%),ﬂgmgoo. (3.3)
The parameters are given by
Ro=YPre VD Moo 1= 0< i< 00, (3.4)
1 Ve 1 Pe

For pp = v/D and V = ~y/ e, We have the normal stress balance in the undisturbed state

~ ~

D¢ — Pg = 2. (3.5)
The dimensionless form of the preceding equations are

Oty @y Oy

— 3.6
or + 7 0z 0, (3.6)
Oty . Oty . Oty 0Py e, g
e | — —_— = — - =, 3.7
R (875 -|—u13872 weﬁé) 8ﬁ+vu£ 2 (3.7)
Oy . Owy . Owy aﬁg DN
(P g, 00 __ , 38
R (8t +W8f e (92+va (3.8)
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o "7t T (39)
Otg . Olig . Olg 0Pq n o Ug
L =2 - — | = —— «— = |, 3.10
Rg(at tu or Tt 82) or —l—m(Vu r2> (310
Og . Og . Oy  Opa 9 .
Reg (W + uaﬁ + Wq 8;2 ) = 62 + mV Wgq, (311)
with

A 0? 10 0?

2 _ -2 —
Ve = 972 + =97 T 952 (3.12)

The kinematic condition at # = 1/2 + 7 is given by

oy . on . o 10y, 07 19y

9y, g _Zovedn _ - 1
5 Tz T T G T i ero: 7oz (3.13)
o  on O 1%, 07 109,

gi TWagz =M T G T i or oz o (3.14)

The normal stress balance at the interface is given by

—3/2
A V., V. v ) 0% on\° AR
_ = s —_ 1 1 hald _
Po (Pe = Pa) pepTe T HapTa D {6‘22 0z (R 77)

0%*n
022

(ﬁﬁﬁa)fl‘f’mfa{

with the normalized stresses
1

X Oty (00, 0w, On Oy (072 an\?|
—9 - e a1 14 (X 3.17
Tt [af (az+af)az+az (az« 5z ’ (317
-1
y=o| Qe (O, O 00, O (0] : 14 (20 2 (3.18)
Ta =2 o7 9z " or oz oz \oz BB ‘ '

The pressurein (3.15) isto be evaluated from the equation of motion; (3.7) and (3.10).
The velocity normal to the interface is continuous as

o o\ 2] o o\ 2] ~*
Lo 0N 7 (s 9N n
(ug — wé%) 1+ (&) ] = (ua Wq 82) 1+ (82) ] , (3.19)
and the velocity tangential to the interface is continuous as
. . —1/2 . 91 -1/2
o o\ ” (.00 on
(u€£ + wg) 1+ (@) ] = (Ua,g + Wq 1+ 9% . (3-20)
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The tangentia stress balanceis given by
dag 0 (g Oy o\ > Bivg D)
2af£+(az+af><l_(£ ~ %%z oz

-1
| ou.00  (0a, 0w, o\ Db, O o\ >
_ml2af£+<az«+w)(l_(az))_?az$ L+ {55 : (3.22)

4 Dimensionless equationsfor viscous potential flow (VPF)

The scales used for FVF depend on the viscosity of the fluids and are not appropriate for the case in which the
viscosities u, = pe = 0 or for potential flow generally. To compare VPF and | PF, another choice for scaling
the pressure and velocity is appropriate; here we choose the same scales asin (3.1-3.3) except

po = peU? (4.1)
and
U= v/Dpy (4.2)

With these scales, the dimensionless equations for VPF, @t = V, V2¢ = 0, V) = 0 which differ from those
aready given are

ou,  Oag 04\ 0Py
( o e T ) T T or (43)
diy . Oy 0w\ 0P
< 5% + Uy o7 + wy 9z =2z (4.4)
and
Oty . Ola . 00,\  Opa, (O . 0bs  O0b.\ e
¢ (E UYag7 “’“%) = T or E( 57 lagp TWaps ) ="z (4.9

The normal stress balanceis given by

_3 1/2
s s e mia )% AN 9
N A {822 1+<82 i) |1+ (5 +2 (4.6)

where 7, and 7, are defined by (3.10-3.11).
Conditions (3.13)—3.14) and (3.15)—3.16) on the tangential component of velocity and stress overdetermine
potential flow and they are neglected. Equations (4.3)—(4.6) reduce to |PF when J — oo.

5 Linear theory of stability for FVF

The system of equations for small disturbances are given by

o4, 1y Oy
te _ 5.1
7 Tt (5.1)
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with
N 0? 10 0?

or2  Por 022

Thekinematic conditionat 7+ = 1/2 + 7 ~ 1/2 isgiven by

on . on 10y
— =U — == %,
ot ot T 0zZ
8—72 =0, — 8—72 = iaq’bf’.
ot ot T 0z

The normal stress balance at the interfaceis given by

L Diig Dilg i 9
— Pa) — 2 2 =— —— .
(e = Pa) = 275 + 2m— <622 + 2

The velocity normal to the interface and the vel ocity tangential to the interface are continuous as

The tangentia stress balanceis given by

Ouy | D\ _ (0, Dby
9z " ar ) "™ \az T ar )

The solutions for small disturbances may take the following form:

e = [ArrIi(kr) + AgrIi (ker)] exp(ot + 1kz) + c.c.,

Yo = [BirKi(kr) + BarKi(ker)] exp(ot + 1kz) + c.c.,

n = H exp(ot +1kz) + c.c.,
for which the solvability condition is given as the dispersion relation of o

I (kR) I1 (k¢R) K1 (kR) Ki1(koR)

kIo(kR) kelo(keR) —kKy(kR) —koKo(koR)
2uek? I (kR) e (K* + k3) I (keR)  2uk?Ki(kR)  po (k% + k2) Ki(koR)

Fy F F3 Fy

=0,

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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where
dhL (kR 1 k
Fy = wpelo(kR) + 2u0k? ( dz]i R))> — (ﬁ — k2> 1 L(kR),
dI; (keR) 1 9\ k
Fy = 2uupkky | ——= ) =7 | = — k% ) 1—I1(k
2 = 2upuy e( (ke R) 7\ 72 O 1(keR),
dK; (kR dK;(k.R
F3 = —ZO'paKO(kR) + 27//.Lak2 (ﬁ) , F4 = 2@/,Lakka (ﬁ
with

ko= K24+ 2, ko= /k2+—.
Vy Vg

The solutions in dimensionless form are given by

qﬁz = [[1172[1(1%7?) + Agffl(fﬂ[f)] exp(6t + zl%z?) +c.c.,

Vo = [Blf K1 (k7) + BQle(l%af)] exp(6 +1k2) + c.c.,

A

fi = H exp(6€ + 1k2) + c.c.,

for which the solvability condition is given as the dispersion relation:

A ~

Ah(’%ﬁ) }1(7;7{1%) {ﬁ(iﬂl Ki( f%)A
kIo(kR) feeIo (ko R) —kKo(kR) —iaKo(koR)
22N (kR) (R +82) Li(keR) 2miK (kR) (k2+k2) K1 (koR)
Fl ﬁQ FB
where
A1, (kR 1 .\ k
By = 1R.61o(kR) + 2k° L(kE) ( . ) =L (kR)
d(kR) R?
. . I (kR 1 .
By = bk, dhi(keR) ) ( - k2> szl(keR),
d(kR) R?
Fy = —R 16 Ko(kR) + 2umk? w , Fy = 2umkk, M
d(kR) d(ka
with

- . . ol
it R, by =[R2+ Bl
m

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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5.1 Arrangement

The solutions in dimensionless form are given by

. I, (k7 Ip (ko ..
Py = [dlf‘ 1(k7) + aof 1(;:[;))] exp(at + 1kZ) + c.c.,

I (kR) I (kg
Do = |17 1(k7) + bo (ke exp(6t +1k2) + c.c.,
K1 (kR) Ky (kR

fi = H exp(6€ + 1k2) + c.c.,

for which the solvability condition is given as the dispersion relation:

1 1 1 1
I;df I%ZCAWQ _]%da _I%adtﬂ
ok (R+82) 2mk? m (B2 +82) 0,
i e —fs —f
where
2 A A 725 2 k 2 71 72 k
Jfi = Re6by +2k"By — | = — k%) 5=, fa = 2kkeBe — | =5 — >
20 20
R o 1 )\ B, X 1 k
f3 = Relbiiq +2mk*Bo — | = — k) o=, fa=2mkkafez — | =5 — K ) 0%,
2 20 20
with
. IL(kR) Io(keR) . Ko(kR) . Ko(kaR)
Gy = ~~_, Q2= ~ =~y Qg = ~~, (g2 = aoALY
Li(kR) 1(k¢R) Ki(kR) Ki(ksR)
o= fo=dn— = o=dat oz fu=de+
=0y — ==, 2 = 02 — ~—=, a = Qq ) a2 = Qg2 ~ A
2 2 , k‘aR
- ~ - ~, Rl
ke =\ k2 + Re6, ko=1\/k2+ "6,
m
on . 10, . 1. . . . - &
—_—= = - X - - b b =2 TH.
o7 Uy 703 Ugq 7 05 —ar+ a2+ 01+ 02 lk
Further rearrangement of the determinant in (5.30) is convenient for calculations.
1 1 -1 -1 1 0 -1 0
%67, kodvgo kay kqdigo kéay  kodps — kéyy  kdy kqGigo — kdyg
ok? (B2 + k) —2mk? —m(R24R2) |7 2k R -R amk? om(R2-R2)

f fo f3 fa fi fo—fi /3 fi—fs

10

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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1 0 0 0
kéy kebpr —kéyy  k(Ga+ Gp)  kaGaz — kéq
ok B2-k  21-m)k2 —m (l%g - 1%2)
A f2— fi fs+ fi fa—fs
In deriving }his determinant, the second column has been assigned to a2, and the fourth column has been
assigned to b,. The second row has been assigned to the continuity of tangential velocity, and the third row has
been assigned to the tangential stress balance. If these are taken out from the above, the resultant determinant
gives f1 + f3 = 0, which isthe dispersion relationin [V PF].
Then the determinant is expanded as

=0 (5.37)

~

kiééﬁ - ké‘l k (&a + dﬁ) ka&aQ - kda

Sl " co | E(Ga+Ge)  kaGas — kbg
2 _ 1.2 _ 2 2 1.2 — _ . " R
Bk 20-mk mA<ka X ) |=(R-A), 0 mE (i R (5.38)
fo—f1 fs+ f1 fa—f3
N ~ ];Edﬁ - ];OA% ffa&a2 - Eda N A ]/{\:[&[2 — ];7071 ];7(64 + dz)
N e 2 _ 12— T 0. (539
<f3+fl> kg—kQ “m <k2—k2> ‘|‘<f4 f3> ‘ kg—k2 2(1—m)k2 0 ( )
If k, and k, are approximated as
b= \E2+ R~k + -7 f = 22+Re£6zk+ Rel ;. (5.40)
2k m 2km
we have
fo— fi = 2kkeBpr — ReGay — 2k By = 2k (7%@522 - if@z) — ReGdy (541)
Fi— fs = 2mkkofus — Rol6 Gy — 2mi2B, = 2mik (l%a,éa2 _ l%Ba) — Rl6é, (5.42)

6 Linear theory of stability for VPF

The equations given in section 4 are linearized and solutions of the linearized equations are taken in the follow-
ing form:

e = ArrIi(kr) exp(ot + 1kz) + c.c., (6.1)
e = Bir Ky (kr) exp(ot + 1kz) + c.c., (6.2)
n = H exp(ot +1kz) + c.c. (6.3)

The kinematic condition is given by

kAL (kR) = oH, 1kBKi(kR) = oH. (6.4)



Capillary/C-Instab_8-18.tex 12

The normal stress balance is expressed as

dI, (kR) o (dKi(kR) 1,

A 2k A «B1 K, — 20q1k®By | ———L ) =~ = — H(65
10peA1lo(kR) + 2upk 1( (kR )erp 1Ko(kR) — 2pq1k” By 0 vz kK (6.5)
thus we have

Iy(kR) o L (kR)
240 2 1
H + 2uk Iy(kR) — H 6.6
PO R R) + 2p LR ( o(kR) — =~ (6.6)
Ko(kR) o Ki(kR) 1
2420 2 1 2
a H —2p, —K, — H=~-= — H,
TP R T N R ( okR) = =R TN 7))k
then the dispersion relation is given by
1
peo?ay(kR) + 241k?0 By(kR) + pac®ata(kR) + 2pak*0 fa(kR) = v <ﬁ - k2) k, (6.7)
with
_ Iy(kR) _ Ky(kR) 3 1 B 1
ay(kR) = T.(hR)’ aq(kR) = Ki(kR)’ Be(kR) = ay(kR) R Ba(kR) = aq(kR) + R

The analysisin terms of the stream function coincides with that made before in terms of the potential.
The solutions in dimensionless form are given by

Py = AL (k7) exp(6t + 1k2) + c.c.,
Yo = B17K | (k7) exp(6t + 1k2) + c.c.,

fj = H exp(6€ +1k2) + c.c.

The dispersion relation is given in dimensionless form

. AN A ol a A oA\ I 5\ -
(G + Lag) 62 + 2k> (Meﬁe + ,uaBa> 6= <R2 — k2> k, (6.8)
with
Iy(kR Ko(kR) 5 1 . 1
dp = o(M)’ by = O(M), ) =Gy — —, Ba =g+ —, (6.9
L(kR) K1 (kR) kR kR

(6.10)

Q>
I

B (bt aba) | TR (et ibe) | (5 —82) b
T (G la)) (e + L) i
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Z
o

material (fluid ¢ - fluid a)

mercury-air
mercury-water
water-air
benzene-air
water-benzene
SO100-air
glycerine-mercury
glycerine-air
oil-air
goldensyrup-CC4 and paraffin
S010000-air
goldensyrup-BBail

OO ~NOODWNPRF

B e
N P O

B
MW

goldensyrup-Black lubrication oil
tar pitch mixture-goldensyrup

13

Table 7.1: Fluid pairs for study of capillary instability when the viscous fluid is inside. An additional 14 pairs
numbered from 15-28 are obtained by inverting 1-14 so that the viscous fluid is outside; for example, 15 is
air-mercury. These 28 fluid pairs are the data base for this paper.
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1.3500E+01
1.3500E+01
1.0000E+00
8.6000E-01
1.0000E+00
9.6900E-01
1.2570E+00
1.2570E+00
8.7980E-01
1.4000E+00
9.6900E-01
1.4000E+00
1.4000E+00
1.4000E+00

1.5600E-02
1.5600E-02
1.0000E-02
6.5000E-03
1.0000E-02
1.0000E+00
7.8200E+00
7.8200E+00
4.8300E+00
1.1000E+02
1.0000E+02
1.1000E+02
1.1000E+02
2.0000E+03

1.2000E-03
1.0000E+00
1.2000E-03
1.2000E-03
8.6000E-01
1.2000E-03
1.3500E+01
1.2000E-03
1.3000E-03
1.6000E+00
1.2000E-03
9.0000E-01
8.5000E-01
1.4000E+00

1.8000E-04
1.0000E-02
1.8000E-04
1.8000E-04
6.5000E-03
1.8000E-04
1.5600E-02
1.8000E-04
1.8500E-04
3.4000E-02
1.8000E-04
6.0000E+01
1.0000E+02
1.1000E+02

4.8210E+02
3.7500E+02
7.2800E+01
2.8860E+01
3.2800E+01
2.1000E+01
3.7500E+02
6.3400E+01
3.1500E+01
2.3000E+01
2.1000E+01
1.7000E+01
8.0000E+00
2.3000E+01

Table 7.2: Density (g/cc), viscosity (P) and interfacial tension (dyn/cm) for fluidsin table 7.1.
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No l m No. I4 m J
1| 8889E-05 1.154E-02 | 15| 1.125E+04 8.667E+01 | 2.674E+07
2| 7407E-02 6.410E-01 | 16 | 1.350E+01 1.560E+00 | 2.080E+Q7
3| 1.200E-03 1.800E-02 | 17 | 8.333E+02 5.556E+01 | 7.280E+05
4| 1.395E-03 2.769E-02 | 18 | 7.167E+02 3.611E+01 | 5.874E+05
5| 8.600E-01 6.500E-01 | 19 | 1.163E+00 1.538E+00 | 3.280E+05
6 | 1.238E-03 1.800E-04 | 20 | 8.075E+02 5.556E+03 | 2.035E+01
7| 1L.074E+01 1.995E-03 | 21 | 9.311E-02 5.013E+02 | 7.708E+00
8 | 9547E-04 2.302E-05| 22 | 1.048E+03 4.344E+04 | 1.303E+00
9| 1.478E-03 3.830E-05| 23| 6.768E+02 2.611E+04 | 1.188E+00
10 | 1.143E+00 3.091E-04 | 24 | 8.750E-01 3.235E+03 | 2.661E-03
11 | 1.238E-03 1.800E-06 | 25 | 8.075E+02 5.556E+05 | 2.035E-03
12 | 6.429E-01 5.455E-01 | 26 | 1.556E+00 1.833E+00 | 1.967E-03
13 | 6.071E-01 9.091E-01 | 27 | 1.647E+00 1.100E+00 | 9.256E-04
14 | 1.000E+00 5.500E-02 | 28 | 1.000E+00 1.818E+01 | 8.050E-06

Table 7.3: Dimensionless parameters £ = pq/pe,m = pa/pe and J = pyD/p? is a Reynolds number based
on the maximum viscosity, which is the viscosity u, listed in table 7.2. Entries 15-28 are for casesin which py
and p, arefor the outside fluid.

7 Analysisof dimensionless growth rate curves, o(sec™!) vs. k(cm™!)

Growth rate curves were computed for 14 fluid pairs; ¢, a arelisted in table 7.1.

The density, viscosity and interfacial tension of the fluidsintable 7.1 are listed in table 7.2.

In table 7.3 we list the 28 values of dimensionless parameters needed to calculate growth rates for fully
viscous flow; 14 when the more viscous liquid is inside and an additional 14 when the more viscous liquid is
outside.

Growth rate curves o(sec™!) vs. k(cm~1) for the 14 fluids listed in table 7.1 are given in figures 7.1-7.14.
The computation was carried out with D = 1 cm. The inverse case, with the viscous fluid outside, is plotted
in figures 7.15 to 7.28. There are three curves in each figure belonging to fully viscous, viscous potential and
inviscid potential flow. The curves have a universal order with the highest growth given by inviscid potential
flow (IPF) and the lowest growth rates by fully viscous flow.

Table 7.4 lists the maximum growth rate and the wavenumber of maximum growth for fully viscous and vis-
cous potential flow. We measure the agreement by monitoring the ratio of maximum growth rates o yy /o nr
and the ratio of the maximizing wavenumbers. The agreement is good when these ratios are nearly one. Ta-
ble 7.4 shows very good agreements for high Reynolds numbers greater than O(10*) and reasonable agreement
for Reynolds numbers greater than O(1).

We call the readers attention to the fact that the agreements between fully viscous and viscous potential flow
are good when J islarge, even the fluid when the pairs are two liquids. Thisresult isin apparent disagreement
with the notion that such agreements are somehow associated with the behavior of boundary layersat gas-liquid
surfaces (see section 9.)
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2.6744E+07
2.0803E+07
2.0803E+07
7.2800E+05
5.8745E+05
3.2800E+05
3.1834E+04
2.0349E+01
1.3032E+00
1.1880E+00
4.2500E-03
2.0349E-03
6.8000E-04
8.0500E-06

1.3957E+00
1.3894E+00
1.2814E+00
1.3957E+00
1.3957E+00
1.3585E+00
2.4931E-01
1.2416E+00
9.8716E-01
9.7832E-01
1.6858E-01
2.7772E-01
1.2585E-01
6.7356E-02

1.8774E-04
2.1122E-04
1.8446E-04
1.1366E-03
1.2650E-03
1.5597E-03
2.8156E-04
1.7491E-01
4.5010E-01
4.6134E-01
3.3993E-01
9.5215E-01
4.6677E-01
9.4484E-01

1.3957E+00
1.3894E+00
1.2929E+00
1.3894E+00
1.3894E+00
1.3524E+00
4.0520E-01
1.0898E+00
7.4027E-01
7.3035E-01
1.1870E+00
1.7397E-01
1.1298E+00
7.2381E-01

1.8766E-04
2.0942E-04
1.8120E-04
1.1334E-03
1.2609E-03
1.4827E-03
2.6573E-04
1.3151E-01
2.4080E-01
2.4384E-01
5.1117E-02
3.2835E-01
6.7419E-02
2.2728E-01

1.0000E+00
1.0000E+00
9.9105E-01
1.0045E+00
1.0045E+00
1.0045E+00
6.1527E-01
1.1393E+00
1.3335E+00
1.3395E+00
1.4202E-01
1.5963E+00
1.1140E-01
9.3057E-02

1.0004E+00
1.0086E+00
1.0180E+00
1.0028E+00
1.0033E+00
1.0519E+00
1.0596E+00
1.3299E+00
1.8692E+00
1.8920E+00
6.6500E+00
2.8998E+00
6.9235E+00
4.1572E+00

15
16
17
18
19
20
21
22
23
24
25
26
27
28

2.6744E+07
2.0803E+07
2.0803E+07
7.2800E+05
5.8745E+05
3.2800E+05
3.1834E+04
2.0349E+01
1.3032E+00
1.1880E+00
4.2500E-03
2.0349E-03
6.8000E-04
8.0500E-06

9.6956E-01
1.1659E+00
1.0704E+00
9.7394E-01
9.7394E-01
1.3463E+00
2.9710E-01
6.3246E-01
2.9577E-01
2.9710E-01
2.0181E-01
3.9264E-02
1.4468E-01
5.1426E-02

5.1715E-06
2.6645E-04
1.7136E-01
4.8597E-05
8.3145E-05
1.0658E-03
9.4473E-01
6.4779E-05
1.7161E-05
2.8893E-05
6.2177E-01
1.7918E-06
5.1111E-01
5.1834E-02

9.6956E-01
1.1764E+00
9.9608E-01
9.7394E-01
9.7832E-01
1.3403E+00
2.7523E-01
6.2962E-01
3.2653E-01
3.3849E-01
1.1046E+00
1.0608E-01
1.1196E+00
1.0898E+00

5.1697E-06
2.6015E-04
1.2297E-01
4.8447E-05
8.2776E-05
1.0102E-03
3.2087E-01
6.3660E-05
1.7034E-05
2.8594E-05
9.7961E-02
1.7787E-06
7.4787E-02
1.5879E-02

1.0000E+00
9.9105E-01
1.0746E+00
1.0000E+00
9.9551E-01
1.0045E+00
1.0795E+00
1.0045E+00
9.0580E-01
8.7773E-01
1.8269E-01
3.7013E-01
1.2022E-01
4.7188E-02

1.0003E+00
1.0242E+00
1.3935E+00
1.0031E+00
1.0045E+00
1.0550E+00
2.9442E+00
1.0176E+00
1.0075E+00
1.0105E+00
6.3471E+00
1.0073E+00
6.8342E+00
3.2644E+00

15

Table 7.4: Maximum growth rate and the associated wavenumber ratios indexed by J; cases 1-14 are viscous
fluid inside, 15-28 for viscous fluid outside. The ratios are nearly one, indicating agreement between FVF and
VPF when J islarge.
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1.3524E+00
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1.9700E+01
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5.3956E+00
1.0747E+01
5.0698E+00
1.6413E+01
1.3801E+01
3.3924E+00
1.0747E+01
3.6829E+00
2.5820E+00
3.5887E+00

9.6956E-01
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9.7394E-01
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1.3463E+00
6.3246E-01
1.2814E+00
2.9577E-01
2.9710E-01
2.4931E-01
3.9264E-02
1.6858E-01
1.2585E-01
5.1426E-02

1.3851E+01
9.9919E+00
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5.3782E+00
7.5576E+00
4.4341E+00
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4.9196E+00
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1.0000E+00
9.9551E-01
1.0000E+00
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9.2224E-01
3.0368E-01
3.0368E-01
1.8352E-01
4.0315E-02
1.2635E-01
9.4321E-02
3.8026E-02

9.9963E-01
9.9936E-01
9.9772E-01
9.9744E-01
9.9679E-01
7.0324E-01
8.7462E-01
3.6829E-01
3.5647E-01
5.6144E-02
1.9451E-02
2.6151E-02
1.4462E-02
3.0200E-03
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Table 7.5: Maximum growth rate and wavenumber ratios for VPF and IPF when the viscous liquid is inside
(No. 1-14) and outside (No. 15-28).
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8 Analysisof dimensionless growth ratecurvesé vs. k

The dimensionless growth rate curves 6 vs. k depend only on three control parameters £, m and J. The dimen-
sionless description allows for maximum generality. We first show how &,,, and k,,, from FVF varies with v/.J
for different values of ¢ and m givenin table 8.1.

Name Y4 m || Name V4 m
fi1 0.01 0.01 f31 100. 0.01
f12 001 1.00 f32 100. 1.00
f13 0.01 100. f33 100.  100.
f14 0.01 1000. f34 100. 1000.
f21 1.00 0.01 f41  1000. 0.01
f22 100 1.00 f42  1000. 1.00
f23 1.00 100. f43  1000. 100.
f24  1.00 1000. f44  1000. 1000.

Table 8.1: Control parameters ¢ and m for the curves 6., vs. v/.J and k., vs.+/Jin figures 8.1 and 8.2.
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Figure 8.2: Wavenumber km Vvs. /J for the values of ¢ and m in table 8.1. The existence of a maximum value
of k,, at values of J near 1 for certian values of ¢ and m is noteworthy.
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In figures 8.3-8.30 we plotted the peak values 5.,
and the corresponding wavenumber k&, vs. v/J for
fixed values of £ and m which are given in table 7.3.
The maximum growth rate 6,,, and fcm for |PF do not
depend on k, and appear asthe highest flat value. The
smallest growth rateisfor FVF.
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Figure 8.11: 6,,, and k,,, vs. v/J for valuesof £ and  Figure 8.12: 6,, and k,, vs. v/J for values of ¢ and
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m for mercury and water.
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m for Water and air.

32

1 "ff-p‘eak.dat” usind 1:3 ——
"vp-peak.dat" using 1:3 ---x---
A 0.1 "ip-peak.dat" using 1:3 ---*---
O ' Xxx§ Eafﬁ—peak.dat" using 1:3 8
0.01 5
x)(
0.001 e
X
#
0.0001 .
XX
1e-05 %
X
1e-06 o
xx/
16-07 [ .4,
i
1e-08
1e-06  0.0001 0.01 1 A . 100 10000 1e+06 1e+08
ne
2.0 T —
"ff-peak.dat" using 1:2 ——
"vp-peak.dat" using 1:2 ---x---
"ip-peak.dat" using 1:2 ---*---
"fff-peak.dat" using 1:2 &
1.5
A
Km
A/
1.0 #%mgn > SRR
0.5
1e-06  0.0001 0.01 1 A . 100 10000 1e+06 1e+08
He
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Figure 8.21: 4,,, and l%m vs. /J for values of ¢ and Figure 8.22: 4,,, and fcm vs. /J for values of ¢ and
m for Water and Benzene. m for SO100 and air.
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Figure 8.25: 6,,, and k,,, vs. v/J for values of ¢ and Figure 8.26: 6,,, and ki, Vvs. v/J for values of ¢ and
m for oil and air. m for goldensyrup and paraffin.
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Figure 8.28: 4,,, and l%m vs. v/J for values of ¢ and

m for goldensyrup and BB oil.
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Figure 8.29: 6,,, and k,,, vs. v/.J for valuesof £ and  Figure 8.30: 6,, and k,,, vs. v/J for values of ¢ and
m for goldensyrup and black lubrication oil.

m for Tar pitch mixture and Goldensyrup.
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Figure 8.31: Maximum growth rate according to inviscid theory as a function of the density ratio. For values of
£ more than 100, the growth rate decreases with increasing £.

The asymptotic flat values of ¢7,, and kyy, for large values of the Reynolds number J correspond to an inviscid
limit. However, this limit cannot depend on viscosity so that dependence on m in evidence in figure 8.1 isan
artlfact of the way 6 is made dimensionlesswith " = pd/v. If instead of V = v/ weuseT' = D/U with

= +/7/Dp then & does not depend on i, m or J. The variation o7, and ke with € for IPF is exhibited in
flgures 8.31and 8.32.

9 Conclusionsand discussion

We studied capillary instability of afluid cylinder of viscosity u, in afluid with viscosity p,; the fluids may
be liquid or gas. The problem is completely characterized by three numbers: a viscosity ratio m = pq/pe, @
density ratio £ = p,/p, and by aReynolds number J = pyD/u? based on acollapse velocity v/ where 1 and
p are for the more viscous of the two fluids. The goal of the present study is to evaluate the utility of viscous
potential flow as an approximation to the unapproximated viscous problem introduced by Tomotika (1935) and
studied for specia cases by Chandrasekhar (1961) and for limiting cases by Lee and Flumerfelt (1981). The
effects of vorticity and the continuity of the tangential compoenent of velocity and stress cannot be enforced in
the frame of potential flow of aviscousfluid, but the extensional effects of viscous stresses on capillary collapse
areretained in the normal stress balance.

We found that inviscid potential flow emerges as a unique high Reynolds limit (practically, with J > O(10)
of both the fully viscous and viscous potential flow analysis. The inviscid limit depends only on the density
ratio ¢; analysis shows that the dimensionless growth rate is nearly constant when ¢ < 1 and decreases linearly
with ¢ for ¢ > 1, whereas the associated dimensionless wavenumber decreases from a value of 1.4 to a value
dlightly less than one as ¢ decreases from about 1 to 100 (figures 8.1 and 8.2).
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Figure 8.32: Wavenumber for maximum growth (figure 8.1) vs. £. The maximum values are not sensitive to
£ = pa/pe Where £ issmall.

Analysis of the viscous flow reveals the existence of finite minimum and finite maximum values of lfcm, for
certain viscosity ratios, as J isincreased (figures 8.1 and 8.2.

Comparisons of growth rate curves in dimensions for fully viscous flow, viscous potential flow and inviscid
potential flow aregiveninfigures 7.1-7.28 for 28 fluid pairs. Comparisons of the maximum dimensional growth
rate o, and associated wavenumber fcm as a function of /.J for different values of m and ¢ are presented in
figures 8.3-8.30. From these figures we may conclude that the maximum growth rates and wavenumber for
inviscid potential flow, viscous potential flow and fully viscous flow converge when J is large; for smaller J,
the growth rates of inviscid potential flow are greatest (and independent of J) and these fully viscous flow are
smallest and decrease with decreasing J. The growth rates of viscous potential flow flow track fully viscous
flow and lie between inviscid potential flow and fully viscous flow. A similar behavior is exhibited by the
associated wavenumbers, with viscous potential flow giving the ky, and inviscid potential flow the largest ko,
when v/ is not too large.

It follows from the comparisons just presented, that viscous potential flow is amuch better approximation of
fully viscous flow than inviscid potential flow for small J and no worse than inviscid potential flow for all J.
There is absolutely no advantage to putting the viscositiesto zero in the analysis of potential flow.

The convergence of fully viscousflow and viscous potential flow to inviscid potential flow when the Reynolds
number J is large could have been anticipated from genera fluid mechanical principles. On the other hand,
Harper (1972) has argued (see a so Joseph and Liao 1994, pp 6 and 7) that the success of the Levich (1949,1962)
[6] potential flow approximation in cal culating the drag on arising spherical bubble of gasisdueto the nature of
the boundary layer at atangentially stress-free surface. Presumably liquid-gas surfaces approximate such stress
free conditions when the viscosity contrast is large, but not at liquid-liquid surfaces like water and benzene in
which the viscosities are comparable.

Levich computed the drag by equating U D, where U is the rise velocity and D the drag, to the viscous
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dissipation in the liquid as would be true for the steady drag on a solid. The approximation arises on both sides
of the balance, on the left side by assuming that every part of the boundary of the bubble moves with the same
velocity U, and on the right, by evaluating the dissipation integral on potential flow over a sphere.

Our calculations of capillary instability given here show that viscous potentia flows approximate fully vis-
cous liquid-liquid as well as gas-liquid flows in cases in which inviscid potential flow fails dismally provided
only that J is not too small.
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