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FiGUure 9. Data from figure 8 divided into various ranges of Eo: (a) Eo > 40, (b) 26 < Eo < 40,
(c)14<E0<26,(d)9<Eo<14,(e) 6<Eo<9, (f) Eo<6. A specific power law was fitted for
the slope and flat regions in each group of Eo, except for Eo <6 where too much scatter is
present. As can be seen from (a)—(e), the slope region has almost the same value for the slope
(exponent of R), being nearly 1. This allows us to choose a single value for the exponent of
the slope region regardless of Eo to develop the correlation (22) for R < 10.

4. Correlation construction

The plots in figure 9 show that power laws of the type Fr = a(Eo)RPF? can be used
to collapse data on the rise velocity of long bubbles in round tubes. Typically there
is a large and small buoyancy Reynolds number power law separated by transition
regions which may also be processed using logistic dose curve fitting for composite
correlations in the form of rational fractions of power laws.
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FIGURE 10. Fr vs. Eo for R > 200, which shows two regimes connected by a transition. For
Eo large enough, say 40, the rise velocity becomes independent of surface tension effects.

4.1. Flat region: R > 200

To obtain the correlation (23) we took advantage of the fact that for R > 200, the
dimensionless velocity Fr varies only with Eo (see figure 10).
For Eo > 40, Fr can be considered a constant:

Fr=0.34, Eo > 40. (16)

This result agrees with Dumitrescu and White & Beardmore. Wallis denotes this
region as inertial where liquid viscosity and surface tension are not important, but
with different limits: R > 300 and Eo > 100. For White & Beardmore these limits are
R > 550 and Eo > 70.

The slope region of figure 10 can be fitted with a power law:

Fr=2.431 x 103E0"™ (6 < Eo < 40). (17)

Equation (17) describes the bubble’s motion only in terms of Eo. This slope region
is dominated by surface tension. Wallis recognizes a similar condition but only if
the bubble does not move at all with Eo=3.37. White & Beardmore also describe a
region where Fr is a function of Eo only for R > 550 and Eo < 70.

Logistic dose curves are a curve fitting algorithm which is well suited to describing
regions of transition between power laws as the case shown in figure 10 (see Appendix
by R. D. Barree in Patankar et al. 2002). In the present case we have

b

NN}
(4 (7))
t
where, for figure 10:

b=0.34 is the best fit constant for the flat region,

¢ xd=—1.783 is the negative of the slope of the power law for the slope region
(17),

¢ defines the sharpness of curvature in the transition region,

t defines the value of the independent variable (Eo) at the transition point.

Fr=L[Eo;b,t,c,d] = , (18)
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FIGURE 11. Data in the slope region with Eo > 40. A power law was fitted to this data. The
slope for this line is applied to the rest of the data (Eo < 40).

We used the nonlinear regression functions of Mathematica 4.1 to obtain appro-
priate values for the remaining unknown parameters of (18): ¢, d and ¢. The result of
this fitting is

. 0.34 (19)

3805 0.58
1+ EO3.06

4.2. Slope region: R < 10

The slope region is more complicated than the flat region (R > 200). Here, two
subregions are identified for data above and below Eo=40. When Eo > 40, Fr is a
function of R alone; the data may be fitted to a power law (see figure 11).

Fr =9.494 x 1073 R0%, (20)

In figure 12, we plot all the data in the slope region with variables Fr/R'>% vs. Eo.
Two subregions may be identified: a flat region for Eo > 40 and a slope region for
Eo < 40.

A power law corresponding to the slope region of figure 12 is given by

Fr

oo = 4417 x 107 Eot . (21)

The power laws (20) and (21) are connected by a transition region. A composite
expression in the form of a rational fraction of power laws,

9.494 x 1073 L%

=y e197/Epsm © 22

was obtained by processing the data with a logistic dose curve. This completes the
analysis for the data with R < 10.
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FiGURE 12. Slope region data showing the existence of two regions described by equations
(20) and (21).

4.3. Universal correlation

The composite correlations for large and small R may now be joined by processing
the correlations (19) and (22) with the logistic dose curve (18). This give rise to an
overall universal correlation:

&Gl

A= L[Eo;a,b,c,d], B=L[Eose, f,g,h], C=L[Eo;i,j, k1, G=m/C,

Fr=L[R;A,B,C,G] = (23)

where

and the parameters (a, b, ...,[) are:

a=034; b=14.793; ¢=-3.06; d =0.58; e=31.08; f =29.868; g=—1.96;
h=-049; i =—-1.45; j=24867; k=-993; [ =—-0.094; m =—1.0295.

The elaborate function given by (23) describes all of the experimental data with
Eo > 6.

The performance of the universal correlation (23) is evaluated in figures 13 and 14.
In figure 13 the values predicted by (23) are compared to the experiments. Almost
all of the values fall within the 20% error line and most of the data are within 10%
of the predicted values. This can be seen also in figure 14(b). The sum of squared
residuals is 0.03.

At this point, we wish to focus attention on the fact that (23) arises from the
double application of logistic dose curve fittings. The first application leads to rational
fractions of power laws which describe the Eo family of curves shown in figure 15.
These composite expressions can be regarded as objects which can again be processed
by logistic dose curve fittings leading to the universal expression (23) in which the
variations of the composite expressions shown graphically are collapsed into one
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FiGUure 13. Fr predicted from (23) vs. experimental data (Eo > 6).
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FIGURE 14. (a) Residuals plot for the universal correlation (23). This plot shows that Fr can
be predicted with an error of +0.05 at most, () Relative error plot. The fitting is better at
higher Fr values. This is a consequence of using the least-squares method to fit the data.

analytical expression. This procedure is a notable example of the value of systematic
processing of real data for mathematical formulas describing system response.

5. Summary

The rise velocity of Taylor bubbles in round tubes was obtained by processing
data for power laws. The data sorts into two different power laws for large and
small buoyancy Reynolds numbers which are connected by a transition region. These
curves may be described by rational functions of power laws obtained by fitting data
to logistic dose curves sorted into packets depending on Eo as in figure 15. A second
application of dose curve fitting to the family of curves in figure 15 leads to the
universal composite correlation (23) in which all experimental data are described by
one universal mathematical expression.

Correlations for different regimes involving effects of inertia, interfacial tension and
viscosity can be identified and associated with values of Eo and R as is done in
table 2.
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FIGURE 15. Universal correlation plot for Eo =6, 10, 16, 20, 30 and 40.
Important dimensionless Retarding forces
parameters Limits other than inertia Equation
Fr R >200 and Eo > 40 None 16
Fr, Eo R > 200 and 6 < Eo <40 Interfacial 17
Fr, R R <10 and Eo > 40 Viscous 20
Fr, R Eo R <10 and 6 <Eo <40 Viscous and interfacial 21
Fr, R, Eo All data Viscous and interfacial 23

TaBLE 2. Classification of the correlations with values of dimensionless parameters.

The universal composite correlation (23) can be compared with other predictions in
the literature. The graphical correlations of White & Beardmore (1962) and Zukoski
(1966) were converted into formulas to facilitate the evaluation and comparison
of their results with others. White & Beardmore’s correlation represented the data
reasonably well, with small errors for most of the data but large and erratic errors
for some data. The general correlation of Wallis (1969), the analytical version of
Zukoski’s correlation and the universal correlation (23) all represent the data with
only small errors, with a somewhat better performance for (23).

The ubiquitous tendency of natural phenomenon to follow hidden laws of
self similarity is realized in the widespread success of power laws in describing
experimental data. A fine collection of examples showing that ‘... power laws, with
integer or fractional exponents, are one of the most fertile fields and abundant sources
of self-similarity.’, can be found in Chapter 4 of Schroeder (1990). An excellent
mathematical theory of self-similarity with extensions to ‘incomplete self-similarity’
in which the prefactors and exponents of power laws depend on other parameters
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has been developed by Barenblatt (1996). The flow of dispersed matter is a branch
of fluid mechanics in which self-similarity, power laws, are widespread and widely
applicable.

In this paper, we have extended the systematic processing of data for power laws
to cases in which different power laws are joined by a transition region which may
be described by rational fractions of power laws obtained empirically by fitting
parameters of logistic dose curves. Going further, we combined the rational fraction
compositions of power laws which depend on Eo (see figure 15) into an overall
universal correlation (23) by fitting curves rather than points to a logistic dose curve.

6. Discussion

The correlations obtained in this paper can in some sense be regarded as the
solution of the problem of determining a mathematical description of the rise velocity
of long bubbles in round tubes. The accurate prediction of the rise velocity which
emerges from processing data does not explain anomalous features which arise in
attempting to understand the rise from the principles of fluid mechanics. Some of the
anomalies which are so far not explained are:

(i) The rise velocity can be predicted without any dynamic force balance from the
shape of the bubble alone.

(i1) The rise velocity is independent of the length of the bubble for long bubbles.
The usual ideas based on buoyancy and Archimedes principle do not seem to apply
in any obvious way.

(iii) The rise velocity does not depend on how the gas is introduced. In the Davies
& Taylor (1950) experiments, the bubble column is open to the air at the bottom. In
other experiments the gas is injected into a column with a closed bottom.

(iv) The predicted rise velocity is independent of the gas or liquid density or
viscosity.

In Davies & Taylor (1950), the rise velocity of long gas bubbles and the spherical
cap bubble, which was also analyzed by them, is determined only from the shape of
the nose of the bubble and ideas from the irrotational flow of an inviscid fluid. They
find for the spherical cap bubble that

U=K\gD, K=\/T§, (24)
where K is a shape factor. Batchelor (1967) notes that ‘... the remarkable feature of
[equations like (24)] and its various extensions is that the speed of movement of the
bubble is derived in terms of the bubble shape, without any need for consideration
of the mechanism of the retarding force which balances the effect of the buoyancy
force on a bubble in steady motion. That retarding force is evidently independent of
Reynolds number, and the rate of dissipation of mechanical energy is independent of
viscosity, implying that stresses due to turbulent transfer of momentum are controlling
the flow pattern in the wake of the bubble.’

The rise of a Taylor bubble is similar, but slightly lower, with an empirical K of
about 0.35. The formula (24) for the rise velocity is independent of the length of the
bubble, and it is independent of the gas or liquid density or viscosity. In the case
of long bubbles rising in tubes, the velocity can be strongly influenced by viscosity
and surface tension. An explanation of the effect of viscosity due to liquid drainage
at the tube wake was given by White & Beardmore (1962) and Brown (1965). In
these analysis, the formula (24) remains important. The effects of viscosity on the
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rise velocity of the spherical cap bubble for which liquid drainage is not a factor was
recently obtained from an analysis based on the irrotational flow of a viscous fluid,
which is based on the same assumptions as those used by Davies & Taylor. Joseph
(2003) found that rise velocity is given by

1/2
(1 4+ 8s)? (25)

U :_§v(1+8s)+£ Lo 16s0 N 3202
J&D 3 \/gD? 3 pgD?  gD?

where r.=D/2 is the radius of the cap, p and v are the density and kinematic
viscosity of the liquid, o is the surface tension and s =r"(0)/D is the deviation of the
free surface

1
r@)=r.+ Er”(o)e2 =r.(1456%)

from perfect sphericity: r(0) =r. near the stagnation point § =0. The bubble nose
is more pointed when s <0 and more blunt when s >0. A more pointed bubble
increases the rise velocity; the blunter bubble rises slower.

The Davies & Taylor (1950) result (24) holds when all other effects vanish; if s
alone is zero,

211/2
u _ 8 v V2 Ly 32 ’ (26)
JgD 3./gD3 3 gD?

showing that viscosity slows the rise velocity. Equation (26) gives rise to a hyperbolic
drag law

32

Cp=6+ Re (27)
which agrees with data on the rise velocity of spherical cap bubbles given by Bhaga
& Weber (1981). The success of equation (27) in predicting the Bhaga & Weber data
is associated with the fact that the uncompensated shear stress which would arise
from computing viscous stresses from potential flow does not arise at the nose of
the rising bubble, which is a stagnation point for the flow in a coordinate system in
which the fluid is at rest.

This argument does not address the unsettling absence of an equation of motion
for the Taylor bubble or the spherical cap bubble and the independence of the rise
velocity from the volume of gas in the bubble. The suggestion of Batchelor in the
citation below (24) that the retarding forces are associated with turbulent stresses in
the wake is not consistent with the observations here (figure 7) and elsewhere that
the rise velocity seems not to depend strongly on whether the wake is laminar or
turbulent.

We are very grateful to Enrique Carios (PDVSA-Intevep) for his valuable help in
the rise velocity experiments. Also, Edgar Suarez (PDVSA-Intevep) is credited here
for the photographs shown in this paper. The work of D.D.J. was supported by
Engineering Research Program of the Office of Basic Energy Sciences at the DOE,
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